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STRONG CONVERGENCE OF ISHIKAWA ITERATIONS FOR
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

GANG EUN KIM
Department of Mathematical and $\mathrm{C}$ omputing Sciences,

Tokyo Institute of Technology, Ohokayama,
Meguroku, Tokyo 152-8552, Japan

Abstract–Let $C$ be a nonempty bounded closed convex subset of a uniformly convex Banach space. We
prove that if $T:Carrow C$ is both compact iterates and asymptotically nonexpansive, the lshlhwa iteration
process with errors defined by $x1$ $\in C,$ $x_{n+1}=$ $cx_{n}z_{h}+\beta_{n}T^{n}y_{\tau\iota}+\gamma_{n}u_{\mathfrak{n}}$, and $y_{n}=\alpha_{n}’x_{n}+\beta_{\mathrm{r}\iota}’ T’*x_{n}\mathit{1}-$ $\sqrt{n}v_{n}$

converges strongly to some fixed point of $T$. This generalizes the recent theorems due to Rhoades [5], Schu
[6] and Schu [7].

$\mathrm{K}\mathrm{e}\mathrm{y}\mathrm{w}\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{s}arrow \mathrm{t}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{g}$ convergence, fixed point, Mann and Ishikawa iteration process, asymptotically nonex-
pansive mapping.

1. Introduction

Let $C$ be a nonempty bounded closed convex subset of a Banach space $E$ and let $T$ be
a mapping of $C$ into itself. Then $T$ is said to be asymptotically noneqatesive [1] if there
exists a sequence $\{k_{n}\}$ , $t_{n}\geq 1,$ with $\lim_{narrow\infty}k_{n}=1,$ such that

$||\mathrm{T}$ $x$ $-T^{n}y||\leq k_{n}||x-y||$

for all $r,y\in C$ and $n\geq 1.$ In particular, if $4=1$ for all $n$ $\geq 1$ , $T$ is said to be nonexpansive.
$T$ is said to be $unifom\iota ly$ $L$-Lipschitzian if there exists a constant $L>0,$ such that

$||T^{n}x-T^{n}y||\leq L||x-y||$

for all $x,y$ \in $C$ and $n\geq 1.$ $T$ is said to be compact if it maps bounded sets into relatively
compact ones. We denote by $F(T)$ the set of all fixed points of $T$, i.e., $F(T)=\{x$ $\in C$ :
$Tx=x\}$ . We also denote by $\mathrm{N}$ the set of all positive integers. A Banach space $E$ is caud
uniformly convex if for each $\epsilon>0$ there is a $\delta$ $>0$ such that for $x$, $y\in E$ with $||x||$ , $|y|1$ $\leq 1$

and $||x-y||\geq\epsilon$ , $|1x$ $+y||\leq 2(1-\delta)$ holds. When $\{x_{n}\}$ is a sequence in $E$, then $x_{n}arrow@$ will
denote strong convergence of the sequence $\{x_{n}\}$ to $x$ . For a mappings $T$ of $C$ into itself,
Rhoades [5] considered the following modified Ishikawa iteration process (cfi Ishikawa [3])
in $C$ defined by

$r_{1}\in C,$

(1) $x_{n+1}=(1-\alpha_{n})x_{1\iota}+\alpha_{n}T^{n}y_{n}$ ,
$t_{1},=(1-\beta_{n})x_{n}+\beta_{n}T^{n}x_{n}$ ,
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where $\{\alpha_{n}\}$ and $\{\beta_{n}\}$ are two real sequences in $[0, 1]$ . If $\beta_{n}=0$ for all $n\geq 1,$ then the

iteration proce $\mathrm{s}(1)$ becomes the following modified Mann iteration process (cf. Mann [4],

Schu [6] $)$ :

$\mathrm{z}_{1}$ $\in C,$

(2) $x_{n+1}=(1-\alpha_{n})x_{n}+\alpha_{n}T^{n}x_{n}$ ,

where $\{\alpha_{n}\}$ is a real sequence in $[0, 1]$ .
Recently, Schu [7] proved that if $E$ is a unifomly convex Banach space, $C$ is a nonempty

bound $\mathrm{d}$ closed and convex subset of $E$ , and $T:Carrow C$ is an asymptotically nonexpansive

mapping with $\{k_{n}\}$ satisfying $k_{n} \geq 1,\sum_{n=1}^{\infty}(k_{n}$ – 1 $)$ $<\infty$ , and 7 is compact for some

