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Abstract
The defect of mathematically defined model of property valuation is lack of complete

market information. Fuzzy linguistic logic is applied to reduce the subjectivity of the
appraiser in determining the weights of qualitative variables. This paper aims to propose an
flexible adjustment method. Section 1 describes the objective and the literature for this study.
Section 2 proposes the mathematical model for the fuzzy linguistic property valuation. And
section 3 gives conclusion and the ffiffier research.
Keywords: Property valuation, Fuzzy linguistic logic, Quantification Theory I

1. Introduction
The qualitative attributes of property such as the desirability of the neighborhood,

locational accessibility and attractiveness of the community require many diffirent kinds of
adjustment methods for valuation. The appraisers face with insufficient information and
limited techniques for the reasonable weights for the variables.

Dilmore (1993) applied the fuzzy logic with the expert system and improved the estimates
ofthe different distance effects for the more accuracy of real estate valuation. Dilmore (1994)

discussed the comparable sales method of the adjustment techniques which using the fuzzy
logic could define a more elastic way of membership to reduce the lack of information.
Bagnoli & Smith (1998) demonstrated the application of ffizzy logic an income-producing
property, with a resulting ffizzy set output. The ffizzy sets can be combined to produce
reasonable conclusions, and inferences can be made, given a specified fuzzy input $\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{n}\alpha \mathrm{i}\mathrm{o}\mathrm{n}$ .

2. Mathematical model
2.1 property valuation ntodel with Quantfgcation Theory $I$

The linear equation form describes the effect of independent qualitative variables on
property value. The qualitative variables are constructed by categories which assumed the
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samples will choose a unique category in the explanations variables. The function fonn is
formulated in Equation (1).

$Y,,$ $=\hat{Y}+gi\hat{b}$;il $x$; (1)
$l=1f=1$

where
$\hat{Y}$ : Predictive value of property value $Y,$,.

$\hat{b}_{J}^{(\ell}’=\hat{B}$i$t.’-, \sum_{\sim l}^{I}B_{\mathit{1}}^{\mathrm{t}t\}}$

$X_{J}^{\prime t}\cdot$

’ : $\mathrm{T}\mathrm{h}\mathrm{e}/\mathrm{t}\mathrm{h}$ effecting ffictor with $i$ preferrence level.
$i$:Preference level.
$i$ $=1,\ldots,p$ .
$\hat{B}$s” : Partial coefficient of $\mathrm{t}\mathrm{h}\mathrm{e}/\mathrm{t}\mathrm{h}$ independent $\Re \mathrm{t}\mathrm{o}\mathrm{r}$ with $/\mathrm{t}\mathrm{h}$ preference level.

The OLS method is applied to estimate the category score $\hat{B}_{J}^{\mathrm{t}t.1}$

.
of the $B_{j}^{(t)}$ . Equation (1)

where
$\hat{Y}$ :Predictive value of property value $Y,$,

$b_{J}^{(\ell}’=B_{J}^{(t} \cdot’-,\sum_{\sim l}’B_{\mathit{1}}^{\mathrm{t}t\}}$

$X_{J}^{\prime l}\cdot$

’ : $\mathrm{T}\mathrm{h}\mathrm{e}/\mathrm{t}\mathrm{h}$ effecting ffictor with $i$ preferrence level.
$i$:Preference level.
$i=1,$ $\ldots,p$ .
$\hat{B}_{J}^{(l1}$

.
: Partial coefficient of thejth independent $\Re \mathrm{t}\mathrm{o}\mathrm{r}$ with $i\mathrm{t}\mathrm{h}$ preference level.

$\mathfrak{R}\mathrm{e}$ OLS method is applied to estimate the category score $B\wedge/\mathrm{t}t.\cdot|$ of $\mathrm{t}\mathrm{h}\mathrm{e}B_{j}^{(t)}$ . Equation (1)

states the standardizations procedure of $b_{J}^{\mathrm{t}t)}$ , and the category score represents the level of

effects ffom the independent variable on $Y_{\tau}$ , . Range score is defined as the significance of the

independent variable and is measured by the maximum category score minus the minimum
one in terms of the preference level. The range score shows the relative importance of the

independent variable. The range score is represented by the $R_{\mathit{9}}^{\mathrm{t}/)}$ in Equation (2).

