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1 Weighted Strichartz estimates

This note is based on our recent joint work of the same title [7].
Let w be a solution to the following Cauchy problem of the inhomogeneous wave
equation with zero data,

Ow—Aw=F, (tz)€ (0,00)xR" =R\, (1.1)
’LU|¢;=0 =0, 8¢’w1t=0 =0, € R". (12)
We consider the associated time-space weighted L?-L? estimates for the solution w of the
form
' 2(n+1)
2 2 2 2(b
[1£* = lal IawHLq(Rﬁjn) < O|it* =l F“Lq’(Riﬂ"")’ 2=g¢=s n—1" (1.3)

which is called the weighted Strichartz estimates. Here, ¢’ is the conjugate exponent to q.
We notice that estimates (1.3) are recognized as the hyperbolic version of the following
Carleman type estimates

2n

ol flzscam) < el *Af vy 2S 7S

See [5], for example.

Estimates. (1.3) were proved by Georgiev-Lindblad-Sogge [3] under the following con-
ditions ) )
- — - 3;- b> =, suppF C {(5,2); |o] <t~1}. (1.4)
Using these estimates, they solved part of Strauss’ conjecture concerning the existence of

a<

time-global solutions to the Cauchy problem of nonlinear wave equation with compactly
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supported, smooth, small initial data. Later, D’Ancona-Georgiev-Kubo [1] removed the
assumption on the support of F in (1.4). Tataru [22] proved (1.3) when

1
5 b< 7 suppF C {(t,z); |z| < t}, (1.5)

where the first one is related to the scale invariance.

The purpose of this note is to show the estimates (1.3) without the support assumption
on F in the scale invariant case, which have an application to the existence of the self-
similar solutions to nonlinear wave equations as we shall see below. Concerning this, in
[9, 10], it was shown that the estimates (1.3) hold if F is radial in space variables without
the support assumption on F. Precisely, it was proved that the estimates (1.3) hold if

n+l n-1 n n-1

q 2 ' ¢ 2
except the borderline case ¢ = 2(n +1)/(n — 1). As compared with the condition (1.5)
the assumption on the support of F is removed at the cost of the additional lower bound

a—b+ <b<é,, Fit,z) = B, |o).  (16)

on b, namely, b > n/q— (n—1)/2.
In this note, we remove the assumption of radial symmetry on F' in (1.6):

Theorem 1.1. Let n > 2. Let q, a, b satisfy 2 < g < 2(n+1)/(n—1),

— - 1
n+1:n 1 mn n 1<b<'q" (1.7)

2’ q 2
Then, for the solution w to (1.1), (1.2), the estimate
18 = el < O~ PPFg o 18

a—b+

holds.
Here, for G = G(t, ), the norm || - ||z 75 is defined by

00 oo ’ 1/p
Glige={ [ [ 16 By} (19)

using polar coordinates z = 7w, 7 > 0, w € S"!. Theorem 1.1 says that, the introduction
of L? space on the sphere enables us to remove the assumption of radial symmetry on F'.

In odd space dirriensions, we are able to improve the above result. Namely, we obtain
a gain of regularity with respect to angular variables.

Theorem 1.2. Letn > 3 be odd. Letq, a, b satisfy 4(n—1)/(2n—3) < ¢ < 2(n+1)/(n~-1),
n+l n-1 n+l1 n-1 1

= - b< - 1.10
Then, for the solution w to (1.1), (1.2),

“lt2 - lmlzlaw”Lq HL/? < C|||t2 - |$|2le“qu L2 (111)
t,r w tr

a—b+

holds.
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Remark 1.3. The lower bound on b in Theorem 1.2 is strictly greater than the one in
Theorem 1.1 for g > 2.

Here, HS denotes the Sobolev space on S™~! of fractional order s and the norm ||-|| 13, Hy
is defined similarly to (1.9).

The idea of the proof of Theorems 1.1, 1.2 is based on the expansion by spherical
harmonics. We derive the expansion of the solution w with respect to spherical harmonics
and reduce the estimates essentially to radial case. This idea is due to [13], which treats
end point Strichartz estimates for the wave equation in 3 space dimensions using the norm
with respect to angular variables. We also notice that similar type of Strichartz estimates
are treated in [12].