$n$ $\in$ N, then for any $x_{1}\in C,$ the sequence $\{x_{n}\}$ defined by (2), where $\{\alpha_{n}\}$ is chosen so

that $0<a\leq\alpha_{n}\leq b<1,$ for all $n\geq 1$ and some $a,b\in(0,1)$ , converges strongly to some
fix $\mathrm{d}$ point of $T$ . This extended a result of Schu [6] to uniformly convex Banach spaces. On
the other hand, Rhoades [5] proved that if $E$ is a uniformly convex Banach space, $C$ is a
nonempty bounded closed convex subset of $E$ , and $T$ : $Carrow C$ is a $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}\infty$ continuous

asymptotically nonexpansive mapping with $\{k_{n}\}$ satisffing $c$

$\geq 1,\sum_{n=1}(k_{n}^{r}-1)<\infty$
,

$f$ $=$ max$\{2,\mathrm{p}\}$ , then for any $x_{1}\in C,$ the sequence $\{x_{n}\}$ defined by (1), where $\{\alpha_{n}\}$ , $\{\beta_{n}\}$

$\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\Phi$ $a\leq$ $(1-\alpha_{n})$ , $(1-\beta_{n})\leq 1-a$ for $\mathrm{a}\mathbb{I}$ $n\geq 1$ and some $a>0,$ converges strongly to

some fixed point of $T$ . We consider a more general iterative process of the type (cf. Xu
[10] $)$ emphasizing the randomness of errors as follows:

$x_{1}\in C,$

(3) $x_{n+1}=\alpha_{n}x_{n}+\beta_{n}T^{n}y_{n}+\gamma_{n}u_{n}$ ,
$y_{n}=d_{n}x_{n}+\cdot\beta_{n}’T^{n}x_{n}+$ $7\mathrm{n}v_{\mathrm{n}}$ ,

where $\{\alpha_{n}\}$ , $\{\beta_{n}\},\{\gamma_{n}\}$ , $\{d_{n}\}$ , $\{\beta_{n}’\}$ , $\{\sqrt.*\}$ axe real sequences in $[0, 1]$ and $\{u_{n}\}$ , $\{v_{n}\}$ are
two sequences in $C$ such that

(i) $x_{n}+\beta_{n}+\gamma_{\mathrm{r}\iota}=\alpha_{n}’+\beta_{n}’+i$ $=1$ for $\mathrm{a}\mathrm{A}$ $n\mathit{2}1$,
(i) $\sum_{n=1}^{\infty}\gamma_{n}<$ oo and $\sum_{n=1}^{\infty}\gamma_{n}’<\infty$.

If $\gamma_{1*}=in$ $=0$ for all $n\mathrm{g}1$ , then the iteration process (3) reduces to the Ishikawa iteration
$\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{c}\infty$

$[3]$ , while setting $\beta_{n}’=0$ and $\sqrt{n}=0$ for ffi $n2$ $1$ , (3) rduoes to the Mann iteration
prove with errors, which is a generalized case of the Mann iteration process [4]

In this paper, we prove strong convergence theorems of the Isb.bwa (and Mann) iteration
prove $\mathrm{s}$ with errors defined by (3) for a compact iterates and asymptotically nonexpansive

mapping in a uniformly convex Banach space, which generalize the recent theorems due to

Rhoades [5], Schu [6] and Schu [7].

2. Strong convergence theorems

We first begin with the following:
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Lemma 1 [9]. Let $\{a_{n}\}$ and $\{b_{n}\}$ be two sequences ofnonnegative real numbers such that

$\sum_{n=1}^{\infty}b_{n}<$ oo and

$a_{n+1}\leq a_{n}+b_{n}$

for all $n\geq 1.$ Then $\lim_{narrow\infty}a_{n}$ exists.

Lemma 2 [2]. Let $E$ be a uniformly convex Banach space. Let $x,y\in E$ . If $||x||\leq 1,$

$||y||\leq 1,$ and $||x-y||\geq\epsilon>0,$ Then $||\mathrm{A}x+(1-\lambda)y||\leq 1-2\lambda(1-\lambda)\delta(\epsilon)$ for A with $0\leq$ A $\leq 1.$

Lemma 3 $(\mathrm{c}\mathrm{f}, [6])$ . Let $E$ be a normed space and let $C$ be a nonempty bounded convex
subset ofE. Let $T:Carrow C$ be a uniformly $L$-Lipschitzian mapping. Define the sequence
$\{x_{n}\}$ defined by (3). Set $w_{n}=||T^{n}xn-x_{n}||$ , for all $n\geq 1.$ Then

$||x_{n}-Tx_{n}||\leq lJ_{n}+L(2+2L+L^{2})w_{n-1}+L^{2}(1+L)M^{*}\gamma_{n-1}’+L(1+L)M^{\mathrm{r}}\gamma_{n-1}$ ,

for all $n\geq 1,$ where $M^{*}:= \sup_{n\geq 1}||xn-_{n}||\vee\sup_{n\geq 1}||x_{n}$
$-_{n}||<\infty$ .