$R_{\mathit{9}}^{\mathrm{t}i)}={\rm Max}’b_{j}^{\mathrm{t}l1}-{\rm Min} b_{J}^{\mathrm{t}\mathit{1})}1’\underline{\backslash }j_{-}\backslash .p\prime 1\leq j^{\underline{r}}p$

.
(2)

The transformation equation of range score of independent variable is applied to estimate
the rage difference in terms of the property value. Equation (3) calculates the range ratio of
independent variables relative to the property value. [7]

$L_{J}= \frac{R_{\mathit{9}}^{\mathrm{t}J^{1}}}{Y_{1}}.\mathrm{x}100^{\mathrm{o}}\mathit{1}_{0}$ (3)

where

$L_{J}$ : Range ratio of $\mathrm{t}\mathrm{h}\mathrm{e}/\mathrm{t}\mathrm{h}$ independent factor relative to property value.
$R_{\mathit{9}}^{\mathrm{t}^{-}j\mathrm{I}}$ : Range score of the$j\mathrm{t}\mathrm{h}$ independent factor.

$Y_{v}$ : The property value.
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Equation (4) transforms the range score of the jth independent factor into range
difference which states by the preference level $(i=1,\ldots\backslash 5)$ and represents the maximum
adjustment percentage of the independent factor. All of the qualitative variables in terms of
the range differences can be established an adjustment table using the preference level of
evaluation in practical application.

$M_{j}= \frac{L_{J}}{k-1}$ (4)

where

$M_{j}$ : Range difference of the jth independent ffictor.
$L_{J}$ : Range difference ofthe jth independent ffictor.
$k$ : Preference level rank , this study ass umes $k=\overline{3}$ .

Equation (5) is the empirical study function form.
$Y_{v}=[B_{1}^{\{1)}X_{1}^{(1)}+B_{\sim\sim}^{\{1\{X^{\langle 1|}},,+\ldots+B_{J}^{\{1\}}X_{J}^{(1\}}]+[B_{1}^{(2)}X_{1}^{(21}.+B_{\underline{9}}^{\mathfrak{l}\mathfrak{l}}\underline’ X_{-}^{(},’+$...

(5)
$+B_{j}^{\mathrm{t}^{\underline{7}})}X_{J}^{(2)}]+\ldots+[l\mathrm{f}^{(t\}}X_{1}^{(t\prime}+B_{\wedge,\sim}^{(t|}X_{-}^{1l1},+\ldots+B_{J}^{|1)}X_{J}^{(t|}]+e_{1^{1}}$

where
$Y_{v}$ : Property value of sample $\mathrm{v}$ .
$X_{J}^{|t\}}$ : Preference level scale describing they’th independen variable.

$X_{\mathit{1}}^{|1)}=\{$

$i=1:$ independent variable$j$ states worst.
$i=2:$ independent variable$j$ states inferior.
$i=3$ : independent variable$j$ states medium.
$i=4$ : independent variablej states good.
$i=5$ : independent variable$j$ states best.

$j=1,\ldots,\mathrm{p}$

$B_{J}^{\prime l)}$ : Partial coefficient $\mathrm{o}\mathrm{f}/\mathrm{t}\mathrm{h}$ independent factor and $/\mathrm{t}\mathrm{h}$ preference level.
$e_{v}$ : Error term of sample $\mathrm{v}$ .

The preference level of evaluation is divided into 5 ranks which states worst, inferior,

medium, good and best. This is a qualitative measurement and can not be directly
implemented the traditional OLS method owing to the discrete preference level.

2.2 The weightings ofcomparable $va\dot{m}$bles decision underfilain$ess$

The comparable variables with implicit qualitative characteristics require various
adjustments in property valuation. The $\mathrm{f}\mathrm{i}_{1}\mathrm{u}\mathrm{y}$ linguistic logic and professional interview
questionnaires are applied for the group decision under fuzziness.
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2.2.1 Construction ofpreference relations in property valuation model - $tJ\iota e$ ill known
consequences

Alternative property valuation results are revealed a crisp consequence. However in some
situations it is not possible to reach a consensus among experts in the consequence. And a
single value is not enough to reflect the diversity of different judgments from several
comparable variables.

The crisp preference relation $\mathrm{R}$ corresponds to a mapping $\mathrm{R}$ : 4 $\mathrm{x}4$ $arrow\{0,1\}$ . We define $m$

potential alternatives of a set $A=\{a_{1},\ldots,a_{n},\}$ results from the aggregation of $(R,\ldots.R_{n})$ .

The preference analysis is conducted on the Cartesian product A $\mathrm{x}A$ . A fuzzy constraint is

characterized by $G=\{(x,g(x)),x$ $\in X\}$ . The membership fimction $g:Xarrow$ {0,1}.

