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Multi-modal logics {Z33i} 5 Shannon DIEHEFEER D B ARRILE

Bl FER A KE  HE(Takeshi OSHIBA)
Sugiyama Jyogakuen University

CMERBIBIIR/NEICLIENEELER &L RYMHRIEORE % multi-modal
logics DFEICHRITHRT 2,
[0] MEERE PLoicB T, HemEK{pL...putZ b ORERX Ac™ I L, mEH
B/EDOEA™wAI=S,. 3 (A DBBESNE LY . ZOREBHEER K BEMICEL T,
PLo FA=fiV - Vii=*®w[A] & 23<)- - EFMEHER B B (Shannon O EHN B)HARAL.
o ZITnEEER/NEEpIIIA AP RBEOELK) T I, nOANETHY,
FOLEEOWENS. 72, p;Lp;0 OHRENEWKI. ThEh p;np; ThH5.
FeFRTO m BRI/ INEOESFOW =V, g.c0,1) pEIA- Ap ™A% b— k
0P—THoHIE  Plo H*™WARENS.
FICREFME (COVT, KOEEBEHNTHD.
PLoFA & wlAl="W (TADOEBRESD, 2R/IMEDESLERL LT ORR)
o Flo, Wec@rc®rcTHBHN, & mEDICAHET2 ™ ORBXOREAREK
(base) WWDFY| : VW, AW, OW, - BUBETHB. [WWN™W=0 (m#m")]
(11 multi-modal logics DFREXDOREF™L® (m=1,2,... ; k=0,1,...) & REMHE
[1] BHREBERIEAET S modal TEIIE 4 K, k}({Oy,...,.00 & n #EE L B 2IE n=4).
Z0 ETE 2 mEHp,..,pnt #E . modal 525 nesting DR KEH k E% H D (k-degree)
REREEE LY LN BRI, 05, k=2 OFRERIT A=p2VKs((Ki(p1V- ps) AKa(ps) 5L )
o INHIZHEL, BEORKE (base) b “HF : MWR(m=1,2,...;k=0,1, . )BUNETH2.
[2] #k% 72 multi-modal 3RFE (LR S 7z normal S/ Z 5 Te) CORBROERELEHE L
Ez37n, D IEm2iicsl, @ Ok=01,.)0 LOEEERELE-FHX%
<wW® (k=0,1,..), " w, *>EUTICEETS.]
(Definition.1) & m=1 (2%t L, degree k DILER/NEDEA DWW % k-IBHRICEETS.
(1) ™WO ={p1 - pptm| gy, Ea€0,}E@W), (oL OREHERIZA)
KilS1) 1+ KilSnmp] ¢ N

>| x€e™WW® £iefo,1} (1 <iZn,
KalS1]¢ 1+ - K o[SNeuu] & "N 1SjSN@K) }(k=0)

W Fmpyeo |
BL. 2 ={8..,Svmw}, Nmk=2 , 8179, SNmp= @W®), [MWRN@WW =0 (mk) #(m'k")]

@) Wk ={x,

[ DnBELRE, m21, WO @WO ™y gL am2], OO0 emgo emg, 35,
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o ™MWEHUNERE rank m, degree k+l DE/NEE K5, F£72n XN(m,k) matrix @
K EHR KiS;1¢ % rank m, degreek+1 DY 7T/ & L&, Wi
(Definition 2) J/NEF2IXZDEANLRERA~DES 2 ->@ Oy {1}(m=21k20)
(1) S={fy, -, BHS™W® T L, *S=*fV--VH (21D (2) S=¢ zxl, *e =1
3) f= p1‘51 ..... pmame (m)w(o) WKL, *f='51p1/\"'/\6mpm€(m)[. ()] , 7 L.