Proof. Since
$||\mathrm{I}/n-x_{n}||=||\alpha_{n}’xn$ $+\beta_{n}’T^{\mathrm{t}}x_{n}+\gamma_{n}’v_{n}-x_{n}||$

$\leq$ $\beta \mathrm{q}||1$ $x_{n}-x_{n}||+\gamma_{n}’||v_{n}-x_{n}||$

$\leq w_{n}+\gamma_{n}’M^{*}$ ,

$||\mathit{7}" y_{n}$ $-x_{n}||\leq||2$”$y_{n}-T^{n}xn||+||7xn-x_{n}||$

$\leq L||y_{n}-x_{n}||+w_{n}$

$\leq L\{w_{n}+\gamma_{n}’M^{\mathrm{r}}\}+w_{n}$

$=(1+L)w_{n}+LM^{*}\gamma_{n}’$

and thus
$||xn$ $-x_{n-1}||=||$’$n-1xn- l+\beta_{n-1}T^{n-1}y_{n-1}+\gamma_{n-}1^{\mathrm{t}}\mathrm{h}-1$ $-x_{n-1}||$

$\leq\beta_{n-1}||T^{n-}$ ’ $)_{n-1}-x_{n-1}||+\gamma_{n-1}||_{\mathrm{k}-1}\mathrm{J}-x_{n-1}||$

$\leq$. $(1+L)w_{n-1}+LM^{*}\gamma_{n-1}’+M^{*}\gamma_{n-1}$ ,

$||T^{n-1}x_{n}-x_{n}||\leq||!"-$ ,x
$n$ $-$ $\mathrm{i}"-1xn-1$ $||+||$ $\mathrm{i}"-1_{J}$

$n-1$ $-x_{n-1}||+||xn-1-x_{n}||$

$\leq w_{n-1}+(1+L)||x_{n}-x_{n-1}||$

$\leq w_{n-1}+(1+L)\{(1+L)w_{n-1}+LM^{\mathrm{r}}\gamma_{n-1}’+M^{*})_{n-}1\}$ .
Hence we obtain

$||x_{n}-$ $\mathrm{J}xn||$ $\leq||$a $n$
$-\mathrm{T}^{m}x_{n}||+|\mathrm{j}7$ $x_{n}$ - $Tx_{n}||$

$\leq w_{n}+L||T^{n-1}x_{n}-x_{n}||$

$\leq w_{n}1$ $L[w_{n-}1 +(1+L)\{(1+L)w_{n-1}+LM^{*}\gamma_{1*-1}’+M^{\mathrm{s}}\gamma_{n-1}\}]$

$=gun$ $+L(2+2L+L^{2})w_{n-1}+L^{2}(1+L)M^{*}\gamma_{n-1}’+L(1+L)M^{\mathrm{r}}\gamma_{n-1}$ .
$\square$

Using Lemma 1, we have the following:
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Lemma 4. Let $C$ be a nonempty bounded closed convex subset of a uniformly convex
Banach space $E$ and let $T:Carrow C$ be an asymptotically nonexpansive mapping with $\{k_{n}\}$

satisfying $k_{n} \geq 1,\sum_{n=1}^{\infty}(k_{n}-1)<\infty$ . Suppose that the sequence $\{x_{n}\}$ defined by (3). Then

$\lim||x_{n}-z||$ exists, for any $z\in F(T)$ .
$n\prec\infty$

Proof. The existence of a fixed point of $T$ follows from Goebel-Kirk [1]. For a fixed $z\in$

$F(T)$ , since $\{x_{n}\}$ , $\{u_{n}\}$ and $\{v_{n}\}$ are bounded, let

$M:= \sup_{n\geq 1}||x_{n}-z||\vee\sup_{n\geq 1}||u_{n}$ $-z|| \vee\sup_{n\geq 1}||v_{n}$
$-z||<\infty$ .

