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STRONG CONVERGENCE OF ISHIKAWA ITERATIONS FOR
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

GANG EUN KIM
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Abstract—Let C be a nonempty bounded closed convex subset of a uniformly convex Banach space. We
prove that if T': C — C is both compact iterates and asymptotically nonexpansive, the Ishikawa iteration
process with errors defined by 1 € C, Zn+1 = tnTn + BnT yn + Intin, and yn = o zn + 6, T 2zn + Y vn
converges strongly to some fixed point of T'. This generalizes the recent theorems due to Rhoades [5], Schu
{6] and Schu [7].

Keywords—strong convergence, fixed point, Mann and Ishikawa iteration process, asymptotically nonex-
pansive mapping.

1. Introduction

Let C be a nonempty bounded closed convex subset of a Banach space E and let T be
a mapping of C into itself. Then T is said to be asymptotically nonezpansive [1] if there
exists a sequence {kn}, kn > 1, with nli_}z%o k. =1, such that

IT"z — Tyl < kallz — 9l

forall z,y € C and n > 1. In particular, if k;, = 1 for all n > 1, T is said to be nonezpansive.
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0, such that

Tz — T"y|| < Lilz — yl|

for all z,y € C and n > 1. T is said to be compact if it maps bounded sets into relatively
compact ones. We denote by F(T") the set of all fixed points of T, i.e., F(T) = {z € C :
Tz = z}. We also denote by N the set of all positive integers. A Banach space E is called
uniformly convez if for each € > 0 there is a § > 0 such that for z,y € E with ||z], [ly|| < 1
and [jz—y|| > ¢, ||z +yl| < 2(1—9) holds. When {z,} is a sequence in E, then z, — z will
denote strong convergence of the sequence {z,} to z. For a mappings T of C into itself,
Rhoades [5] considered the following modified Ishikawa iteration process (cf. Ishikawa [3})
in C defined by

z; € C,
(1) ' Tpy1 = (1 - an)zn + OlnT"ym
Yn = (1= Bn)zn + BT Ty,
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where {an} and {8,} are two real sequences in [0,1). If B =0 forall n > 1, then the
iteration process (1) becomes the following modified Mann iteration process (cf. Mann [4],
Schu [6}):

o) € C,
(2) Znt1 = (1 — Qn)Zn + QnT" Tn,

where {@y} is a real sequence in [0, 1].
Recently, Schu [7] proved that if E is a uniformly convex Banach space, C is a nonempty
bounded closed and convex subset of E, and T : C — C'is an asymptotically nonexpansive

(e o]
mapping with {k,} satisfying k. 2> 1, Z(kn —1) < oo, and T™ is compact for some

n=1
m € N, then for any z; € C, the sequence {zs} defined by (2), where {an} is chosen so
that 0 < a < anp < b < 1, for all n > 1 and some a,b € (0,1), converges strongly to some
fixed point of T. This extended a result of Schu [6] to uniformly convex Banach spaces. On
the other hand, Rhoades [5] proved that if E is a uniformly convex Banach space, C is a
nonempty bounded closed convex subset of E, andT:C—>Cisa comgetely continuous

asymptotically nonexpansive mapping with {kn} satisfying k. 2 1, Z(k,’, -1) < oo,

n=1
r = max{2, p}, then for any z; € C, the sequence {z,} defined by (1), where {an}, {Bn}
satisfy a < (1 — an),(1 — Bn) <1 —afor all n > 1 and some a > 0, converges strongly to
some fixed point of 7. We consider a more general iterative process of the type (cf. Xu
[10]) emphasizing the randomness of errors as follows:

z1 € C, .
(3) Tptl = OnZn + ﬁnTnyn + Ynln,
Un = QypZn + BpT"Tn + W¥n,

where {an}, {Ba}{7n}s {4}, {84}, {74} ave real sequences in [0,1] and {un}, {vn} are
two sequences in C such that :
() an+Bntm=0+fp+m=1foralln2>1,

(ii) Yoy Yn <00 and 350, 75 < 0. :
If 4n =, = 0 for all n > 1, then the iteration process (3) reduces to the Ishikawa iteration
process [3], while setting B, =0 and 4], =0 foralln 2> 1, (3) reduces to the Mann iteration
process with errors, which is a generalized case of the Mann iteration process [4]

In this paper, we prove strong convergence theorems of the Ishikawa (and Mann) iteration
process with errors defined by (3) for a compact iterates and asymptotically nonexpansive

mapping in a uniformly convex Banach space, which generalize the recent theorems due to
Rhoades [5], Schu [6] and Schu {7].