The range of possible consequence of the estimate for each alternative can be investigated
the possibilities of discrimination between these alternatives even they are not completely
defined. A possibility distributions in a natural attitude can be represented the
ill-consequences. The fuzzy consequence of the alternative $a$ , on a given dimension is the
fuzzy set ofthe evaluation scale $X$ defined by:

$W_{u}=\{(x,\pi W_{a}(x)),x\in X\}$ (6)

where $\pi W_{a}$ represents the possibility degree $\mathrm{n}\mathrm{W}\mathrm{a}(\mathrm{x})$ of the punctual event $W_{u}=x$ , such

that

$. \sup_{\lambda\in.\backslash }$.
$\{\pi W_{u}(x)\}=1$ (7)

The attractiveness of a fuzzy consequence relatively to a fuzzy objective $\mathrm{f}\mathrm{i}\mathrm{m}\alpha \mathrm{i}\mathrm{o}\mathrm{n}$ may be
evaluated as compatibility between these two fuzzy sets. [6] The compatibility level between
a $\mathrm{f}\mathrm{u}\mathrm{z}\mathrm{z}\backslash ’$

, consequence $W_{a}$ and a fuzzy objective $\mathrm{G}$ defined on the same scale $\mathrm{X}$ can be
approximate by the quantities:

$\prod(G, \mathrm{W}_{u})=\sup_{\Leftarrow x^{-}.\mathrm{Y}}\min(\mathrm{g}(.\mathrm{x}), \pi W (x))$ (8)

$\mathrm{N}(\mathrm{G}, \mathrm{W}_{u})=\inf_{\mathrm{x}\mathrm{e}_{-}\mathrm{X}}\max(\mathrm{g}(\mathrm{x}’), 1-\pi W_{a}(x))$ (9)

where $\prod(G, W_{u})$ and N($G$, Wa) are respectively the possibility and necessity of the

$\mathrm{N}(\mathrm{G}, \mathrm{W}_{u})=\inf_{\mathrm{x}\mathrm{e}_{-}\mathrm{X}}\max(\mathrm{g}(\mathrm{x}’), 1-\pi W_{a}(x))$ (9)

where $\prod(G, W_{u})$ and $\mathrm{N}(\mathrm{G}, Wa)$ are respectively the possibility and necessity of the

$\omega \mathrm{z}\mathrm{y}$ set $G$ relatively to $W_{a}$ . Equation (8) measure the possibility of the $G$ event
relatively to the consequence $W_{a}$ , and Equation (9) measures the certitude of the $G$ event
relatively to consequence $W_{u}$ . The two equations are possible to state .the alternative $a$ fits
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into the decision maker’s $\mathrm{o}\mathrm{b}.\mathrm{i}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\neg$

’ and “the alternative $a$ does not fit into the decision

maker’s objective” By definition $\mathrm{N}(G,\cdot W_{u})=1-\prod(G’, W_{\iota l})$ where $G’=$ {(x, l-g($\mathrm{x}$. ), $x\in X$}

is the complement of the $G$ .

In practical use the attributes contributed the importance to the property value is modeling
with Quantification Theory I. Using a qualified response by the individual professional states
the effecting scale of the property value is expressed as a linguistic possibility value as $=$Very
unimportant’, ’Unimportant’, ’Medium’, ’Important’ and $=$Very important’ We aggregate the
possibility and necessity of the fuzzy event $W$ in a single value. Thus the consequence of
objective compatibility level by the score is defined as:

$G^{\alpha}(a)=(1- \alpha)\prod(G, W_{a})+\alpha \mathrm{N}(G, W_{a})$ (10)

$\alpha$ is a technical parameter and allows performing a convex combination of theses two
equations, $\alpha=0$ represents optimistic evaluation and $\alpha$ $=1$ reflects more pessimistic
evaluation. Parameter $\alpha$ is a degree of prudence when modulating the confidence we have
in our evaluation. Criterion $G^{\alpha}$ allows a total preorder to be defined on $A$ . We further
replace $G^{a}$ by the interval $[g^{-}(a),g^{+}(a)],a\in A$ bounded by the following compatibility
level:

$\{$

$g^{-}(a)=\mathrm{N}(G_{i}W_{a})$

$g^{+}(a)= \prod(G. W_{a})$

(10)

We assume the interval type is of equal length, and then the triangular membership
fimction can be characterized by the possibility distribution. Table 1 defines the linguistic
scale and its consequence of comparability.
Table 1
linguistic scale a $\mathrm{d}$ its consequence of comparabili $\mathrm{y}$

Linguistic scale $W_{u}(x)$ Consequence of comparability
Very unimportant (0, 0, 0.25)

Unimportant (0, 0.25, 0.5)

Medium (0.25, 0.5, 0. 75)

Important (0.5, 0.75, 1)
$\mathrm{V}\mathrm{e}\mathrm{y}$$\underline{\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}(0.75,1,1)}$

We suppose the evaluation of the preference level for comparable variables is equally
distributed and characterized by the following possibility distribution.