Put $c_{n}=k_{n}-1.$ Since

$||T^{n}y_{n}$ $-z||\leq k_{n}||y_{n}$ $-z||$

$=(1+c_{n})||$’;x$n+pn/Tx_{n}+\gamma_{n}’v_{n}-z||$

$\leq(1+c_{n})\{\alpha_{n}’||x_{n}-z||+\beta_{n}’||T^{n}x_{n}-z||+ yn’ ||v_{n} -z||\}$

$\leq(1+c_{n})\{\alpha_{n}’||x_{n}-z||+\beta_{n}’(1+c_{n})||x_{n}-z||+Yn|||v_{n} -z||\}$

$\leq(1+c_{n})\{\alpha_{n}’||x_{n}-z||+\beta_{n}’||x_{n}-z||+c_{n}||x_{n}-z||+\gamma_{n}’||v_{n}-z||\}$

$=\alpha_{n}’||x_{n}-z||+\beta_{n}’||x_{n}-z||+c_{n}||x_{n}-z||+\gamma_{n}’||v_{n}-z||$

$+$ $\mathrm{c}$
$\{\alpha_{n}’||x_{n}-z||+\beta_{n}’||x_{n}-z||+\mathrm{c}_{n}||x_{n}-z||+ \mathrm{y}\mathrm{n}||vn-z||\}$

$\leq(1-\gamma_{n}’)||xn-z||+4Mc_{1},+M\gamma_{n}’$ ,

we have

$||x_{n+1}-z||--||\mathit{0}inxn+\beta_{n}T^{n}y_{n}+r_{n}lL_{n}$ $-z||$

$\leq\alpha_{n}||xn$ $-z||+\beta_{n}||T^{n}y_{n}-z||+\gamma_{n}||u_{n}-z||$

$\leq\alpha_{n}||x_{n}-z||+\beta_{n}\{(1-\gamma_{n}’)||x_{n}-z||+4Mc_{n}+M\sqrt{n}\}+\gamma_{n}M$

$=(1-(\gamma_{n}+\beta_{n}\gamma_{n}’))||x_{n}-z||+4M\beta_{n}c_{n}+M(\gamma_{n}+\beta_{n}\sqrt{n})$

$\leq||xn$ $-z||+4Mc_{n}+M(\gamma_{n}+\sqrt{n})$ .

By Lemma 1, we readily see that $\lim_{narrow\infty}||x_{n}$
- $z||$ exists. $\square$

By using Lemma 1-Lemma4, we have the following:

Theorem 1. Let $C$ be a nonempty bounded closed convex subset of a uniformly convex
Bana $h$ space $E$ and let $T$ : $Carrow C$ be an asymptotically nonexpansive mapping $with$ $\{k_{n}\}$

satisfying $k_{n} \geq 1,\sum_{n=1}^{\infty}(k_{n}-1)$ $<\infty$ . Suppose $x_{1}\in C,$ and the sequence $\{x_{n}\}$ defined by

(3) satisfies $0<a \leq\alpha_{11}\leq b<1,\sum_{n=1}^{\infty}\beta_{n}=\infty$ , $0\leq\beta_{n}’\leq b<1$ for aii $n\geq 1$ and some

$a,b\in(0,1)$ or $0<a \leq\beta_{n}\leq 1,0<a\leq d_{n}\leq b<1,\sum_{n=1}^{\infty}\beta_{n}’=$ oo for $dl$ $n\geq 1$ and some

$a,b\in(0,1)$ . Then $\lim_{narrow}\inf_{\infty}||xr\iota$ $-Tx_{n}|1$ $=0.$
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Proof. The existence of a fixed point of $T$ follows from Goebel-Kirk [1]. For a fixed $z\in$

$F(T)$ , since $\{x_{n}\}$ , {un} and $\{v_{n}\}$ are bounded, let

$M:= \sup_{n\geq 1}||xn-z||\vee\sup_{n\geq 1}||u_{n}-z||\vee\sup_{n\geq 1}||v_{n}-z||<\infty$.