(Notation D2-1) —fRiz@ER A o3 L, Bk E A=A(5=D, A(8=0)| HW3,
KulS1]® 1+ Ka[Snmpol * N0

: J S & myy ke

gE™W®  §iicfo,3(1<iZn,
1< jSNm, ), izxt LT,

@ f= <4,

Kal811% 1+ K o[Snamuo] | NG,
o= * g ABu(K (¥ @)@ A - ABINGL (K 3 (*(S nm )@ B))

I\ et
ABIEK (*(SI@I) A -+ ABNmD (K (*(Snemp)@H)) (- (g ()
(5) L SS™W® [z L, S#2 D& ¥k, X(Q)wr=*8 (e @Oy,

S=0 D& %I, [f@E=L A*@WO(c ™ ® )y Egys
[Proposition 0] (1) SS™W® = deg(*(S)mw)=k
(2) J3R = Ni-MmEHRE PL T, SC@W® = PL F*(S)ml=*S,
(Definition3) (1) US@®W D g WD i ~¢ mapping U'
U= Ki[Sd 311+ - K1 [Snem ] 51Nm D
{ <x, : : >|x €U,
KalS11$71 - K alSnem ] §"N<mk> £ij€{0,1} 1=i<n, 12jSN@mK) }
@ d<kZBkICHLT, Uk =Uw
(Definition4) & m=1 12X %, /B 6%/]\15%’“/\0) B My (’“)L(“)w 2 (kgo)
[FREERA(E U 2™ £ © )DRRRICEE T 2 IRNEIC K 2 ERE].
(D@ @w[ L]=2. (i) Wwlp]={p18« -« pps81+ pil » pna®*l e e p 80| &y G, Ein,en, En E{0,13
(20 A=BVCE®_® ZxL T, @w[BVCl= @w[B]* U ww[C]®
3 ASBACE™L® IXLT., @w[BACI= @w[BlbN@wlC]®
4 A=BEM ® |3 LT. wwlBl= @W®— @w[B]
(6) A=BDCe®m™r® (ZxLT, @w[BDCl= ((m>W(fz) <m>w[B] do) | mwy[C] >

®) A=K(B)e®@r® k>1izxL T, @w[B]=s,(8,4%2 OhDdEBEOESRGIE,
KulSq) S11e s - K1[SNen k-] 51NGmkD

(m)W[Ki(B)]:{ <x,| Kils1]%it-......Kils,] L. KilSnem kpl §iNm D) [ > xE (m)gy (k—1)
. : gu,. ..gid-.l ,gidﬂ ’
KalSi] 8r1 e K a[SNem, x-p] 57NGm, kD v ey &0 Neam, k-uE{O,l}}

BEEN kb\xé[m{}ogdék-x(n XN(m,d)))f@O) Y %7/»%?@%&% H0l. &Jzt Theorem 5 @FB
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[Theorem 1] £E® UC®W®, jzxtL T, @w*Ul = U (@m21k20)[ ™w 1Tk D
inverse mapping & 72%.] (proof) I+ Appendix
[Proposition 2] PL ALK S N7 EEGREEILEUmy Uk (WL ®) 0 h— ke o—{fARLHB]ID & & |
BHICRBREND:
(1) fge™W® f+g = PLF *fA*g=L
(2 UvVe®mw® UNnVv= = PL} *UA*V=L
3 Uvemw® = PLE *(UUV)=*UV*V
(9 Uvemww = PLF *(UNV=*UA*V
(6 Uve®mw®, USV=PLFUS*V.
[Theorem 3] PL F *®W®, (m21k200 (HEREOHER|cHET3)
(Proof) £ED m=1 (XL T, PL | *™W® (k=0)) % ki3 2BMETRT.
(#1# step) * WO ILRBMERED m EEB/NELEDOES DT, RIL.
(R# step) PL OPTRIRITS.
*OWkiD=\y e@w®V g yepyV & §E0 V EnNmpEoD
(y AR (@)@ A - ABI (B(*(S [ YBRNA -+ ABN@I (K (*(S Nm i) @)
=(V y emwo *p)A (VEnsos BEGE@N) A-A(VEices 5 GES )m) I
AV Ennmpeny SPN@R (K (*(S N b))
AEEDOHE 2RUTIRRWTRHB VS B formTh—hrY—R2DT,
PL | *™W&D =(V y emww *y)=*mW® | FICRHEORED S PL | *@Wk,
[Proposition 41 F&E»D US®WY, Zx LT, PLF *U"=*U. @m=21k=0)
(Proof) RIEEDEHRO@WED MW® 2 Zh P U, UEEBIITI .

