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Integral Means of Analytic Functions

Shigeyoshi Owa and Tadayuki Sekine

Abstract

For analytic functions f(z) and g(z) which satisfy the subordination f(z) <
g(2), J.E. Littlewood(Proc. London Math. Soc. 23(1925), 481-519) has shown some
interesting results for integral means of f(z) and g(z). The object of the present
paper is to derive some applications of integral means by J. E. Littlewood. We also
show interesting examples for our theorems. '
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1. Introduction
Let A, denote the class of functions f(z) of the form

f(z)=z+ i a* (neN:={1,2,3,...}) (1.1)
k=n+1

that are analytic in the open unit disk U = {z € C||z| < 1}. Let S;;(a) be the subclass
of A,, consistng of all functions f(z) satisfying

Zf’(Z))
Re| =) >a (2€U 1.2
() >a ey (12)
for some a(0 £ o < 1). A function f(z) in S}(e) is said to be starlike of order « in U.
Let Kn(a) denote the subclass of A, consisting of functions f(z) which satisfy
2z fll( z) )
Re(1+—'-— >a (z€U 1.3
L) >a ey (1.9
for some (0 £ a < 1). A function f(z) belonging to K,(a) is called as a convex function
of order « in U. Note that f(z) € K,(a) if and only if 2f'(2) € S ().
For the classes S;(a) and K,(a), Chatterjea [1](also see Srivastava, Owa and Chat-
terjea [9]) has given the following results.

Theorem A. Ifa function f(2) € A, satisfies

(s o]

Yo (k—a) lulS1-a (1.4)

k=n+1
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for some a(0 £ a < 1), then f(2) € S;(a).
Theorem B. If a function f(z) € A, satisfies
Y k(k—a) lul$1-a (1.5)
k=n+1
for some a(0 £ a < 1), then f(z) € Ka(a).
When n = 1 in Theorem A and Theorem B, the results for Sf(c) and K, () above
were given by Silverman [7].
For anlytic functions f (z) and g (z), the function f (z) is said to be subordinate to

g (z) in U if there exists a function w (2) analytic in U with w (0) = 0 and lw(2)| < 1,
such that f (z) = g (w (z)). We denote this subordination by

 f(2)<g(s) (cf. Durenf2]).

For subordinations, Littltewood [4] has given the following integral mean.

Theorem C. If f (z) and g (2) are analytic in U with f (z) < g(2), then, for p >0
and z =re?®(0 <r <1)

[Tireras [Maerae

Applying the Theorem C by Littlewood [4] above, Silvermann [8], Kim and Choi (3],
Sekine,Tsurumi and Srivastava [6], and Owa, Tsurumi, Nunokawa and Sekine [5] have
considered some interesting properties for integral means of analytic functions. In the
present paper, we discuss some conditions of coefficients for integral means.

2. Integral means for f(z) and g(2)
In this section, we discuss the integral means for f(z) € A, and g(z) defined by
9(2) = 2+ ;7 +bg;12¥71 (j2n+1). (2.1)

Our first reult for integral means is contained in

Theorem 2.1 Let f(z) € A, and g(z) be given by (2.1). If f(2) satisfies

> larl £ lbgjoal — 1851 (53] < baj-al), (2.2)
k=n+1

then, for p>0and z=re?(0 <r < 1),

[Tiraras [T 23)

Proof. By putting z = re?(0 < r < 1), we see that



dg

[irpa=r [

2 2T
g(2)|#dd = r# 1+ b;20™1 4 by 12272 db.
A ] j j

Applying Theorem C, we have to show that

| and

0o
1+ Z akzk.—l <14+ bjzj‘l =+ sz..lzzj—z.
k=n+1

Let us define the function w(z) by

o0 .
1+ Z arzf =1+ bjw(z)j"1 + b2j_1w(z)2j—2,
k=n+1

or, by

(o o]
byj1w(2)¥7? + bw(z) ! = z apz® L.
k=n+1

Since, for z =0,

w(0)™" (baj—1w(0) ™t +b;) =0,
there exists an analytic function w(z) in U such that w(0) = 0.
Next, we prove the analytic function w(z) satidfies |w(z)| < 1(z € U) for

x

> okl £ [bajoal = [b5] (1B5) < lbzj—al)-

=n+1
By the equality (2.4), we know that

)
< Z lakl,

k=n+1

o o)
Z a2

k=n+1

|b2j—1w(2) %2 + bjw(2)’ | £

for z € U, hence,

a1l lw () 7* = [l ()P = Y e < 0.
k=n-+1
Letting ¢ = |w(z)"™" (¢ 2 0) in (2.5), we define the function G(¢) by
G(t) = [byj-1]8* = ol t = Y la| (£ 20).