By Lemma 4, we see that $\lim_{narrow\infty}||x_{n}-z1(\equiv r)$ exists. If $r=0,$ then the conclusion is
obvious. So, we assume $r$ $>0.$ Note that $d_{n}:= \max\{\sqrt{n},\gamma_{n}/a, I_{n}\oint a\}arrow 1$ $0$ as $narrow$ oo and

$\sum_{n=1}^{\infty}d_{n}<\infty$ . Put $c_{n}=k_{n}-$ $1$ . Since $\sum_{n=1}^{\infty}(k_{n}-1)$ $<\infty$ , we have

(4) $\lim_{narrow\infty}c_{\mathfrak{n}}=0.$

Since $||$”$y_{n}-z||\leq||xn-z||+4M$cn $+Md_{\mathfrak{n}}$ and

$|| \frac{\alpha_{n}x_{n}}{\alpha_{n}+\gamma_{n}}+\frac{\gamma_{n}u_{n}}{\alpha_{n}+\gamma_{n}}-z||\leq||xn-z||14Mc_{n}+Md_{n}$ ,

by using Lemma 2 and Takahashi [8], we obtain

$||xn+1$ $-z||=||\alpha_{n}x_{n}+\beta_{n}T^{n}y_{n}$ $+\gamma_{n}u_{n}-z||$

$=||$’$n(T^{n}y_{n}-z)+$ $($1- $\beta_{n})$ $( \frac{\alpha_{n}x_{n}}{\alpha_{n}+\gamma_{n}}+\frac{\gamma_{n}u_{7b}}{\alpha_{n}+\gamma_{n}}-z)||$

$\leq(||x_{n}-z||+4Mcn +Md_{\mathrm{n}})$ $[1$ - $2\beta_{n}(1-\beta_{n})$

$\mathrm{x}$ $\delta_{E}(\frac{1}{\alpha_{n}+\gamma_{n}}\cdot\frac{||\alpha_{n}(T^{n}y_{n}-x_{n})+\gamma_{n}(T^{n}y_{n}-u_{n})||}{||x_{n}-z||+4Mc_{\mathfrak{n}}+Md_{n}})]$ .

Thus, by using $0<a\leq\alpha_{n}\leq b<1,$ we obtain

$2 \beta_{n}a(||xn-z||+4Mc_{n}+M’)\delta_{E}(\frac{1}{\alpha_{n}+\gamma_{n}}\cdot\frac{||\alpha_{n}(T^{l}y_{n}-x_{n})+\gamma_{n}(T^{n}y_{n}-u_{n})||}{||x_{n}-z||+4Mc_{n}+Md_{n}})$

$\leq 2\beta_{n}(1-6_{\tau\iota})(||xn -z||+4M\mathrm{c}_{\hslash}+Md_{\hslash})\delta_{E}(\frac{1}{\alpha_{n}+\gamma_{n}}$ . $\frac{||\alpha_{n}(\Gamma^{l}y_{n}-x_{n})+\gamma_{n}(T^{n}y_{n}-u_{n})||}{||x_{n}-z||+4M\mathrm{c}_{n}+Md_{n}})$

$\leq||x_{n}-z||-||x_{n+1}-z||+4M\mathrm{c}_{n}+Md_{n}$.

Since

$2a \sum_{n=1}^{\infty}\beta_{n}(||x_{n}-z||+4M\epsilon_{\hslash}+"\delta_{E}(\frac{1}{\alpha_{n}+\gamma_{n}}, \cdot\frac{||\alpha_{n}(T^{n}y_{n}-x_{n})+\gamma_{n}(T^{n}y_{n}-\mathrm{u}_{n})||}{||x_{n}-z||+4Mc_{n}+Md_{n}})<\infty$ ,

$\sup_{n\geq 1}||$

$\mathrm{J}$ $y_{n}-u_{n}||<\infty$ , and $\delta_{E}$ is strictly increasing and continuous, we obtain

(5) $\mathrm{u}\mathrm{m}\inf_{narrow\infty}||T^{n}y_{n}-r_{n}||=0.$
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Since

$||7xn-x_{n}||\leq||7" xn-T^{n}y_{n}||+||T^{n}y_{n}$ $-x_{n}||$

$\leq(1+c_{n})||x_{n}-y_{n}||+||7$ $y_{n}-x_{n}||$

$=(1+c_{n})||x_{n}-\alpha_{n}’x_{n}-\beta_{n}’T^{n}x_{n}-$ YnvJ$|+||T^{n}y_{n}$ $-x_{n}||$

$\leq$ ( $1+$ cn)\beta n’ $||T^{n}x_{n}$ $-x_{n}||+(1+c_{n})\gamma_{n}’||x_{n}-v_{n}||+||T^{n}y_{n}-x_{n}||$

$\leq$ ( $1+$ cn)bllTnxn - $x_{n}||+(1+c_{n})\gamma_{n}’||xn-v_{n}||+||$ $i” y_{n}$ $-x_{n}||$

$=b||T^{n}x_{n}-x_{n}||+c_{n}b||T^{n}x_{n}-x_{n}||+(1+c_{n})\gamma_{n}’||x_{n}-v_{n}||+||T^{n}y_{n}-x_{n}||$