(Il R Ih - BHEER

(Definition 5) PLULIRE N 7-MREREDIZKR O rule /213K axiom %EM L7
multi-modal REZ EHET 5. RNTZhbORBEETORBEESIRRT S.
Ko : PL+modus ponense + { | e L (1<i<n)}. B L., £5Uny Uks™L® 273,

[

Ki=Ko+{ ——¥ | @, wE L, deglop)=deg(y) (1<i<n) }

Ki(p) D Ki(y) . R

% [FKHIFR- % normal logic & FE5.
K" =Ko+ {Kilpoyw) 2> (Kile)2Kily)) | owEL, deglo)=degly) (1<i<n) } % [ K IR -normal
logic & FEA. koK L, Ly K% 5%# L i3@E%) normal logic Téh 5.
K =Ko+{Kilpoy) 2(Kilp)OKi(w)) | ¢,y EL,(1<i<n)} 13 (53R B/) normal logic Th 3.
PL< Ko< Ki<K ' <K DRMLZHENDDZ ENTE B,
[Theorem 5] L > K1 %2 3@MBE LIZHBWT, H£EORBER Acs™ O LT,
LF *(=™wlAl)= A @m21k20) HEREOME[L|cisT )

(Proof) L=Ki(R ¥k #IFR-% normal logic) DF A %. A DHRICET 3 BMIEIC X 0 RT.
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(1) #1# cases DA=L Drx. *My[l]=*@)=1. (i) A=p;iDLE. MERELF.
(2) JFWI cases : A= BVC, BAC, 4B, BOCE®™® Nl
mapping ™w, * DEFEI X ¥ Proposition 4, Theorem 3 %\ PL TR EIMND.
(i) *@w[BV C] (iv) *@w[BAC] W*@wB] () B>OC

= *@w[B]V*@w[C] =*ww[BIA*@w[C] =-*ww[B] =*@w[B]>*ww[C]

- T, BMEDIREEZHWT, £ ThORE Kt OF T, RIREND.

*ww[BVC]=BVC, *@w[BACI=BAC, *®ww[qBl= 4B, *@w[B>C]=B>C.

(vid) A=KiB)E™ ® k>1 D+ &, @w[B]=Sd(C@WE D) L33,

*@w[Ki(B) iz, Theorem 3 DM & Mk Hik & #EA 1T, @wlKi(B)] AN matrix
BT _XTOITIAD 55, KilSd]! (=Kilww[B]]!) PSME *BETF—Frd—
2o EEZN, PLIF *@wlKiB)]=Ki(*(@w[B]) @x-)---O %%%. —J Prop.0@):
5, PL | *(@w[BD@x-v=*(@w[B]). #ic. BMEDRENH, Ki F*(@(w[B])mi-1)=B.
7. Prop.0(DA2 5. deg(* (@(w[Bl)mk-1))=k - 1=deg(B). POy

Mz, K1 BEOH#R: &4 (deglp)=deglw))ff®  Kilp)DKilw) &b,
Ki FKi(*(@w[B]) @x-1))=Ki(B). --@. O,@ »5. Ki F*®@w[KiB) ]=Ki(B).

(III] multi-modal logic DAL S L R ERE

(Definition 6) logic L {Zxf L. (kDEAGFN)% L OEHELSGDE WS
W, ={ye®™W®| not L b - *y} (€@W¥) (m=12,.;k=01,.)1t

[Theorem 6] L3> Ki R5%HE LizHoW\WT, £EOBBRAe® W I LT,

LEA © ®OW® cOWA] mz1k20) (AEREOHE30IKE)
(Proof) Ac@ Wikt L, BiERENLL F *(™w[A]l)= A 2D T, RO Lemma S REHIEL .
Lemma 6-1 L» PL%&3%E L 2o\ C, {LEORERAS™ P 1Zx LT,

L F*(™wlAD) & @W® COw[A] - @) (m=1k=0)

[#D<part) W®, Cw[A] 2{RKE. Prop.2(5)7>*5, PL F*(@W® ) >*(™ w[A])---©

Def.6 225, L F*(™WW®—-mW® )= 1, §#->TL F{(@W® )=*({W0), 22T,

Theorem 3 225, L F*(®™W®,) --@. #-T, ©,@0%»5, L F* (@ wlAl).

@#D=part) L (@ wlAl) @ o @WK g @w[Al2EEL. FEZEL.

