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1 Introduction

In this paper, we consider the optimal stopping problem for compoud criteria, whose counterpart
is simple criteria such as terminal, additive and minimum. We introduce a new notion of gain
process, which is evaluated at stopped state. Some of gain processes are terminal, additive,
minimum, range, ratio, sample variance. The former three are simple. The latter three are
compound. In this paper we discuss the compond criterion such as range, mid-range, ratio,
average and sample variance.

2 General Process

We consider a class of finite-stage optimal stopping problems from a view point of reward
accumulation. An N-stage problem has to stop by time N at the latest. Each stage allows eiher
stop or continue. When a decision maker stops on a state at n-th stage, she gets a reward which
is closely related to all the states she has experienced.

Let {X,}Y' be a Markov chain on a finite state space X with a transition law p = {p(|-)}.
Letting X* := XxXx---xX(k times) be the direct product of k state spaces X, we take
H, := X™t1; the set of all subpaths h,, = ToT1 T, up to stage n :

Hy={hn=10%1 Tn|Tm €X, 0<m<n} 0<n<N.

In particular, we set
Q= Hpy.

Its element w = hy = zopz1 - - TN is called a path.

Let 7 be the set of all subsets in £ which are determined by random variables {Xm, Xm+1,
...y Xn}, where X : @ — X is the projection, Xi(w) = . Strictly, 37, is the o-field on Q
generated by the set of all subsets of the form

{Xm zwm,Xm+1 =$m+1,--.,Xn =$n} (C Q)

where Tm,Zm+1,--.,Zn are all elements in state space X. Let us take N = {0,1,...,N}. A
mapping 7 : Q — N is called a stopping time if

{r=n}e3F; VneN

where {7 = n} = {zoz1...zN§|7(zoz1...zN) = n}. The stopping time 7 is called {Fp Y-
adapted. Let TN be the set of all such stopping times. Any stopping time 7 € T}’ generates a
stopped subhistory (random variable) (Xo, X1, ..., Xr-1,Xr) on §2 through

X'r~'n(w) = X’r(w)—n(w) 0<n< T(w)'
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Let {g.}}’ be a sequence of gain functions
g Hyp — R 0<n<N.
Then a gain process {Gn}{ is defined by
Gr = gn(Xo, X1,..., Xn).
Then any stopping time 7 yields a stopped reward (random variable) G- : Q@ — R':
Gr(w) = Gr(w)(Xo(w), X1(w), - . - , Xr—1(w), X7 (w)).

We remark that the expected value Fy,[G;] is expressed by sum of multiple sums :

N
EwlGrl = D) Gnl(hn)Peo(Xo = 20, -, Xn = n)

n=0 {7-=n,}

N

= Y Y Gu(ha)p(@:1|zo)p(z2|z1) - P(Tn|Tn-1).

n=0 {r=n}
Now we consider the optimal stopping problem for the gain process :
Go(zo) Max Eg [Gr] st 7eTY. (1)
Then we have the corresponding recursive equation and optimal stopping time ([4]) :
Theorem 2.1

_ 'UN(h) = gN(h) he Hy ‘
va(h) = Max [ gn(h), Ezfvn+1(h, Xn+1)]] (2)
h=(zo,...,&n-1,2) € Hy, 0<n<N-1.

Theorem 2.2 The stopping time T* :
™(w) = min{n > 0 : va(hn) = Gn(hn)} w=z0Z1:- TN

is optimal :
E4y[Gre] 2 Ego[G,] VT e Ty,

3 Expanded Control Chain

Now, in this section, let us discuss a general result for range process. We consider a maximization
problem of expected value for stopped process under range criterion (As for nonstopping but
control problems, see [11-16,21}).