This note is organized as follows. In Section 2 we prove Theorem 1.1 and give the
outline of the proof of 1.2. In Section 3 we give the application of these theorems to the
existence of self-similar solutions to nonlinear wave equaﬁons.

2 Proof of theorems

The proof of Theorem 1.1, 1.2 is based on the expansion of the solution w with respect
to the spherical harmonics. We first describe its expansion precisely.

For k > 0, We denote by H; the space of spherical harmonics of degree k on S™1,
by oy its dimension, and by {Y{*,- -+, Y% } the orthonormal basis of Hy. It is well known
that L?(S"1) = &L ;Hy, and that F(t,z) = F(t,r6) has the expansion

o0 O
Ft,rw) =Y > Fit, 1) VHw). (2.1)

k=0 I=1
Then, by orthogonality, we observe that || F(t, 7-)|| pz(sn-1) = (34 | FF(t,7)[*)/? and more
generally,

1/2

NFE )y = { 300+ k(k+n - 2)| Bt )P} (22)
k,l

Note that (—Agn-1)Y* = k(k+n—2)Y* for Y* € H,, where Agn-1 is the Laplace-Beltrami
operator on S™!,
In the following, we set

Wa(t) = (-A)~sin[(=A)"4,

where we specially denote the space dimension n for later use. Then, the solution w to
(1.1), (1.2) is given by

w(t, rw) = /Ot[Wn(t — 8)F(s,-)](rw) ds,
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which is written in terms of (2.1) by

w(t,rw):/o t—S{Z Flks)\Yl }('rw)
=303 [Pl BN OH ) b 23)

Then, we use the following lemma.
Lemma 2.1. Let Y* € Hy. Then, for f € C°((0, 00)),
Wa() [fNY*(0)] (rw) = r* Wy () X *F (V)] (r) YE(w). (2.4)

Remark 2.2. We apply Lemma 2.1 to compute (2.3). To prove Theorems 1.1, 1.2 it
suffices to show for F € CP(RAY™ \ {|z| = 0}). In fact, such space is dense in the
weighted Lebesgue spaces in question, and then, for each ¢ > 0,

Rt = [ F6r0)%40)do(6) € O ((0,00).

Note that since F' € CP(RY™\ {|z| = 0}), FF¥(t,r) vanishes when r is sufficiently small.

Proof of Lemma 2.1. Since f € C((0,00)), the left hand side of (2.4) is a classical
solution of the Cauchy problem of the wave equation

O — Av = 0, (2.5)
v(0,2) =0, 8(0,z) = f(|z)Y*(z/|z]). (2.6)

Thus, if we show that the right hand side of (2.4)
2(t,rw) = ™ Z(t, )Y (w)

is also a classical solution of (2.5), (2.6), where Z(t,7) = W19t (t)[A7* f(A)](r), then by
the uniqueness of classical solutions we obtain (2.4). Obviously, z is regular and satisfies
(2.6). Therefore, it suffices to show that z satisfies (2.5), which is observed as follows.

(67 — D)z
=(3t2-3,2— ! 1)7"‘5)”“
— —2)0 ~ -2
ok (8?5——3,25—- n+ 2k 18,'5— k(k+n 2)z)Yk+Tkzk(k+n )Y"
T ’r'2 7'2
2% —
=r'°(afz— gy, z)yk = 0.

This completes the proof of Lemma 2.1. O
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Applying Lemma 2.1, we obtain the expansion of w,

xX Qp

wityrw) =33 Sy FR) 1) Vrw), (27)
where ¢
Sk(G)(t,r) = rk/O Wasai(t — 8)[A7*G(s, V)] (r) ds. (2.8)

Using this expansion, we prove Theorems 1.1, 1.2.

Proof of Theorem 1.1. By the expansion (2.7), the crucial point of the proof of Theorem
1.1 is to derive the estimate on the coefficients Si(F}). But the estimate on Si(F})
needed for the proof of Theorem 1.1 are derived by a similar argument in [9, 10], where
the weighted Strichartz estimates under the assumption of radial symmetry are considered.
In particular, the following estimates hold.