$\leq b||T^{n}x_{n}-x_{n}||+$ Cn $(2+c_{n})b||x_{n}-z||+(1+\mathrm{c}_{n})\gamma_{n}’||x_{n}-v_{n}||+||7$ $y_{n}-x_{n}||$ ,

we obtain

$(1-b)||T^{n}x_{n}-x_{n}||\leq c_{n}(2+ \mathrm{c})b||x_{n}-z||+(1+c_{\mathfrak{n}})\gamma_{n}’||x_{n}-v_{n}||+||J" y_{n}$ $-x_{n}||$

$\leq$ Cn(2 $+$ Cn)bM $+2(1+c_{n})\sqrt{n}M+||\mathit{7}" y_{n}$ $-x_{n}||$ .

By using (4) and (5), we obtain

(6) $\lim_{narrow}\inf_{\infty}||7" xn-x_{n}||=0.$

On the other hand, if $0<a \leq\beta_{n}\leq 1,0<a\leq\alpha_{n}’\leq b<1,\sum_{n=1}^{\infty}\beta_{n}’=$ oo for all $n\geq 1$ and

some $a$, $b\in(0,1)$ , then we have

$||xn+1$ $-z||=||\alpha_{n}x_{n}+\beta_{n}T^{n}y_{n}+\gamma_{n}u_{n}-z||$

$\leq\alpha_{n}||x_{n}-z||+\beta_{n}||T^{n}y_{n}-z||+\gamma_{n}||u_{n}-z||$

$\leq\alpha_{n}||x_{n}-z||+\beta_{n}(1+c_{n})||y_{n}-z||+$ $\mathrm{y}_{n}|s_{n}$ $-z||$

$\leq\alpha_{n}||x_{n}-z||+\beta_{n}||y_{n}-z||+\beta_{n}c_{n}||y_{n}-z||+M\gamma_{n}$

$=$ $(1-\beta_{n}- \mathrm{y}_{n})||x_{n}$ $-z||+$ $\beta_{n}1ly_{n}$ $-z||+$ $\beta_{n}\mathrm{c}$ $||y_{n}$ $-z||+Mtn$
$\leq(1-\beta_{n})||x_{n}-z||+\beta_{n}||y_{n}-z||+\beta_{n}c_{n}||y_{n}-z||+M\gamma_{n}$

and hence

$\frac{||x_{n+1}-z||-||x_{n}-z||}{\beta_{n}}\leq||y_{n}-z||-||x_{n}$ $-z||+ \mathrm{c}_{n}||y_{n}-z[|+M..\frac{\gamma_{n}}{..a}$

$\leq||y_{n}-z||-||x_{n}-z||+-$ $c_{n}\{||x_{n}-z||+Mc_{n}+M’\gamma_{n}\}+Md_{n}$ .
So, we have

$||x_{n}-z1|-$ $lly_{n}$ $-z|| \leq\frac{||x_{n}-z||-||x_{n+1}-z[|}{\beta_{n}}+\mathrm{c}_{n}\{||x_{n}-z||+Mc_{n}+M\sqrt{n}\}+Md_{n}$

$(7)$ $\leq\frac{||x_{n}-z||-||x_{n+1}-z||}{a}+c_{n}\{M(1+c_{n})+M\sqrt{n}\}+Md_{n}$.
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Since

$||T^{n}xn-z||\leq(1+c_{n})||x_{n}-z||$

$\leq||xn$ $-z||+Mc_{n}+Md_{n}$

and
$|| \frac{\alpha_{n}’x_{n}}{\alpha_{n}’+\gamma_{n}’}+\frac{\gamma_{n}’v_{n}}{\alpha_{n}’+\gamma_{n}’}-z||\leq||xn-z||+Mc_{n}+Md_{n}$ ,

we obtain

$||y_{n}$ $-z||=||\mathrm{c}\mathrm{r}_{n}’ x_{n}+\beta_{n}’T^{n}x_{n}+\gamma_{n}’v_{n}-z||$

$=||\beta_{n}’(T^{n}x_{n}-z)$ $+(1- \beta_{n}’)(\frac{\alpha_{n}’x_{n}}{\alpha_{n}’+\gamma_{n}’}+\frac{\sqrt{n}v_{n}}{\alpha_{n}’+\gamma_{n}},$ $-z)||$

(8) $\leq(||x_{n}-z||+Mc_{n}+Md_{n})[1-2\beta_{n}’(1-\beta_{n}’)$

$\cross\delta_{E}$ ( $\frac{1}{\alpha_{n}’+\gamma_{n}’}$ . $\frac{||\alpha_{n}’(T^{n}x_{n}-x_{n})+\sqrt{n}(T^{n}x_{n}-v_{n})||}{||x_{n}-z||+Mc_{n}+Md_{n}}$ ) $]$ .