k=n+1

87
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If G(1) 2 0, then we have ¢ < 1 for G(t) < 0. Therefore, for lw(z)] < 1 (z € U), we need

o0

G(1) = [boja| = [bsl = D lax| 20,
k=n+1
that is,
> laxl £ [baja| = [bsl-
k=n+1

Consequently, if the inequality (2.2) holds true, there exists an analyic function w(z) with
w(0) = 0, lw(z)| < 1 (z € U) such that f(z) = g(w(z)). This completes the proof of
Theorem 2.1. :

Corollary 2.1. Let f(z) € A, and g(z) be given by (2.1). If f(z) satisfies (2.2),
then , forO<pS2andz2=re (0<r<1), .

2 ,
f |f (2){#db £ 277 { 1+ lbj‘2,,.2(j-1) + Isz—ﬂz'r'*(j‘” }2
0 .
-3

< 2m { 1+ (b5 + ooy }

Purther, we have that f(z) € HP(U) for 0 < p £ 2, where HP denotes the Hardy space
(cf. Duren [2]). ,
Proof. Since,

(2.6)

21r 2T
-/0 lg(=)|“df = fo |2f# |1+ b7~ + byj—1 22| df,

applying Hélder inequality for 0 < A < 2, we obtain that

271

[ latepas
o 3:'2"2' 27 . . N %

(f (Izl“)iéicw) {/ ( |1 +8;2"1 + byj-12%72]" )u da}

0 0

2 2n !%2 27 g
= (T.f:zﬁf da) (/ Il + bjzj-l + b2j-122'i_2'2 d6)
0 0

2z I
(21r'r72':7) ! {27r ( 1+ |b;[2r267D 4 |by;—y [2r40—Y) )}2
-3
= 2mr (14 BP0 4 by et )’
5
< 2r ( 1+ [b;? + [boja[” ) -
Further, it is easy to see that, for p = 2,

27
./o F I < 2mrt ( 1+ |b; #3724 [bgjg [PriU- )

< o (L4 4 ool ) -

[7AN

Il
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From the above, we also have that, for 0 < p £ 2,
1 27 ” 9 ) a;‘_
sup o= [ 1 (&) d8 <( 1+ [b;F + Ihoja? ) "< oo,
zeU 2T Jo

which observe that f(z) € H?(U). Noting that H? C H? (0 < p < ¢ < 00), we complete
the proof.

Example 2.1. Let f(2) € A, satisfy the cefficient inequality (1.4) in Theorem A and
= ———-—T-l—-—-- J 2j-1 = =
o) = b e 85 (=8 =1) 27)

with 0 £ @ < 1. Then b; = (ne)/(n+ 1 — a) and by;_; = 4.
By virtue of (1.4), we observe that

o o]
l-a n
S-—-—‘———-—= '—-‘—-—_=b'_ _b'n
k=§n+:l|akl_n+1__a 1 n+l-a |B2;—1| = 1b;]

Therefore, f(z) and g(z) satisfy the conditions in Theorem 2.1. Thus, we have, for
O<pS2and z=re? (0 <r<1),

27
[ s
n ’ (3-1) (3-1) d
- “ 2(j—1 4(j-1
2nr {1+(n+1-—a) r +7r }
8
2) 2
n
< 2#{2+(m>} .

Using the same technique as in the proof of Theorem 2.1, we derive the following
theorem.