Lemma 2.3. Let n > 2. Let q, a, and b be as in Theorem 1.1. Then, there exists a
constant C > O independent of k such that
2 _ .2 -1 2 _2b,(n-1)/¢
182 = 2o rln )/"Sk(G)”Lg, < C|||t2 — r?or )/‘JG||L3‘:T. (2.9)

Proof. We first consider the case the space dimension n is odd. From (2.8) and the
representation of the radial solution (see for instance [21, Lemma 2.2]), we have

t pt—s+r

S(G)(t,r) = r~n=1/2 / / Pt (n-3),2(0) A" D2G (s, )) d)ds, (2.10)
0 Jit—s—7|

where P, is the Legendre polynomial of degree m and

P+ A —(t—s)?

7 7Y (2.11)
Then, from the estimate of the Legendre polynomials
|Pn(2)l €1, |2 <1, m2>0 (2.12)
and the fact that || < 1if A > |t — s — r|, we estimate
t t—s+r
1Su(G) (2, 7| < r=-D/2 / / AB=D/2G(s, )| dAds. (2.13)
0 Jit—s—r|

Thus, to derive the estimate (2.9) it is sufficient to apply the same argument as in [9,
Lemma 3.3]. Note that the right hand side of (2.13) is independent of k.
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We next consider the case n is even. In this case we need two types of representa-
tions and estimates of Sx(G)(t,r) to apply the argument in [10]. From (2.8) and the
representation of the radial solution (see for instance [21, Lemma 2.3]), we have

SK(@)(t,r) = 2/

Y A p
/‘;/ V=7 =7 (2.14)

T+p
( / Tk+(n 2)/2(1) MV2E(s, ,\)d)\) dpds,
r-ol VA = (r = p)?V/(r + 92 = X2

where T, is the Tschebysheff polynomial of degree m and i = (A2 + r? — p?)/2r). Since
|Tn(2)] < 1for |2 <1, m >0, and |g| < 1 for A > |r — p|, we obtain the pointwise
estimate of Sx(G)(t,r) independent of k. Similarly, from (2.8) and the representation of

radial solution (see for instance [11, Theorem 3.4]), we have

t—s+r
Sp(G)(t,r) = rF~ ”+2/ / MNALK L ne2y2(A, 1, t — 8)F(s, A) dAds
t—

—s—7|
max(t—r,0) pt—s—r -
4 pkont? / / AL L negy2(M, Tyt — 8)F(s, A) dAds.
0 0 '
Here the kernels have the estimates (see [11, Lemma 4.2], [10, Lemma 3.1])

N Koy (ne2)2(A, 7, )| < Cr32)\=00=D/2 i (/2 \M2Y (X — 7 4 1) 1/2,
IT—r|<A<T+r,

r"“)\k|l?k+(n_2)/2(/\, r,7)| < C rn=3/%o(r _ r)“("'Q)/Q‘”('r —r— A2,
O<Ad<7t—71, 0<0<1/2

where the constants are independent of k. These representations and estimates of S(G)(t, 7)
enable us to apply the argument in [10] to derive the estimate (2.9). O

Then, the estimate (1.8) is obtained as follows. By the expansion (2.7) and Lemma
2.3, we have

112 = e 1w]| o, = 187 = P2 e (ST ISk (B P) ) Lo
t,r Hw I tr
< (Z Hltz = T2|a ,,,(n—l)/qSk(Fllc)”ig’r)l/z
< O(Xo ||l r2p rtn-/d |y )2
k! .

< Ol =P rD (37 |REP) g
k,l

< O|lIe* = =P F| g

L27

where we have used Minkowski’s integral inequality repeatedly, sinceq > 2and ¢’ < 2. 0O
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Proof of Theorem 1.2. For the proof of Theorem 1.2, we need improved estimates on
Se(FF) instead of those in Lemma 2.4 and such estimates are derived at least in odd
space dimensions.