Medium (0.25, 0.5, 0.25)

Important (0.5, 0.75, 1)

$\underline{\mathrm{V}\mathrm{e}\mathrm{l}\mathrm{y}}$important(0.75,1,1)

We suppose the evaluatlon of the preference level for comparable variables is eqMly
distributed and characterized by the following possibility distribution.
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$\pi W_{\iota l}(x)$ $=\{$

$1-4x$, if $0\leq$ v $\leq 0.25$

0, if $x$ $>0.25$

$4.\mathrm{v}$, if $0\leq x$ 0.25
$\pi W_{a}(x)=2-4x$ , if 0.25 $\leq 05$

0, otherwise
$4x-1$, if $0.25\leq x\leq 0.5$

$\pi W_{u}(x)=3-4x$ , if $0.5\leq x$ 0.75
0, otherwise

(12)

$\pi W_{u}(x)=\{$

$4x-2$, if $0.5\leq x$ 0.75
$4-4x$, if 0.75 $\leq$ $1$

0. otherwise

$\pi W_{a}(x)=\{$
$4x-3$, if $0.75\leq x\leq 1$

0, if $x$ $>1$

2.2.2 The estimate ofthefuzzy linguistic $u;eighS$

The individual professional states preferences in the questionnaire with the importance
level in linguistic possibility value. Equation (13) is used to figure out the fuzzy weights of
the effecting factors.

(13)$W_{as}= \frac{1}{N}[r\iota_{S1}(0,0,\frac{1}{k-1})+’\iota_{S2}(\frac{0}{k-1},\frac{1}{k-1},\frac{2}{k-1})+\ldots.+\prime lysi\frac{i-}{k-1},,1,1)\wedge]$

$W_{\ell \mathfrak{B}}$ : The fuzzy weight of the sth factor.
$N$ : Total samples.
$n_{st}$ : The sth factor with the $i$ linguistic scale.
k-. The preference level rank of $k$ .

2.23 The order ofthe weights
The effecting factors weights and membership degree are established and resolved by the

order. The fuzzy multiple attributes sorting theory is used to transform the membership
function as a crisp number by means of the maximum membership set and minimum
membership set. [5]

(1) Membership function of the factors

The maximum membership fimction is defined as $W_{\mathrm{n}1\mathrm{a}\mathrm{x}}(x)$ and minimum membership

function is defined as $W_{\min}(X)$ . The $W_{\mathrm{n}\iota \mathrm{a}\mathrm{x}}(x)$ will intersect with the fuzzy weight $W_{as}$ in
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the right margin and the $W_{1\iota\dot{\mathrm{u}}11}(.\backslash ^{\wedge})$ will also intersect with the fuzzy weight $W_{IlS}$ in the left

margin. $W_{as}=$ (a. $\mathrm{b}\grave{.}\mathrm{c}$) is assumed and represented by $(\mathrm{a}, 0)$ , $(\mathrm{b}, 1)$ and $(\mathrm{c}, 0)$ . The $(\mathrm{a}\mathrm{e} 0)$ and

$(\mathrm{b},1)$ can figure out the membership $y= \frac{x-a}{b_{\theta}}\wedge$

.
$(\mathrm{b},1)$ and $(\mathrm{c},0)$ can figure out the

membership $y= \frac{carrow x}{d}$ . Fig. 1. demonstrates the result.

$W_{\mathrm{m}\mathrm{a}\kappa}(X)$ $=$

$W_{\min}(x)$ $=\{$

$\{\begin{array}{l}\lambda_{\neg}^{\prime \mathrm{i}\mathrm{f} 0\leq \mathrm{x}}\leq \mathrm{l}0\end{array}$

otherwise
(14)

l-x, if $0\leq \mathrm{x}\leq 1$

0, otherwise

1.0 $W_{1}\cdot(\lambda’)=1-x$

$\iota$

$\mathrm{m}$
.

$||.\cdot$

) $=$ .