Theorem 2.2. Let f(z) € A, and g(z) be given by (2.1). If f(2) saisfies

Y klael £ (25 = D)ooy — 5161 (15] < (25 = 1)Ibgj—1) 5 (2.8)
k=n+1

then, for p >0 and z=re?(0 < r < 1),

[ IF as [ "1 (D) db. (29)

Further, with the help of Holder inequality, we have

- Corollary 2.2. Let f(z) € A, and g(2) be given by (2.1). If f(2) satisfies (2.8),
then , for0< pS2and z=re® (0 <r < 1),

2m )
[ 18 @ a0 S om {1 7P 4 2 = 1)y P07}
0
8
2

< 2m { 14 7257 + (25 - 1)?bgsa } (2.10)
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Example 2.2. Let f(2) € A, satisfy the ceficient inequality (1.5) in Theorem B and

_ ne i T —sl=1 1
with 0 £ a < 1. Then,
ne )
= farioa M W T EoT
Since
= 11—« n
< Ao (25 = Dbiy| — b
) Mol S —5—o=1" 777 % (27 = 1)[b2ja| — 51bsl;

k=n+1

f(z) and g(2) satisfy the conditions in Theorem 2.2. Thus, by Corollary 2.2, we have, for
O<pS2and z=re? (0<r<1),

L

2 2 3
AR = n 2(-1) 4. p4i-1)
A I/ (2)|d6 %{1+(n+1_a)r +r }

n 2\ T
< 2W{2+(m)} .

3. Integral means for f(z) and h(z)

In this section, we introduce an analytic function h(z) given by
h(Z) =2+ bjzj + sz_lzzj—l + baj_zzaj_2 (] g n+ 1) (31)

Theorem 3.1. Let f(z) € A, and h(z) be given by (3.1), if f(z) satisfies

> laul £ [bgj—2| = lbaj—il = [b;|  (Ib;] + Ibgjs| < bsjal), (3.2)
k=n+1 .

then, for u >0 and z =re?(0 < r < 1),

ﬁ”u@ww§£%mmrw (u>0). (3.3)

Proof. In a same way with the proof of Theorem 2.1, we have to show that there exists
an analytic function w(z) with w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = h(w(2)).
Note that this function w(z) is defined by

bsj—aw(2)%773 + by w(2)¥ 72 + bjw(z) ! = Z apz" 1. (3.4)
k=n+1

Since, for z =0,
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w(0) ™" (Baj—2w(0)¥ 2 + by w(0) ™! + b5) =0,

we consider w(z) such as w(0) =
On the other hand, we have that

1Bg;—2] [w(2) P92 = Jbojs] [w(z) 2972 — by fw(2) " = Z lax] < 0. (3.5)
k=n+1

Putting ¢ = |w(z)"~" (¢ 2 0), we define the function H(t) by ,

s o]

H(t) = [bsjoa|t® — [bojoa|* = b5l = D laxl (¢ 20).
k=n+1

It follows that H(0) £ 0, and
H'(t) = 3 |bsj—a| t* — 2 |bgj—1]t ~ [b;].

Since the discriminant of H'(t) = 0 is greater than 0, if H'(1) 2 0, then ¢ < 1 for H(t) < 0.
Therefore, we need the following inequality

H(1) = |bgj—a] — [byj—1| = 1651 = D lasl 20,
=n-+1
or

Y loel £ bsj-zl — [Baj—a] — [5].

k=n+1

This completes the proof of Theorem 3.1.

Corollary 3.1. Let f(z) € A, and h(z) be given by (3.1). If f(z) satisfies (3.2),
then , for0<pu<2andz=re? (0 <r <1),

27 J-3
/ |f (2)" d6 < 2mrt ( 1+ (BP0 4 fbgjy [Fré0™) 4 |by; o0~ )2
0

3
< 2m (14155 + by + byl ) (3.6)

Further, we have that f(z) € HP(U) for 0 <p £ 2.

Example 3.1. Let f(z) € A, satisfy the coefficient inequality (1.4) in Theorem A
and h(z) be biven by

— nt ;o on(l—1t) 2j—1 3j—2
h(z)—z+n+1~aez +n+1—— — 27"t 0z
OSt<1ld=ll=lol=1) (37)
with 0 £ @ < 1. Then

nt n(l -t
bj = mG, b2j—1 = ( ) 5, and b3j_2 = 0.

n+l—a
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In view of (1.4), we see that

= l-a n(l —t) nt
S — = 1- -
Zlakl"n+1-—-oz n+l-a n+l-a

= [bgj_2| — |b2j-1| — |bs].