By using (7), (8) and $0<a\leq\alpha_{n}’\leq b<1,$ we obtain

$2 \beta_{n}’a(||x_{n}-z||+Mc_{n}+Md_{n})\delta_{E}(\frac{1}{\alpha_{n}’+\gamma_{n}’}\cdot\frac{||\alpha_{n}’(T^{n}x_{n}-x_{n})+\gamma_{n}’(T^{n}x_{n}-v_{n})||}{||x_{n}-z||+Mc_{n}+Md_{n}})$

$\leq 2\beta_{n}’(1-\beta \mathrm{y})(||xn-z||+Mc_{n}+Mdn)\delta \mathrm{g}$ $( \frac{1}{\alpha_{n}’+\gamma_{n}’}\cdot\frac{||\alpha_{n}’(T^{n}x_{n}-x_{n})+\sqrt{n}(T^{n}x_{n}-v_{n})||}{||x_{n}-z||+M\mathrm{c}_{n}+Md_{n}})$

$\leq||xn-z||-||y_{n}$ $-z||+Mc_{n}+Md_{n}$

$\leq\frac{||x_{n}-z||-||x_{n+1}-z||}{a}+$ $c_{n}\{M(1+ \mathrm{c}) +M \mathrm{y}\mathrm{Q}\}$ $+Md_{n}+Mc_{n}+Md_{n}$

$= \frac{||x_{n}-z||-||x_{n+1}-z||}{a}+c_{n}$ {Af(21 $c_{n})+M\gamma_{n}$
’ } $+2Md_{n}$ .

Hence

$2a \sum_{n=1}^{\infty}\beta_{n}’(||x_{n}-z||+Mc_{n}+Md_{n})\delta_{E}(\frac{1}{\alpha_{n}’+\gamma_{n}’}\cdot\frac{||d_{n}(T^{n}x_{n}-x_{n})+\prime\sqrt{n}(T^{n}x_{n}-v_{1\iota})||}{||x_{n}-z||+Mc_{n}+Md_{n}})<\mathrm{o}\mathrm{o}$ .

We also obtain (6) similarly to the arguement above. By using Lemma 3, we obtain
$\lim$ inf $||Tx_{n}-x_{n}||=0.$ $\square$

$n- \mathrm{s}\infty$

Our Theorem 2 improves Theorem 1.5 of Schu [6], Theorem 2.2 of Schu [7] and Theorem
3 of Rhoades [5] to a more general Ishikawa type scheme under much less restrictions on
the iterative parameters $\{\alpha_{n}\}$ and $\{\beta_{n}\}$ .
Theorem 2. Let $E$ be a uniformly convex Banach space, and let $C$ be a $n\mathrm{o}n\mathrm{m}p\Psi$ bounded
closed convex subset of $E$, and let $T:Carrow C$ be an asymptotically nonexpansive mapping

with $\{k_{n}\}$ satisfying $k_{n} \geq 1,\sum_{n=1}^{\infty}(k_{n}-1)$ $<\infty$ , and let $\mathrm{i}$” be compact for some $m\in$ N. If
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$x_{1}\in C,$ and the sequence $\{x_{n}\}$ defined by (3) satisfies $0<a \leq\alpha_{n}\leq b<1,\sum_{n=1}^{\infty}\beta_{n}=\infty$ ,

$0’\leq\beta_{n}’\leq b<1$ for all $n\geq[perp] and$ some $a,b\in(0,1)$ or $0<a\leq\beta_{n}\leq 1,0<a\leq\alpha_{n}’\leq b<1,$

$\sum_{n=1}^{\infty}\beta_{n}’=$ oo for all $n\geq 1$ and some $a$ , $b\in(0,1)$ , then $\{x_{n}\}$ converges strongly to some fixed

point of $T$ .
Proof. Rom Theorem 1, there exists a subsequence $\{x_{n_{k}}\}$ of the sequence $\{x_{n}\}$ such that