Ff(Hre™WE) & fof ™w[AD. #- T, notL k1 *fo---@ o{ffn™wlAl=2. &z,

PL F+ (*foA*(® wlAD). PL F*(®wlAD > *fo. 2. @725 L *fo-®. @LFJE.]

Elt) ®@wlA]lN@WE Ay AKAE® ()0 L TORBES) & BiHiE, L F*(™w JAD =A,
LA © ®w, [A] = ®W®, b7 5.

'L OREBE | 13 Theorem 6 75, 2 >OHREADL DIEHEES MWV, X O™w(A]
ORFR, [(ERTRTO)Y A MERAR ((EELTE & LS ERD L THESHS. O
D w[A]l ORE(LTTREME] X, T™WOOKELATEEME( W ORMBER» DV AD) L,
ADHRIZETRME] T3, 220, IO WWh(m=1.k=0)8 S KELFEER
ELTRBEIND ] L&, LEIRERRELRD. COEERE LOBELESG LWV S.
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r L#KN(TEJYKFEU BB normal logic) DA, BHEES YW®K-[3K D Theorem 8 > & EARE
CHRH A E(m>1k=0). Proposition 7 %> b ¥ ATRE. f€> T K ISREFMETH D

(W&
(Notation 7) f €™wW&D 2 ={8y ", SNmw} ZXLT,

f=<g, |KilS]°# - Kils;]% . KilSnmpl ’iNa® | >  ge®W® §jeio,,
P O . (1=i=<n, 1=j=N(mk) ),
oS F Rl KalSnmpl & Nk & miT AR,

£ g & kt1 K matrix (n XNm,KED U 7 5 A O G i33c AR ) OxF ik, ROTHEI AEE.
f=<g, (IT1=isn@15jsN@K KilS;1%17) >, Fic {8y, -, Sxmo} KPWEOELIER DO 2HEH,
f=<g, (MsisngiceweKilY1 1Y ] >OLHICE ZLRTES. 2 CTHEI, [g=T]EhE,

(£ @ k+1 K matrix 0 i 17 H subset Y {Z%t3 3 KilYIO#%: 6 iv) 2fme 513y &2 < (6 2iv 2 i3,

(Definition 8) £&%™R® m=1k=0) ® (k-inducive) R FEH: (MRO = WO
@REk+D= {ye @MWk | 'ye@RE & Vi(1sisn) Ixc@r® (Vy (XSYCS@wWW= § Y jv=1)
&Vy (XLYS ™WY= §Yiy=0))} (k20)
[={ye®™WED) | ye@R® & Ixic@rW G=1,..,n) Vi(sisn) (Vy KISYS@wWR= § ¥ iy=1)
&V y(XiYC ™WW¥= §¥ iy=0))} k=0)]
(Proposition 7) ™R® (m=1, k=0) I34&E(LFIRETH 5.
(Proof) ™mW® (m=1, k20) DIFE(LTREME & £ABFI™RWM21,k20) DEHRND VXS,
[Theorem 8] ™W®g.=M™R® (m=1,k=0)
(Proof) IRD 2 2P Lemma Z AV 5,
Lemma 8-1 : FENDAE® ® LT, K"FA = ®R®C®w[A] @=1,k=0)
Lemma 8-2 : MW®g-.C™MR® (m=1, k=0)
Theorem 6 DIEFHDQETOHOT R LEKKIZ, KW F*™W®k BRI, Lemma 8-1 25
K" F*mWog.=™ R ®C Mg [*™MWog.].  Theorem 1 H>Hw[*@WRg.]=mWk.,
PLENS, ™ ROWCMW®g., §£- T, Lemma 8-2 & ¥ T ™Whg.=mREK
(Lemma 8-1 DFEH) A DFEFHK DE S h {2V VT DIFMLE
(1)h=0: () AEMLWHR h—ppy—0D & & Ow[A]="WE RSN D, R ®COw[A]
(ii) A Kio(B > C) D (Kio(B) ©Kio(C)), deg(B)=deg(C)=k-1 D & &. f£H D fe®™ R®|ZxF L,
Vi(sisn) Ixc=Rrw(Vy(XESYCE f”)W‘k’=>_<$_fﬁ=1)&Vv(X1YQ mwO= § fiy=0)). ¥iZ, i=io O
A b3 XBhH Y, Vy KCSYS WY § figy=1) &Vy (XelYS ™ W¥= § tigy=0) - (%). —% XotZBL,
(casel) Xod™w[B]¢U™w[Cl(=™w[BDC)) or (case2) XodL™wl[B] or (cased) XoS ™wlIC] A3FRI.
(075 (case]) .8 f ip@wlBog=0 =€ ™w[Kis (B C)] °C ™wlKio(B S C) > (Kio(B) D Kia(C))]
(case2)= 8 © ig ®w[B]=0 =fE®w[Kio(B)] ¢ € ®w(Kio(B > C) 2 (Kio(B) DKio(C))]
(cased)=> 0 f i @wic]=1 =fe®w[Kio(C)] <®wlKis(B>C) 2 (Kio(B) DKio(C)].
PEND, feE®R® = fe®w[KiBDC)D(KioB)OKioC)l. #-oT, ™WRK®C@w[A]
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@h>0: () A€M £ WOBTFOHERD mp. }%é (deg(B)=d, deg(A)=K)D & X
max(d,k)=r £T3. HRHREDREND. MR @c mw[B] @