Let {X.}} be the Markov chain on the finite state space X with the transition law p =
{p(-])} (Section 2). Let g, : X — R! be a stop reward for 0 <n < N andr, : X — R be a
continue reward for 0 < n < N — 1. Then an accumulation process is constructed as follows.
When a decision-maker stops at stage z,, on stage n through a subhistory (o, z1,. .. , Tn—1), he
or she will incur the range of reward up to stage n :

Ron(hy) i=1qVTIV - Vrp 1Vgn—ToATIA - ATn_1Agn
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where
h'n.: (x07$1)"'7$'n)7 rm:"'m(xm)a gn :gn(mn)

The accumulation process { Rqy, }' is called a range process. Thus a stopped reward by adopting
stopping time 7 for range process is
Ry, =mgVrV  Vre_1Vgr—rgAri A+ Vrr_1Agr.
Now we consider the optimal stopping problem for range process :

Rag(zo) Max E,,[Rsr] st TG‘.T(I)V.

The expected value of range is the sum of multiple sums :

N

Eay[Rar] =, Y {Ran(hn) x p(@1|20)p(z2|21) -+ P(%nl2n-1)} -

n=0 {T=n}

Let us now imbed Rag(zo) into a new class of additional parametric subproblems (2, 17].
First we define the past-valued (cumulative) random variables {A,}Y, {En}Y up to n-th stage
and the past-value sets {An}Y, {En}{’ they take :

Ko .= )Xo where \g is smaller than or equal to gn(z), ()
Zo 1= & where & is larger than or equal to g, (%), ()
Kn = ’I"Q(Xo) Voo Vrp_1(Xn-1)
En = TO(XO) JARKRIAY T'n.—-l(Xn—l)
To := {(,0)}
An =r10(z0) V -+ V Tn—1(Tn-1),
Tn o= Ony&n) | &n=ro(ma) A+ Arn_1(Zn-1), -
(Zoy.-yTp-1) EX X+ XX

We have

Lemma 3.1 (Forward recursive formulae)

Ao = X

Xn+1 =A,V ro(Xn) 0<n<N-1,
So=46

Spi1 =S Ara(X,) 0<n<N-,
To = {(%o, &)}

Ty = {AV (), EATR(2)) | (N €) €Th, z€ X} 0<n<N-1
Let us now expand the original state space X to a direct product space :
Y, =XxT, 0<n<N.
We define a sequence of stop-reward functions {Gn} by

Gn(z; 1€)== AV gn(z) —EAgn(z) (A€ EYn
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and a nonstationary Markov transition law q = {qn}éV ~1 by

plylz) if AVru(z)=u, EAm(z)=v

0 otherwise.

(Y v |z N E) = {

Let us define I',, through

Ty = (An, En).

Then {(Xn,Tn)}Y is a Markov chain on state spaces {Y,} with transition law g. We consider
the terminal criterion {Gn}3 on the expanded process :

To(yo) Max E,[G,] s.t. Tei’;’

where yo = (xo; Xo, fig), and 5,1:’ is the set of all stopping times which take values in {n,n +
1,...,N} on the new Markov chain.
Now we conside a subprocess which starts at state y, = (Zn; An,&n)(€ Yn) on n-th stage :

Tr(yn) Max E,.[G;] s.t. Teﬁ"ﬁ’.

Let v,(yn) be the maximum value of Tn(yn), where

A
uvn(yn) = GN(YN)  yn EYN.
Then we have the the backward recursive equation :

Corollary 3.1

{vN(y) = Gn(y) yEYy
un(y) = Max [ Gn(y), Ey[vnt1(Ya+1)] ] yeY, 0<n<N-1

where E, is the one-step expectation operator induced from the Markov transition probabilities
() :
Ey[h(Yar1)] = D A(y)an(2ly)-

2€Yn 41
Corollary 3.2 The stopping time 7% :

(W) = min{n > 0: vn(y) = Ga(y)} @ =yov1 -~ YN
is optimal : :
EyolGre] > Ey[Gr]  Vre Ty,

Then we have the corresponding recursive equation for the original process with maximum
reward :

Theorem 3.1

un(z; A, €) = AV gn(z) —E Agn(z) zeX, (NEETN
Un (252, €) = Max [ AV ga(z) — £ A gn(2), Bxlont1(Xns1; AV (@), EAa(z))]]  (3)
zeX, (N el, 0<n<N-1
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Here we consider a family of subprocesses which start at z,, (€ X) with a pair of accumulated
maximum and maximum up to there (A, &) :