2. Strong convergence theorems

We first begin with the following:
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Lemma 1 [9]. Let {a.} and {b,} be two sequences of nonnegative real numbers such that
o0

ani1 < an + bn

for all n > 1. Then lim a, exists.
n—o0

Lemma 2 [2]. Let E be a uniformly convex Banach space. Let z,y € E. If ||z|| < 1,
lyll <1, and f|z—y|| = € > 0, then ||Az+(1—A)yl| < 1-2A(1—A)d(¢) for A with0 < A < 1.

Lemma 3 (cf. [6]). Let E be a normed space and let C' be a nonempty bounded convex
subset of E. Let T : C — C be a uniformly L-Lipschitzian mapping. Define the sequence
{z.} defined by (3). Set w, = ||T"2, — Zn||, for all n > 1. Then

|zn = T2all < wa + L2+ 2L + L¥)wn—1 + L2(1 + L)M* %y + L(1 + L)M 1,

for all n > 1, where M* := Sl;}i |zn — unj| V S\;;: |zr — vnll < o0.
n> n>

Proof. Since
lyn — znll = |lofzn + BT Zn + V5V — Zal|
< :31’:”Tnxn -zl + '7:»”'"11 -z,
< wn + 7 M*,
1T yn = Zall < 1T yn — T"zp|| + | T"2n — zxl|
< L”yn = Zn|| + wn
< L{wn, + v, M} +w,
= (1 + L)w, + LM*~,
and thus
||$n - $n-1|| = llan—lxn-1 + ﬂn—le—lyn—l + Tn-1Un-1 — zn—l“

S ﬂn—l"Tﬂ-'lyn—l - mn-—l" + 'Yn—luun—l - mn—l”
<A+ Lywa1+LM*Y,_; + M*y,_1,

1T zp = Tall < T 20 — T Zna || + [T 201 = Tnosll + |Zn-1 — Zn|l
< Wn1 + (1 + L)l|2n = Tnoa| |
< Wa1 + (1 + L{( + L)wn_1 + LM*,_; + M*y,_1}.
Hence we obtain
N#n — Tznl| £ ll2a — T"zn" + [T zn - Tz
< wp + LT 'z, — 24|
< Wy + L{wp—1 + (1 + L){(1 + L)wn-1 + LM* 7, _; + M*yn_1}]
= wp + L(2+ 2L + L) wp-1 + L2(1 + L)M*~,_; + L(1 + L)M*yn_;.
O ' '
Using Lemma 1, we have the following:
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Lemma 4. Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space E and let T : C — C be an asymptotically nonexpansive mapping with {k.}
oo

satisfying kn > 1, Z(kn —1) < oo. Suppose that the sequence {z,} defined by (3). Then
n=1

lim ||z, — z|| exists, for any z € F(T).

n—o0o

Proof. The existence of a fixed point of T' follows from Goebel-Kirk (1]. For a fixed z €
F(T), since {zn}, {un} and {v,} are bounded, let '