This shows us that f(z) and h(z) satisfy the conditions in Theorem 3.1. Therefore,
applying Corollary 3.1, we have, for 0 < p S 2 and z =re? (0 < r < 1),

27
[o 1f(2)|#de

B
2 2
= 2mr# {1 + (—-—ﬂ——) p26-1) 4 z_l‘_(l_'"_.ﬂ_r‘*(i—l) + rﬁ(j—x)}

=n+1

n+l-a n+1-a)

M
2Y 32

2 _ _n
< 21r{2+(2t 2t+1)(n l—a)} .

Finally, for the integral means of f'(z) and h'(z), we derive the following theorem.
Theorem 3.2. Let f(z) € A, and h(z) be given by (3.1). If f(2) satisfies

f: klak| £ (35 — 2)|bsj—2] = (24 — 1)b2j—1] = jlbjl

k=n+1
(5161 + (25 — 1)|b2j—1(25 — 1)| < (37 — 2)|bsj—|), (3.8)
then, for p >0 and z =re®(0 <r < 1),

[Tireras [ W ()] db. (39)

The proof of this theorem is similar to one of Theorm 2.2. Therefore, we omit the proof
of the theorem.

Corollary 3.2. Let f(z) € A, and h(z) be given by (3.1). If f(z) satisfies (3.8),
then , for0<pS2andz=re? (0 <r<1),

[Cirera

0 .
. . . B
S { 14 20 Pr* " 4+ (25 - 1)2|bgj_1 [#r*0-D 4 (35 - 2)2|b3j_2|27'6("1) }2
Iz
<2 { 1+ 72(b;* + (25 — 1)%|bg-1[* + (35 = 2)°|bsja|’ } . (3.10)

Example 3.2. Let f(z) € A, satisfy the coefficient inequality (1.5) in Theorem B
and h(z) be biven by

nt con(l—1t) i o i
=g 2 o ——— 2j—-1 4 7,352
h(z) = 2 j(n+1-a)€z +n+1-—a52 +3j—2z

0St<Lld=16=lo|=1) (311)
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with 0 £ o < 1. It follows that

o nte B = n(l —t)é and beso = 2
T iln+1=0a) YTl (2j-1D@n+1-0a) VT g -2
By the coeflicient inequality (1.5), we obtain that
(¢ 2]
l-a n
Z klay] £ ——=1—- ———
Sl n+1l-a n+l-a

= (35— 2)|bsj—a| — (25 — 1)|baj—1] — 7[b;1-

This gives us that f(z) and h(z) satisfy the conditions in Theorem 3.2. Thus, applying
Corollary 3.2, we see, for 0< p<2and z =re? (0 < r < 1),

27
[ i@
0
= onrt {1+ ___n?____)z r26-1) 4 _r=t) a1 4 p66-1 ]
n+l-a n+l-a)

s
2Y) 2
2 _ L
< 271'{2+(2t 2t+1)(n l—a)}'

4. Appendix

Applying the Hélder inequality for analytic functions F(z) and G(z), we obtain, for
z=re? (0<r <),

i
9

fa b |F(2)G(2)| db < ( / b IF(z)lPdG)% ( / b |G(z)rzdo) : (4.1)

with p > 1 and 1/p+1/g = 1. Note that the inequality (4.1) gives

(I IF@)GR)8)’
(Jer GG dz)*

Considering p = p/2, ¢ = p/(p — 2), and g > 2 in in (4.2), we have, for f(z) in the
class A, '

(4.2)

27
| iFGpas 2
0
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[Tierae = [7 (1rer) a
(2 1£)ras)
( 021: de)"{—z

= (2n)%" {21r (r2+ i |ay|*r2* )}2

k=n+1

8
e} 2
= 2mr¥ (1+ > [ak|2r2(k“1)) .

k=n+1

v

When p = 2, we also have that, for z = re” (0 < r < 1),

/ZEIf(z)PdH = 2nr? (1+ i [aklzrz(’”'l))

0 k=n+1
< 2m (1 + Z |ak|2) :
k=n+1

Thus, we conclude that ,
Theorem 4.1 Let f(z) € A, and p 2 2. Then, for z = re’ (0 < r < 1),

A-zvr If (2)|#d6 2 2nr# (1 + i laklzrz(k—.l)) 2 |

k=n+1
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