(9) $\lim_{karrow\infty}||xn_{k}-Tx_{n_{k}}||=0.$

Since
$||\mathrm{r}$

$x_{n_{k}}-x_{n_{k}}||\leq||T^{m}x_{n_{k}}-T^{m-1}x_{n_{k}}||+||7T^{m-1}x_{n_{\mathrm{k}}}-T^{m-2}x_{n_{\mathrm{k}}}||+\cdot$ . . $+||Txn_{k}-x_{n_{k}}||$

$\leq||Tx_{n_{k}}-x_{n_{k}}||\sum_{j=1}^{m-1}k_{j}+||Txn_{k}-x_{n_{\mathrm{k}}}||$,

we obtain
$\lim_{karrow\infty}||xn_{h}-T^{m}x_{n_{k}}||=0.$

Since $\mathrm{i}$ is $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}_{f}$ there exist a subsequence $\{x_{n_{k_{i}}}\}$ of the sequence $\{x_{n\mathrm{g}}\}$ and a point
$p\in C$ such that $x_{n_{k}:}arrow p.$ Thus we obtain $p\in F(T)$ by the continuity of $T$ and (9). Hence
we obtain $\lim_{narrow\infty}||xn-p||=0$ by Lemma 4. Cl

Our Theorem 3 improves Theorem 1.5 of Schu [6] Theorem 2.2 of Schu [7] and Theorem
3 of Rhoades [5] under much less restrictions on the iterative parameters $\{\alpha_{n}\}$ and $\{\beta_{n}\}$ .

Theorem 3. Let $E$ be a uniformly convex Banach space, and let $C$ be a nonempty bounded
closed convex subset of $E$, and let $T:Carrow C$ be an asymptotically nonexpansive mapping

with $\{k_{n}\}$ satisfying $u$ $\geq 1,\sum_{n=1}^{\infty}(k_{n}-1)$ $<\infty$ , artd let 7 be compact for some $m\in$ N. If

$x_{1}\in C,$ and the sequence $\{x_{n}\}$ defined by (1) $sati \epsilon \mathrm{f}\mathrm{i}es\sum_{n=1}^{\infty}\alpha_{n}(1-\alpha_{n})=\infty$ , $0\leq\beta_{n}\leq b<1$

for aii $n\geq 1$ and some $b\in(0,1)$ or $0<a \leq\alpha_{n}\leq 1,\sum_{n=1}^{\infty}\beta_{n}(1-\beta_{n})=$ oo for all $n\geq 1$ and

some $a\in(0,1)$ , then $\{x_{n}\}$ converges strongly to some fixed point of $T$.
As a direct consequence, taking $\beta_{n}=0$ and $\gamma_{n}’=0$ for $n$ $\in \mathrm{N}$ in Theorem 2, we obtain

the following result, which improves Theorem 2.2 of Schu [7] and Theorem 2 of Rhoades
[5] under much less restrictions on the iterative parameter $\{\alpha_{n}\}$ .

Theorem 4. Let $E$ be a uniformly convex Banach space, and let $C$ be a nonempty bounded
closed convex subset of $E$, and let $T:Carrow C$ be an asymptotically nonexpansive mapping

with $\{k_{n}\}$ satisfying $k_{n}2$ $1, \sum_{\mathfrak{n}=1}^{\infty}(k_{n}$ - 1$)$ $<\infty$ , and let 7 be compact for some $m\in$ N.

Suppose that $x_{1}\in C,$ and the sequence $\{x_{n}\}$ defined by

$x_{n+1}=\alpha_{n}x_{n}+\beta_{n}\mathrm{I}^{m}x_{n}+r_{n}tu_{n}$ ,
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where $\{\alpha_{n}\}$ , $\{\beta_{n}\}$ , $\{\gamma_{n}\}$ are sequences in $[0, 1]$ satisfying $0<a\leq\alpha_{n}\leq b<1$ for some

$a$ , $b \in(0,1),\sum_{n=1}^{\infty}\beta_{n}=\infty$ , $\alpha_{n}+j\mathit{3}_{n}+\gamma_{n}=1$ for all $n \geq 1,\sum_{n=1}^{\infty}\gamma_{n}<$ oo and {un} is a sequence

in $C$ Then $\{x_{n}\}$ converges strongly to some hed point of $T$ .
Remark. If $\{\alpha_{n}\}$ is bounded away kom both 0 and 1, i.e., a $\leq\alpha_{n}\mathrm{S}$ b for all n $\geq 1$ and

some $a$ , $b\in(0,1)$ , then $\sum_{n=1}\alpha_{n}=\infty$ and $\sum_{n=1}\alpha_{n}(1-\dot{\alpha}_{n})=\infty$ hold. How ever, the converse

is not true.
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