M :=sup ||z, — 2|| V sup {[un — 2|| V sup [lv, — 2|| < oo.
n>1 n>1 n>1

Put ¢, = k,, — 1. Since

IT"yn — 2|l < Enllyn — z”
= (1 +cn)llonza + BnT"zn + Yotn — 2|
< (1+ en){ofllen — 2]l + Brll T @n — 2ll + Ynllvn — 2(1}
< (1 + en){ollzn = 2l + Br(1 + en)llzn — 2]l + Mnllvn — 211}
< (L +ea){dyllzn — 2l + Ballzn — 2l + enllzn — 2l + Yallvn — 211}
= 0o} ||zn — 2l + BrliTa — 2l + enllTn — 2l + Yallvn — 2
+ en{dllzn — 2ll + Bullzn — 2|l + callzn — 2l + llvn — 21}
< (1= )liza — 2l + 4Men + M,

we have

fi£nt1 — 2l = ll@nzn + BT " Yn + Tntn — z||
<onllzn — 2|l + Bl Ty — || + Yo lltin — 2|
< onllza — 2|l + Be{(1 — Wlzn — 2l + 4Mecn + My} + ™M
= (1= (¥n + Ba¥)) Iz — 21l + 4MBrcn + M(Yn + Ba¥n)
< |lzn — 2l + 4Men + M(1n + 70)-

By Lemma 1, we readily see that 15130 |zn — 2|| exists. O
n
By using Lemma 1-Lemma 4, we have the following:

Theorem 1. Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space E and let T : C — C be an asymptotically nonexpansive mapping with {k.}
oo

satisfying kn, > 1, Z(k,, —1) < co. Suppose z1 € C, and the sequence {z.} defined by

n=1
. _
(3)sat1’sﬁ$0<a$an5b<1,Zﬁn=oo,0_<_ﬁ{,5b<1fora11n21andsome
‘ n=1 o ) ’
a,be(0,1)or0<a_<_ﬁ,,§1,,0<a50:’,,Sb<1,2ﬂ,’,=ooforaﬂn21andsome

n=1

a,be (0,1). Then hnn_1+1£f |zn — Tznll = 0.
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Proof. The existence of a fixed point of T follows from Goebel-Kirk [1]. For a fixed z €
F(T), since {z,}, {un} and {v.} are bounded, let

M := sup||zn — 2|| V sup [Jun, — z|| V sup [jv, — 2|| < 0.
n>1 \nZl n>1

By Lemma 4, we see that nli’ngo |lzn — z||(= r) exists. If r = 0, then the conclusion is
obvious. So, we assume r > 0. Note that d, := max{v,,./a,7,/a} — 0 as n — oo and

oo o0

Zd,. < 00. Put ¢, = k,, — 1. Since Z(kn —1) < o0, we have
n=1 : n=1

® i =0

Since || Ty, — 2| < ||zn — 2| + 4M¢c, + Md,, and

” ATy + TnlUn

: —2|| € ||lzn — 2|| + 4Mc, + Md,,
Qn+Yn On+Tn “""" I Cn dn

by using Lemma 2 and Takahashi (8], we obtain

|Tnt1 — 2] = |AnZn + BaT"Yn + Yntn — 2||

= Jourm -+ (- g (2 et )|

< (fom — 2l +4Men + Mdn) [1 ~ 28,(1 — 6n)

<5 ( 1 llon(T"yn = zn) + 1(T"yn — un)ll)]
F\am + 1n lzn — 2] + 4Mcn, + Mdy, '

Thus, by using 0 < a < a, < b < 1, we obtain

1 an 1"". n_z + n Tﬂ n"'un
2ﬂ"a("$“_z“+4Mc"+Md")6E(au+"tn A (||zf—z||':241\;c:+jylldn )")
1 Qn ™ n —Zn)+ Yn ™ - Up
< 2,6"(1—&1)("90';—ZII+4Mcn“”Wﬂ)‘sb‘-(a,nJr,,n A ("zf—z||+)41\;c,f+§l\;dn )")

< llzn = 2ll = lans1 = 2l + 4Men + Mda,
Since

1 |laa(T yn = zn) + (T yn — ua)|l
an +m lzn — 2|| + 4Mcn + Md,

20y Ba(llon —2ll+4Mcn+Mdn)3g ) <o,

n=1

sup [|T™yn — un|| < 00, and dg is strictly increasing and continuous, we obtain
n>1 ’