Max E; [AArp Ve VrroaVgr —€n ATp Ao ATr_1 A gr ]
Ran(Zn; An, €n) N
st. T€eT,

IEnEX, (An,é‘n)ern, OSTLSN‘—I

where
Emn[)\nvrnv"'v’rT—l Vg‘r_gn/\rn/\"'/\r‘r—l/\g'r}

N
= Z Z {IAaVrp(zn) Vo VT 1(Zm=1) V gm(Tm)

m=n {r=m}

— & ATn(@n) A+ ATm1(Tmo1) A gm(Zm) ] X p(Tn41|Ta)P(Tns2|Tns1) - P(Tm|Tm-1)}-
Let vy(Zn; An, &n) be the maximum value for Ra,(2n; An,én), where
uN(ZN; AN, EN) = AN V gn(n) — €N A gn(zn)-

Then the maximum value functions satisfy the recursive equation (3).
Theorem 3.2 The stopping time T* :

T*(w) = min{n >0: 'Un(mn; )\nagn) = A V gn(mn) —é A gn(mn)}
w = (z0; M, £0) (13 M, &1) - - (N3 AN, EN)

is optimal :
Euy[Rar+] > Ego[Rar] VT €75

3.1 DP solution
Let us illustrate a two-state four-stage model, which is specified by an optimal stopping problem:

Max Eg, [ro(Xo) V-V rr—1(Xr-1) V gr(X7) — ro(Xo) A+ A rr_1(Xr=1) A g9-(X7)]
st. (i) 7€ Th ' (4)

where the stop/continue-reward {go, g1, g2, g3, 94; To,71,72,73} is given in Table 1, and the tran-
sition matrix is symmetric (p = ¢ = 1/2). Let us find an optimal stopping time by solving
recursive equation.

Table 1 stop/continue-reward

Tn 81 82
go(zo) ro(zo) || 5 4 4 5
g1 (:1:1) T (3:1) 6 5 4 6
g2(z1) ra(z1) || 3 4 7 6
g3(z1) ra(z1) 5 7 8 38
94(z4) 6 7
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It is shown that the total number of stopping times {fn(n)} for m-state n-stage model
satisfies the recursive relation ([6])

fmn+1) = 14 (fm(n))"
fa(m) = 1+2™

There exist fo(4) = 677 stopping times for two-state (m = 2) four-stage (n = 4) model. Among
them, let us find an optimal stopping time by solving dynamic programming recursive equation

(3)-

First, the forward recursion in Lemma 3.1 generates the following past-value sets :

Lo = {(—O0,00)}, I = {(4, 4)}> Ly = {(574)1 (6’4)}
;= {(5’4)’ (6’4)}) [y = {(71 4)) (5a3)’ (6’3)}

Second, the backward recursion (3) yields an optimal solution in expanded Markov class II;
optimal value functions

Vg, U1, V2, V3, V4; Un = Un(Tn;An,&n)
and an optimal policy
* * * * *7 . * ok .
T = {7"0’ 1, T2, WS}’ Tn —Wn(zm)\nzgn)-

In fact the optimal solution is calculated as follows:

v4(51;7,4) =TV g4(81) —4Aga(81) =TV6—-4AN6=7T—-4=3
v4(51;5,3) =5V g4(s1) —3 AN gs(s1) =5V6-3A6=6-3=3
v4(81;6,3) =6V ga(s1) —3Aga(s1) =6V6-3A6=6-3=3

)=

)

)