Lemma 2.4. Let n > 3 be odd. Let q, a, and b be as in Theorem 1.2. Then, there exists
a constant C > 0 independent of k > 1 such that

]“t? — 2o ,,.(n—l)/qsk(G)“Lg < Ck—1/2”[t2 _ r2|b,,.(n-1)/q’G“Lg, . (2.15)

Outline of the proof of Lemma 2.4. We recall that Si(G) is given by (2.10) in odd space
dimensions. To derive the estimate (2.15) we use another estimate of the Legendre poly-
romials instead of (2.12). Namely,

|Pn(2)] € Cm7Y2(1 — 274, 2| <1, m>1. (2.16)
(See [2, §1.6].) Then, from (2.10), we have

ISK(G)(t, )| < Ok~ /2=

t— 3+’ : 2.17
/ / — 1)/ \m-D12 G, \)| dAds. (217)
_ _r|
Note that u is given by (2.11), and thus
(1—p?)4
V2 ri/2pl2

TNt Ar A A—t+ ) At —s+T - NVAL—s—r1+ A4

We observe that the estimate of Sx(G)(¢,7) in this case is similar to that of even space
dimensions (see (2.14)). In fact, applying the similar method in [10], which treats the
weighted Strichartz estimates in even space dimensions, we are able to reduce the estimate
(2.15) to the following weighted Hardy-Littlewood-Sobolev inequality.

Lemma 2.5 ([19]). Let 0 < A < n, 1 < 1,58 < 00. Let a < n/s' and § < n/r'" with
a+B>0satisfyl/s+1/r+ (A+a+ 8)/n=2. Then,

f(=)9(v)
l/m f Rl = yp P S Cllfluanlglrm

O

Using Lemma 2.4, estimates (1.11) are obtained as follows. By the expansion (2.7)
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and (2.2), we have

12 = 22wl g e = [[12 = r¥j2r =D/ 3L+ k(k +n = 2)2|Su(F) P}
: kil

< C(Z(l + k)”[t2 _ Tzla‘r(n—l)/qsk(ﬂk)”13’1)1/2

I.2
Lt,r

k1
< C’( z ”|t2 _ T2|bT(n—l)/q’Flk“ig:r)l/Z
kil

<ol - Tzlbr(n—l)/q’(z lEk|2)1/?lng:r
k.l

29
Lo

< O — el PP

where we have used Minkowski’s integral inequality repeatedly, sinceqg > 2and ¢’ < 2. 0O

3 Existence of self-similar solutions

As an application of Theorems 1.1, 1.2, we are able to show the existence of self-similar
solutions to the nonlinear wave equation

0%u — Au = P, (t,z)€ (0,00) x R". (3.1)
The solution u to (3.1) is called a self-similar solution if u satisfies
u(t, ) = A\PTu(Mt, Az) (3.2)

for all A > 0. Letting A = 1/¢t, u(1,-) = W(-), we observe that self-similar solutions are
solutions of the following form

u(t,z) = t 7 TW (z/t).

From such scaling properties, it is known that self-similar solutions are useful to invesfigate
the asymptotic behavior of the time-global solutions as ¢ — oo (See [14], for example).
It is known that there is a close connection between the existence of the self-similar
solutions to (3.1) and the power p of the nonlinear term. In fact, in three space dimensions,
Pecher [17] proved that if p > 1+ 1/2, there exist self-similar solutions, and if p < 1+ V2,
self-similar solutions do not exist. We intended to extend such sharp existence results of
self-similar solutions to higher dimensions. We denote by pg(n) the positive root of

(n—1)p*—(n+1)p—-2=0.

Then, po(3) = 14+1/2 and we expect po(n) to be the critical power concerning the existence
of self-similar solutions to the equation (3.1). We notice that po(n) is the critical exponent



concerning the existence of time-global solutions to the Cauchy problem of the equation
(3.1) with compactly supported, small, smooth initial data. (See John [6], Georgiev-
. Lindblad-Sogge [3] and references therein.) So, it is natural to expect po(n) to be the one
because self-similar solutions are also time-global solutions.
Concerning this problem, in 2 and 3 space dimensions, Hidano [4] proved the existence
of self-similar solutions when p > po(n). In [9, 10] the first and the third author proved
the existence of radially symmetric self-similar solutions when p > pp(n) for n > 2.

Remark 3.1. Precisely, the above results show the existence of self-similar solutions when
Po(n) < p < (n+3)/(n—1). The existence of self-similar solutions for large p was treated
in 16, 18].

As an application of Theorems 1.1, 1.2, we have the following result.