® liminf 74 = 2ol = 0.
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Since

1T 20 = Zull < N T2 — T ynll + 1 T"Yn — zxll
< (L+cn)lEn = Yall + 1T Yn — 24|
= (1+cn)llTn = A Zn — BT T — Ypnll + IT"Yn — 24|
S (1 +ca)BullT T — 2ol + (1 + ca)VllTn — vall + [T yn — znll
<A+ )blIT 20 = 2all + (L + ca)VnllTn — vall + [ T"yn — 2all
=b[|T"zp — Tnll + cab|T"Tn — Zall + (1 + ca) W0 llZn — vall + 1T yn — 24|
ST e — Zall + en (2 + ca)bllzn — 2l + (1 + ca)Wnllzn — vall + 1T Yn — 2,

we obtain

(1 = b)||T"Zn — Znl| < ca(2+ ca)blizn — 2| + (1 + cr)TRllZn — vall + 1T Yn — zall
<cn(2+ ca)bM + 2(1 + ca) VoM + [T yn — za|-

By using (4) and.(5), we obtain

(6) A lin_ligf | Tz, — zn] = 0.

o
On the other hand, f 0 <@ <8, <1,0<a<a, <b<1, ) f,=ooforalln>1and

. n=1
some a,b € (0,1), then we have

IZn+1 — 2]l = llanTn + BrT"yn + Tnun — 2|
< anllzn = 2| + BulT™Yn — 2zl + W flua — 2|l
< anllzn = 2| + Ba(l + ca)llyn — 2l + Yallun — 2|
< onllZn — 2|| + Bullyn — 2l + Brenllyn — 2| + M1
= (1~ B — MW)|Zn — zll + Bullyn — 2l + Bacallyn — 2l + M1
< (1= Ba)llzn = 2l + Bullyn — 2l + Pacnllyn — 2|l + M1n

and hence
] —2ZH— |1Tn — %
bonsn = 2= U2n =2l <y, - o)~ o — 2l + colln =2l + M2
< lwm — 21| = l|&n — 2|l + cn{lizn — 2l + Men + Ma}} + Mdn.
So, we have

lon 2l — llm — ol < L= Nomtr 22y gy a4 M+ ML)+ M

- | < flzn — 2| -alli"‘u+1 —2| + ca{M(1 + cn) + M~} + Md,.
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Since
[T 2n — 2l < (1 + cn)llzn — 2]l
< lon — 2l + Men + M
and , ,
alzn Yivn
j£3 n < - s
“a:‘_,_% o, +'Yn “ |zn — 2|l + Mc, + Md.
we obtain .
lym — 2|l = llonZn + BT Tn + Yovn — 2|l
oLT R
. _ _pa nTn nUn
(8) < (lon — 2l + Men + Mdn) [1 - 26,(1 - 62)
| s ( 1 |lop(Tzn — 2n) + 1 (T"2n — v,,)")]
E\at, + 7, Zn — 2| + Mcn + Mdy, '

By using (7), (8) and 0 < a < o, < b < 1, we obtain

28.a(||zw — 2|l + Mcn + Mdn)6E( 1 |0 (T™2n — za) + 1 (T 20 — vn)ll)

o+ lzn — 2|| + Mc, + Md,
< 26,(1 = Bp)(llzn — 2|l + Mcn + Mdr)éE (a; i% , Ilai.(i"“l’;in_—zrlclnlL vi(i'“ﬂmj:i: vn)l
< llzn = 2|l = llyn — 2|l + Mcn + Mdy,
< lzn =2 "a"”_"“ ~2 4 o {M(1+ ca) + ML} + Mdy + M, + Mdy,
o _a”x"“ k| + e {M(2+cn) + M'ﬂ,} + 2Md,,.
Hence

2y 1 [|ah(T"Tn — 2n) + 7o(T"Tn — va)l
20 Bi(llzn —zll+ Men+Mdn)og(——— - < 0.
:?::1 E(an+7n “l‘n—Z"'*'MCn+Mdn )

We also obtain (6) 31m11ar1y to the arguement above. By using Lemma 3, we obtain

Our Theorem 2 improves Theorem 1.5 of Schu [6], Theorem 2.2 of Schu {7] and Theorem
3 of Rhoades [5] to a more general Ishikawa type scheme under much less restrictions on
the iterative parameters {o,} and {Gn}.