(s
(
(
'04(82;7,4)=7\/g4(82)—4/\g4(62 TVT—4ANT=T—-4=3
(
(

v4(82;5,3) =5V ga(s2) —3Aga(s2) =5VT7T—3AT=7T-3=4
v4(s2;6,3) =6V g4 82) —3Ag4(s2) =6VT7T—-3AT=T7T-3=4
) 5V g3(s1) — 4 gs(s1) .
03(81’5’ ) - ax ’U4 31,5VT‘3(81) 4/\7’3(81))~-2——|—1)4(51;5V7‘3(81),4/\7‘3(81))'5
5\/93 81) —4Ag3(.i1)
va(s1; 85V T,4AT)- —+v4(31,5\/7 4/\7) =

o i
e

Uy 81,7 4) +'v4(51,7 4) -

= 1 — *(o . = .
3. —+3 - Max{ 3 = 3 m3(81;5,4) = continue
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6V gs(s1) — 4 A g3(s1)
v3(s1;6,4) = Max

1
va(81;6 Vr3(s1),4 Ars(s1))- 5 + v4(s1;6 Vr3(s1),4 Ar3(s1))-

[ SR

6V5—4A5
= Max 1 1
v4(s1;7,4)~§+v4(sl;7,4)-§
6—4
= Max{ 3.1_*_3.3 = Max{g =3 m3(51;6,4) = continue
2 2
8—-14
v3(sg; 5,4) = Max 3'1_*_4_1_ =4 m3(s2;5,4) =8
v 2
8—4
v3(s2; 6,4) = Max 3 1+3 1 =4 m3(s9;6,4) =s
2
(51;5,4) {5_3 3(5135,4)
vy(81;5,4) = Max 1 1 =35 ma(81;5,4) =c¢
-4 4.-
3 2+ 2
(5136,4) {6_3 3(5136,4)
v9(81;6,4) = Max 1 1 =35 my(81;6,4) =¢
3-§+4-§
(2:5,4) {7—4 3(5235,4)
va(82;5,4) = Max 1 1 = 35 To(82;5,4) =¢
3 2-}-4 7
(5256, 4) {7“4 (236, 4)
v9(82;6,4) = Max 1 1 =35 my(82;6,4) =c¢
3-5+4:3
6—4
v1(81;4,4) = Max 35'1“’_35 1 =35 m1(s1;4,4) =c
505 +3.
4-4
v1(89;4,4) = Max 35'_1_+35'l = 3.5 mi(s9;4,4) =c
2 T2
5—56
vo(81; —00, 00) = Max 35.1+35._1_ = 35 mg(81; —00,00) = ¢
T2 T2

The optimal solution is tabulated in Table 2:

Table 2 optimal solution

v4(T4; Mg, €4)
z4\(M, &) || (74) (5,3) (6,3)

s1 3 3 3
89 3 4 4
v3(23; A3, &3) 75 (xa; A3, &3) | va(T2; Ae, &2) 3 (T2; A2, £2) |
mn\()‘n, gn) (5,4) (6,4) (5,4) (6,4)
81 3 c 3 c 3.5 c 35 ¢

S9 4 s 4 s 35 ¢ 35 ¢




236

vi(z1; A1, 61) 77 (21521, 61)

vo(zo; 1) 73 (205 Ao, o)

xn\\(A'mgn) (4a4) (—O0,00)
S 3.5 c 35 ¢
S92 35 ¢ - -

Third, we see that an optimal stpping rule 7* is to stop at state s on stage 3. The rule
implies that an optimal decison-maker should continue at any state on stages 0, 1, 2 and at
state s; on stage 3 (Figure 1). The maximum expected value of range is vo(sp; —00,00) = 3.5.
As is directly verified at the bottom line, the optimal expected value is equal to E,, [R,+]. The
stopping time 7* has

1
=3._.1_+3..___.+...

1 7
E * 4'—' = — = 9.9.
alfr] =3 +3 g+ Fdg=g=35
% : stop
4 : continue /\
® : not reached
is
stage 0 4
N
S1 89
stage 1 5 6
stage 2 4 6 4 6
3 7 8 7 8 7 8 7 8
4 ® 0 ® ) ® ® o" °
6 7 6 7 6 7 6 7
R, 3 3 4 3 3 4 3 3 4 3 3 4
pr. 1/16 1/16  1/8  1/16 1/16  1/8  1/16 1/16  1/8  1/16 1/16  1/8

Figure 1 It is optimal to stop at state sz on stage 3 : 7*
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