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A Remark on Asymptotics of the Gamma Function at Infinity
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Abstract

The asymptotic estimate of the gamma function |I'(z+1iy)| when |y| tends to infinity
is proved. The result gives a more precise one of the known formula.
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Let I'(z) be the gamma function of complex argument z = z + iy (z,y € R = (—00, 00))
(see [1, Chapter 1]). It is known [1, 1.18(2)] the following asymptotic formula of I'(z) at
infinity: '

1
1) = vare e (140 (Y] (il —oo, ol <m), @)

which is called Stirling formula. As a corollary of this result, in [1, 1.18(6)] the asymptotic
relation for |[I'(z + ¢y)|, as |y| — oo, is presented in the form

lim Do+ iy) ™2}y /2% = Vom. (2)
yl—oo

This relation needs in correction, namely the multiplier e™* must be added:

Jim_ |D(a + ig) "2}y /2 = Vame~™. o)
Yy|—oo

This result follows from the following assertion.
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Theorem. For fixed z € R there holds the following asymptotic estimate for |I'(z +y)|
at infinity:

e + i) = VBl e (140 (] (ol = o) (@
Proof. Put z = z + iy € C and fix the real part z. From (1) we have, as |y| — oo,

o)

) : 1
. — 1/2 ~z (z—1/2)log |z+iy| ,—y arg(x+iy) 1 ) 5
IT(z + iy)| = (27)/“e™ e e [ +O<z+z’y)] | (5)

]F(m + Zy)' — (27r)1/2 e—z—iye(:c—l/2+iy){log |w+iyl+iarg(x+iy)]

or

Estimating more precisely the terms in (5), when |y| — oo, we have

((E=1/2)loglo+ig] _ o(z-1/2)logy] 4{(z—1/2)/2} log(1+2?/4?)

12 l |2 (z—1/2)/2
o (1+ )
= |y PR

and the last relation means

e e ) ©)

Further, since arg(z + iy) — 7/2 as y — oo and arg(z +4y) — —7/2 as y — —o0, the term
e v2e(@+¥) can be represented as

e~yaE(a+iy) _ o—lyln/2 o~ lyllarg(a-+iy)sign(y)—/2]

It follows from the I’Hospital rule that

1

=) bl - o)

e~ Wllarg(z+iy)sign(y)-n/2] _ 1 L O (|y|

and hence
e vas(@tiy) — o—lyln/2 [1 +0 ([ |)J (|y| — 00). (7)

Finally, if |y| — oo, then |z + iy| ~ |y|, and hence

1 1

0(=)=0(m) ul-o0 | 8

——)=0(z) (- ®
Substituting (6), (7) and (8) into (5), we obtain (4). This completes the proof of theorem.
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Corollary 1. For fixed z € R there holds the asymptotic estimate (3) for |I'(z + 1y)| at
infinity, which is equivalent to the relation

ID(z + iy)| ~ (2m)/2|y|>~ 27> WI7/2 - (Jy] — oo). (9)

Remark 1. The estimate (9) was indicated in our paper [2, the relation (2.2)].

Let N be the set of natural numbers and No = NU {0}. Taking z = —k (k € Ny) in
Theorem, we obtain the following assertion.

Corollary 2. Ifk € Ny is fixed, then there holds the estimate

Tk + )| = (2m)/2]g| -2 loin/2 [1 e (l—jﬂ-)} (| —o0).  (10)
In particular, for k =0
[T (ig)| = (2m)/2|y| /2~ binr2 [1 +0 (i—,)] (ly] = o0). (1)

Corollary 3. Ifk € Ny is fixed and n € N, then there holds the estimate

IT(—k £ in)| = (2%)1/2_71”“1/26’“'""/2 [1 + O (-71;)} (n — 00). (12)

In particular, for k =0

T (in)| ~ (2)Y2n~Y/2e=nm/2 [1 +0 (%)] (n — o). (13)

Remark 2. It is known (see, for example, [3, (3.39)]) that the gamma function has the
following asymptotic near the poles z = —k (k € Np)
re)=— o] Go-k keN). (14)
Kl(z + k) 2 ’ :

The relation (10) yields the asymptotic estimate of |I'(z)| at infinity on the line parallel
to the imaginary axis z = —k + iy (k € Ny) and, in particular, (11) gives the asymptotic
estimate of |I'(z)| on the imaginary axis z = 4y.

Remark 3. It is well known that

I'(n)=(n—-1)! (ne€Np). (15)
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Then (14) and (15) yield different asymptotic behaviors of |T'(z)| as 2 — —n and z — n
(n € N) at the positive and negative integers:

1
nl|z + n|

IT(2)] (z=-mneN; [~ @-1! (z—nneN). (16)

On the other hand, (13) gives the same asymptotic estimates for |I'(2)| as z — —in and
z — in (n € N) on the imaginary axis
ID(2)| ~ (2m)Y2n"2e="/2 (7 — +in; n € N). (17)

Moreover, the relation (9) show that |I'(z + iy)| for fixed z € R has the same forms as
y — —oo and y — 400 '

ID(z + iy)| ~ (2m)2|y|*~ /2™ W2 - (y — Lo0). (18)
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