-d r-k
(m) R(Y)E(m)w[BDA]=((m)W(r)—(m)w[B]r'...' YUmwA]- @, Db,
-d - X
@R O =R (O IC M [B] 't @, @ED BB, RO C@w[A] . fEoT.
k k X
@R =" R OC " (@w[A] -)=w[Al

@) AE® £ WDIHDR FORRNKD Koot s B | AL A=Kio(B)
RREDIREN S, @R k-1HC mw[B] () Kio(B)

EED fe@R®IZR L, §) 25, 8 liomwBl=1. #iz, fE™wlKio(B)]. #iz, MR® C™w[A]
(Lemma 8-2 DFEH) kICHETHRMEICLS. (DFHRT v 138 62
Q)RR T v 7 OWRE.C @R ---(HO) & ™MWk Dg L@RED -« (H1) 2 H P JEEEL .
HD DB, T foe@™WhkiDg. - (H11) #»> f ok MRU&D .- (H12)| 725 fo BFETS.
HI12)IFKRD 2 DDBAITHIND.
(casel) 'f o E™R® : IFWEDREMHOND, 'fo EOWRk-, #-T, K'F 7 *(fo).
Bz, KNk q*fo #oT. fo €™WEHg., HINIZK LF/E.
(case2) Fipl<io<n) VXS ®R® ( Ty (XS YS Wwh & § foio Y=0) or v(XIVC @w¥& § foig v=1))
- (3%). case2 Tk, NEMEDREMHO) ™MW®g.C@®R®, 33X ONHLIL), HI2)DTFT,
KO (1) DREND. @#SS@WR) &(K™ | * £ 0D Kio(*S®@B) (1) ] (1)
=3z((e#2Zc8) & K™ | * £ 02Kio('Z®m®) (12) I
—F. Xo=™WRg[ZOWT, K* | *Xo. #-T, Prop. 0(2) &9 K™ | * Xo@®,
(@#XoS ™MW®g-) &K~ F * f o DKio(* Xo)®m®), #-T, (P EHVERLERTHZ
L& - T, XoDX1DXeD 725 (HIREAD) MIRERBIFINAEL, FEEETT.
(1) oFEH : (T1) OfiE SCMW®k. & RBIED R E@WH-S MRV L, SC@R®, #ic
(%) b, Jy(SCYS™W® & § 10igy=0) (1) or Iv(SIVS™W® & § f0igv=1)-(%2)
(%1) DFA, PL F f 02 Kigl*Y®®), 7 SCY, Prop. 2(5) 00245 PL PS@m0>*YmL,
Prop. 0(1) 5 deg(*S®@W)=deg (*YmW), - T, K~ HKio(*S®® ) DKigl*'Yemw), #iz, K~ F
£ 0D Kig(S@m), (T %% & ST M1 IR T Hic (k) OF BHaL. - T, PLF
* { 0 DKig(*'Vmb), (T DO#E L T, K F * { 0D Kig(*S@® A*Vmk), Prop.0(2),2(4) L b,
PL | (*S@W A*V@®) D*(SNV)@RR Nz 30T, K™ F * fo2Kiol* (SNV)mR), 7z SIV #,
SNV=Z t&BHE, ZCS& K" F *f 0 DKio(Zm¥)D. EiZ, Z£LHNZHDT, (T2) AL
[@QtZ=0 2FETH. (0 Db, (JrECTC®WRE D joT =0) or
JuledUc@w® § b jou=1)). HEFMILAVOT, FiENR:Z=ecT& PLF
£ 9D KiglTmw), ZET 735, K™ FKio(tZ®mW) D Kip(*T®w), #iz K~ F* f 02 Kio(*Z@¥)@
D@06 K F A" fo foT fo ®WsDg. . Zduik HI1D KRKT5]
(VI K~ i3 K- IRV RBICADRERES OB/ NEO L BB R O F itk
EERREICE VS B/NEIZ, LK~ 25%E L 28554, fiit ®R®=Wkg. O
DAL DDA EERESLLTHONTH2THS. DefNTLBZND™RE DEHRIT
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@RO=@W©) ; @RAED={< x, [[T1<ign(Mxicyc=we KilY]! Ixieyc=w¥ Ki[Y]?) ] >
x €MR® YiC@RW® (1<i<n) }EMNL T ENTE B,
Fizohiz 0T, KidXi)=TIIxicYc =w® KilY]'- TTIXigyc »w® Ki[Y]° & < = & (23 hif

