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On weak dividing in n-simple theories
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Weak dividing was originally defined by Shelah in [1]. After a long time,
Dolich characterized that notion in simple context in [2]. Then Kim and
Shi continued the investigation, in particular they proved that a theory T is
stable if and only if weak dividing is symmetric in [3]. Recently, the class
of simple theory was split into w + 1 subclasses by Kolesnikov in [4]. He
used the notion of n-simplicity for n < w. I studied his paper and had some
consideration about the relation with weak dividing.

At first, we recall some definitions in [4].

For n > 2, let the symbol Ind(z;yo,...,yn_1) denote the type expressing
that yo,...,¥n—1 are indiscernible over z.

Definition 1 Fix 1 < n < k < w. Take a formula ¢(z,%,-..,¥n-1) and a
partial type p(x). Define D,[p, ¢, k] > a by induction on a.
(1) Dy[p,, k] > 0 if p is consistent.
(2) for o limit, Dy[p, ¢, k] > a if D,[p, ¢, k] > B for all B < «;
(3) Dn[p, ¢, k] > a+1if for every finite r C p(z) there is a sequence {a;|i < w}
such that for all 7 € [w]"

Da[r U{p(z,a3)}V Ind(z; a3), 0, k] > o

and the set {¢(z,a3)[7 € [w]"} is [k]"—contradictory.
The expressions D, [p, ¢, k] = a, Dy[p, p,k] = —1, and D,[p, ,k] = oo are
defined as usual.

Definition 2 Let o < w. We say that a complete thoery T is a — simple if
for all n < o, for all (z,yo,...,¥s) and k > n+1 the rank D, [z = z, ¢, k]
is bounded.(i.e. is less than oo.)

Definition 3 (1) A formula o(Z, Yo, .. ,Yn—1), & set of sequences {I;|n €

([w]™)<“}, and k < w witness the n — tree property if for every n € ([w]*)¥,

the type {ga(a:,az[rf])ll < w} is realized by &, such that sequences &z{r,l] are
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indiscernible over b, for each | < w and for every n € ([w]")<“ the set
{w(m,qg)li € [w]"} is [k]"—contradictory where &Z[rf] = {a;’on,...,azy_l} for
U[l] =10 in-1. .

(2) A theory T has the n — tree property if there exist a formula, a set of
parameters, and a number k witnessing the n—tree property.

The next proposition is proved by the definitions.

Proposition 4 ([4]) A theory T is a— simple if and only if it does not have
an (n + 1)—tree property for any n < a.

Kolesnikov defined some notion of dividing for n—simple context.

Definition 5 For n < w, we say that a formula ¢(z,aq,...,0,-1) B —
divides over A if there is an indiscernible sequence {a;[i < w} over A and
b = ¢(z,a,...,a,-1) such that {ag,...,a,—1} are indiscernible over b and
the set {p(z,az)|z € [w]|"} is [k]"—contradictory for some k.

Remark 6 It is cIear that for n = 1 the definition is the same as that of
dividing.

We recall the definition of weak dividing to make sure.

 Definition 7 We say that p(z) = tp(a/B) weakly divides over A (C B) if

there is a formula 9(zy,...,z,) over A such that [p|¥ := p(z;)U...Up(z,)U
{¥(zy,...,z,)} is inconsistent while [g]¥ is consistent where g(z) = tp(a/A).

The next facts are easily checked.

Fact 8 Let A C B and (o, ..., Tn-1,b) be a formula over B. Suppose that
there is an indiscernible sequence {a;|i < w} over A satisfying;

E o(ag,. .. ,0n-1,b) and {a;|i < n} are indiscernible over b. If the type
{e(zo, ..., Tn-1,b)}U Ind(B; {z;|i < w}) is inconsistent, then there is a for-
mula ¥(ag, - .. ,an_1,2) such that ¥(ag,...,an-1,2) n—divides over A.

Fact 9 Let A C B and p(z) = tp(a/B). Suppose that there is a formula
o(zo,...,ZTn_1) over A and an infinite indiscernible sequence {a;|i < w} over
A with tp(ag/A) = p[A such that

E p(ag,...,an-1) and

the type "{¢(Zo, . ., Tn-1)} UInd(A;{z; : i <w})UU;c, P(x:)” is incon-
sistent.
Then p weakly divides over A.
Moreover if T is simple, then p divides over A.



The case is problematic when realizations of the formula can not be ex-
tended to an infinite indiscernible sequence over the original parameters.
I tried to use the facts above for the argument of weak dividing in n-simple
theories, but I have no result to show here.

We can define an analogy of weak dividing for n-dividing.

Definition 10 Let A C B. And let p(zo,...,Z,—1) be a complete type over
B such that p(z,...,Zn-1) F Ind(A4; 2g,...,Tn-1). We say that p(zo,...,
Tn-1)" weakly n—divides over A” if there are k < w and a formula ¥(x,, .. .,
Ty-1) over A such that {¢(2o, ..., zk—1)} UUzc i P(Z7) [ A is consistent while
{v(zo, .-, zk-1)} U Usepn p(Z7) is inconsistent where p(Zz) = p(zi, - - -,
Zi,_,) forig<i; <.+ <i,_y <kand k>n.

Remark 11 When n = 1, "weak 1—dividing” is the same as "weak divid-

ng”.

Notation
;From now, we denote [p]¥ for the type {1(zo,...,Tr_1)} U Uz P(Z7)-

Fact 12 Let ACBCC.

(1) Iftp(a/C) does not weakly n-divide over B, then tp(a/B) does not weakly
n-divide over A.

(2) If tp(a/C) does not weakly n-divide over B and tp(a/B) does not weakly
n-divide over A, then tp(a/C) does not weakly n-divide over A.

Fact 13 Weak n-dividing has the local character.

Fact 14 Iftp(b/Aag...an—1) n—divides over A, thentp(agp...an_1/Ab) wea-
kly n—divides over A.

Remark 15 Naiumlly, we define weak n-dividing for complete types as fol-
lows:

a complete type p weakly n-divides over A if its implies a formula which
weakly n-divides over A.

Lemma 16 Let A C B. And let p(xy,...,Zn_1) be a complete type over B
such that p(zo,...,Zn-1) F Ind(A;zo,...,Tn_1).

Then the following are equivalent;

(1) p does not weakly n—divide over A.

(2) For any set C := {a;|i € I} satisfying that for any n—sequence a;,, . . .,
a;,_, € C withip < iy <... <ipq, | p[A(Gig,---,ai,_,), there is B’ such
that tp(B/A) = tp(B'/A) and for any a;,,...,a;,_, € C withig <i; <... <
in-1, tp(B'/aiy ... ai,_,A) =tp(B/ay...an_1A). :
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The further characterization needs to investigate the relation between
n—simple theories and n—dividing more.
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