Theorem 2. Let E be a uniformly convex Banach space, and let C be a nonempty bounded
closed convex subset of E, and let T : C — C be an asymptotically nonexpansive mapping

with {kn} satisfying kn > 1, Z(k" —1) < 00, and let T™ be compact for some m € N. If

n=1
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z; € C, and the sequence {z,} defined by (3) satisfies 0 <a < a, < b< 1, Z,Bﬂ = 00,

n=1

0<p.<b<1foralln>1andsomeabe(0,1)or0<a<f,<1,0<a<o, <b<1,
o0

Z B, = oo for alln > 1 and some a,b € (0,1), then {z,} converges strongly to some fixed
n=1

point of T'. .
Proof. From Theorem 1, there exists a subsequence {z,} of the sequence {z,} such that
(9) Hm [|Zn, — TZn, |l = 0. |
k—oo
Since
”Tmzﬂ-k — Ty ” < nmeﬂk - Tm—lzﬂ-k “ + "Tm_lzﬂk - Tm_2znk “ +eet "Tm‘nk - znk"
) m—1
< ITzni = Tl Z ki + | TTn, — T lls
| i=1
we obtain

lim |Zn, — T Zn. || = 0.

Since T™ is compact, there exist a subsequence {zn, } of the sequence {z,} and a point
p € C such that z,, — p. Thus we obtain p € F(T) by the continuity of T and (9). Hence
we obtain hm [|zn — p]l = 0 by Lemma 4. [

Our Theorem 3 improves Theorem 1.5 of Schu [6], Theorem 2.2 of Schu [7] and Theorem
3 of Rhoades [5] under much less restrictions on the iterative parameters {an} and {Bn}-

Theorem 3. Let E be a uniformly convex Banach space, and let C be a nonempty bounded
closed convex subset of E, and let T : C — C be an asymptotically nonexpansive mapping

with {ky} satisfying k, > 1, Z(kn —1) < o0, and let T™ be compact for some m € N. If

n=1
oo
£, € C, and the sequence {z,} defined by (1) satisfies Zan(l—an) =00,0< B <b<1
) n=1 "
foralln>1and someb€(0,1) or0<a<a, <1, Z,Bn(l—-ﬁn)=ooforaﬂn2 1 and

n=1

some a € (0,1), then {z,} converges strongly to some fixed point of T'.

As a direct consequence, taking 8], = 0 and v, = 0 for n € N in Theorem 2, we obtain
the following result, which improves Theorem 2.2 of Schu [7] and Theorem 2 of Rhoades
[5] under much less restrictions on the iterative parameter {an}.

Theorem 4. Let E be a uniformly convex Banach space, and let C be a nonempty bounded
closed convex subset of E, and let T : C — C be an asymptotically nonexpansive mapping
[ ]

with {k,} satisfyz'hg k., 21, Z(k,1 —1) < o0, and let T™ be compact for some m e N.
=1
Suppose that z; € C, and theﬂsequence {z.} defined by

Tn4l = OnZq + BT zn + Ynln,
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where {a.}, {6n}, {7n} are sequences in [0,1] satisfying 0 < @ < an, < b < 1 for some
(e o] oc

a,b € (0,1), Zﬂn =00,0n+Pn+vm=1foralln > 1, Z’yn < oo and {u,} is a sequence
n=1 n=1

in C Then {z,} converges strongly to some fixed point of T'.
Remark. If {a,} is bounded away from both 0 and 1, i.e., a < oy, < b for alln > 1 and
o0 oo

some a,b € (0,1), then z an = 00 and Z an(l — &tn) = oo hold. However, the converse

i n=1 n=1
is not true.
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