K1¢X1)

MRE&HD={< x {: ]> | xe™R® XiIS@R® (1=i<n) }&hit3.
Kn{Xn)

£, ™wlKi(B)] N™R&+D

Ki{X1)
={<x [ ]>| x €@R® | X1, Xi-1, Xi+1,*, Xn & @R®, XiC ™w[B] }
Kn((Xn)) ERBILEEENDRS.
B KOABOXEZZRTIE, KilXi)=KilXi] ! ITxieyc=rowKilY] * - B & B 3.
BELT, E&Def2@W% M= (g- (Mi<inKi{Si))) (g €™RY, Sic@RO (1SiS)NIXF L, *f
=g AN 1=i sn(Ki(*ED@)A Asig YS@RO 4 Ki(*(W@R) | & L, Def.2-4 DHD MWz mR©
KRZNE, LYK R5RE LILOVWT, BERRAPLRENBEIIRVOT 2%, ThboRiT
X2l BlicdH 5. L, EOXEMTIE, BE™RW, KilXi) BHIC ™W®, KilXi]ZH\Tn3.
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Appendix ([Theorem 1] FED UC®W® jzx L, @w[*Ul=U m=1,k=0))DFEH
(1k) E£ED fe@WoIZxt L, @w[*f] ={f} 1I2oWT, Def2—4, Prop.0(DIcEE+HIT,
(xk) FEO UC@WY iz, ™wl*Ul=U [al(T B=2(x k), blCk=3%k) DRIE
%k) EEOYCSEWY jcxtl, @wl*(V)®X] =Y EIrDHBS. 22T EEOn21 k0%,
(Tk) k20)% k 2T 2 BMETRT ). k=0): fepiBle - p I Wy [*fl=m g [Bip; A --- ABmp]
=y N N @gBop ] —fiz, @[S pl]={p151 e o pi-tfitl « pidi * piribitl .
P&, El, Eenn, EO,IBENIT 20T, ®wl*fl={pible - -p, S} ={f}.
k>0):f= (g, [IT1=isn&xc@we Ki[X]8X]) (e@wk) gem™w® §iy efy1)(1<i<n XS @ww)
L, @w*fl="wl*g]'n N1<i<nexc@w® ™w[EXKi(X@D)], #ic, BMEORELY .
wywl*gl'={gh #, ™wl*gl ={ (g (1< j<n eyc@w® Ki[YEY) | £jvef,1(Sj<n 1c@wo),
Ek, WwEXKiCX@0)={ (v, (T1si<n & Y @w® g6.v)# 6w x=0) Kij[Y]55Y)
Ki["w[*X@R]JsX 1) |ye™W®, tjye {0,1} (S jSnYS@wW® (,Y)# 3G, Dw[*x=])}.
RAEORE &la bl2o, @w[XedkX# @wi*d={ (g, [Mi<isne xs@we KilX]EX) }
={ ) MIT(PR+ DL BEDS (TR k20BRIEL. #oT lalhd (%k) (k20) BAEIL.