Theorem 3.2. Let 2 < n < 5. For any p with po(n) < p < (n +3)/(n — 1), let ¢,
¥ € C°(R"™\ {0}) be homogeneous of degree —2/(p — 1), —2/(p — 1) — 1, respectively.
Then, if € > 0 is sufficiently small, there exists a unique time-global solution u to (3.1)
with

u(0,z) = ep(z), BEu(0,z) = ey(x) (3.3)
satisfying

182 = | [Yu; L5F HED/0| < Ce,

where y=1/(p — 1) — (n+1)/2(p + 1) and § > 0 sufficiently small.

Here, L], denotes the weak Lebesgue spaces on Ry x Ry and ||+ [[s g, is defined by
1
|Glleg, mz = sup A H{(t, )5 Gt r)llmsisney > XM

Remark 3.3. By the homogeneity of the data (3.3) and the uniqueness of solutions, the
solution obtained in Theorem 3.2 is to be self-similar. That is, self-similar solutions to
(3.1) are shown to exist when 2 < n <5, p > po(n).

Remark 3.4. Sobolev type embedding theorem on the unit sphere

H*(S™ ') — L*®(S™") for s> n_;__l_ (3.4)

is basic to our estimates on the nonlinear term, which in turn causes the restriction n < 5.

The proof of Theorem 3.2 is essentially the same as that of [9, Theorem 1.1}, which
shows the existence of radially symmetric self-similar solutions by the standard fixed point
arguments using weighted Strichartz estimates of radial case. In fact, we can translate
those proofs into H™~1/2+§(8"-1)_yalued functions. For example, we have the following
theorem interpolating the estimates in Theorems 1.1 and 1.2, respectively.
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Theorem 3.5. Let n > 2 and let s > 0. For2<qg<2(n+1)/(n—1) and (n —1)/q <
a<(n-1)/¢, we set

_a n+1 _a n+l1 n-1

2 T2g 2 T 2g 2

(3.5)

Then, there exists a constant C > 0 such that for any function F which is homogeneous
of degree —a — 2, i.e.

F(M\t,\z) = \™*"2F(t,z), (t,x)€ RY™ A>0,

we have
182 - Immaw“cg,ﬂg, <Cl|it* - lzPPF“c;’f,Hg,’ (3:6)

Theorem 3.6. Let n > 3 be odd and let s > 1/2. For 4(n—1)/(2n - 3) < ¢ <
2(n+1)/(n—1) and (n—1)/2 < a < (n—1)/¢, we set a and b as in (3.5). Then, there
exists a constant C > 0 such that for any function F which is homogeneous of degree
—a — 2, we have

162 = oiew] gy o < CYI2 = I PE] g e (3.7
trttw trttw

So, we omit the proof of Theorem 3.2 here without illustrating the different point, that
is, the estimate of the nonlinear term of the equation (3.1) in terms of H(»~D/2+5(gn-1).

norm. For that estimate we use the following proposition.

Proposition 3.7. Let n > 2 and let p > 1. For s > sp, we assume p > Sy and s >
(n—1)/2. Then,

l”g|p“H"0(S"‘l) S C”g”?{s(snuly (3.8)
1lg = Pllisisnsy < Ol + 1B ens g = Bllsismry:  (39)

Proof. The estimate (3.8) follows from the Moser type estimate

HglPllezso(sn-1y < CllglFoosn1llgllzeo(sn-1)

with p > max(so,1) and the Sobolev embedding (3.4). The estimate (3.9) follows from
the Holder inequality and also the Sobolev embedding (3.4). a

Combining the above proposition with s = s with (3.6), we are able to estimate the
nonlinear term when 2 < n < 4. In fact,

-1
po(n)>—n2 for2<n<4



and thus

[[[uf?]

H"(S""l) S C”u’“p s(Sn—l)

holds if p > po(n), p > s > (n—1)/2. When n = 5, we use (3.7) and Proposition 3.7 with
8o = s — 1/2. In fact,

n—1 1 3
P0(5)>( 5 -—5)-—5 forn =25,

and thus ,
[1lPll o172y < Cllwlifyosny
holds if p > po(5), p > 8—1/2 > 3/2. Thus, a gain of regularity in (3.7) is used effectively.

Remark 3.8. po(n) is monotone decreasing as n — oo, which goes to 1. Note that po(4) = 2
and po(5) = (3 + V17)/4 (= 1.75).
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