$@$ 0.8 $’|$’ $|$,
$\mathrm{g}$

$\not\in$.\approx 8 0.6
\sim \sim \sim -\sim \sim \sim -\sim -\sim ----

$\sim\sim\sim\vee\vee|||$ $y=-\cdot$
$||\mathrm{I}|$

$-\sim------------y=$
$\mathrm{i}$

1

$\sum\rho\ovalbox{\tt\small REJECT}$

0.
$||$

$||$

1

1 1

$1|||$

$|’|$

0.2 1

$|||$

$||||$

0 $\mathrm{a}.2$ 0.4 0.
’

0.8
( $\mathrm{c}$ ,

1.0 ${\rm Im}$ nce level

Fig. 1. Illustration of the membership weights sorting process of factors

(2) Right and Left score estimate
The maximum membership in equation (15) resolves the right score. $W_{as}$ is calculated

from $y= \frac{x- u}{\kappa}$ and $y= \frac{c-x}{Gb}$ represented intersect with $W_{\mathrm{m}\alpha \mathrm{x}}(x)=x$ In other words it

represent the alternative $s$ fits into the decision maker’s objective is “very tru\"e. The

solution is $( \frac{a}{1+a-b},\frac{a}{1+a-b}1$ and $( \frac{c}{1+c-b},\frac{c}{1+c-b},\mathrm{J}$ in the dimension. We decide the higer score

of the membership as the $W_{\alpha}$ right score $\mu_{R}(S)$ .

$\mu_{R}(S)=\inf_{X\in_{d}\mathrm{r}}[W_{\max}(x)\wedge W_{s}(X)]$ (15)

The minimum membership in Equation (16) resolves the left score. $W_{as}$ is calculated fromThe minimum membership in Equation (15) resolves ffie lefl score. $W_{as}$ is calculatd from
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the intersection of the $W_{\mathrm{m}\mathrm{m}}(x’)=1-x$ . In other words it represents the alternative $s$ fits into

the decision maker’s objective is $..\mathrm{v}\mathrm{e}1)’$ fals\"e. The solution is $[ \frac{b}{1+b-\mathrm{r}\iota}$ , $\frac{1-a}{1+/y-a})$ and

$( \frac{b}{1+b-c},\frac{1-c}{1+b-c}.]$ in the dimension. We decide the higher score of the membership as the $W_{as}$

left score $\mu_{L}(S)$ .

$\mu_{L}(S)=.\cdot\sup_{\backslash \in 1^{-}}.[W_{\mathfrak{n}\mathrm{r}\dot{\mathrm{m}}}(x)\wedge W_{s}.(x)]$ (16)

(3) Medium score definition of the membership
When the right and left score were derived by Equation (15) and (16), Equation (17) was

applied to represent the medium score for the several factors fuzzy weights.

$\mu_{T}(S)=\frac{[\mu_{R}(S)+1-\mu_{L}(S)]}{2}$ (17)

The property valuation model with Fuzzy Quantification Theory I is developed in Equation
(18) combined the left score, medium score and right score for the membership of the weights
in fuzzy linguistic logic. And the derived results with the fuzzy linguistic logic offer a more
flexible adjustment for the qualitative factors.

$Y^{\cdot}= \sum^{r}’,,9$
$W_{s}^{\{i)}X_{j}^{\{i)}$ (18)

$i=1$ $j=1$

$Y_{\gamma}$ , : Fuzzy linguistic estimate property value $v$ $(=1_{\backslash }2, \ldots, p)$ .

$W_{s}^{\mathrm{I}l}$

’ : Ihe $/\mathrm{t}\mathrm{h}$ fuzzy linguistic weights of effecting factors $X_{J}$ .

$X_{J}^{(t)}$ : Effecting factors $i$ $(=1,2_{\tau}\ldots,’\cdot)$ .

The property valuation takes place in a complex environment where conflicting systems of
logic, uncertain and imprecise knowledge and possibly vague preferences have to be
considered. The preference modeling used in this study can provide the adjustment table
based on multi-valued logic and fuzzy set theory for building the preference level modeling.
The property valuation model with Quantification Theory I can also be integrated with the
fuzzy linguistic form and give a more flexible adjustment for the appraiser to give not so
precise information of the property.

Equation (18) uses the left score, medium score and right score for the membership of the
weights. Equation (3) is calculated for the range differences of each factor. The adjustment
range can be applied to the practical use in valuation. This results offer a flexible adjustment
in linguistic form and a crisp value for the fmal deision of the property value.
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3. Conclusions
The property value is a composite measurement of several different variables. The effecting

factors are discussed in many literatures and show different results. The study focuses on the
vagueness of the qualitative factors in linguistic form And the fuzzy linguistic logic can be
translated in a reasonable crisp value range for the practical use in the property valuation. The
qualitative variables measures are applied in fuzzy linguistic logic. The adjustment by the
fuzzy theory can alleviate the uncertain conditions made by human knowledge and lack of
information.
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