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Gap Number ofGroups
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Graduate School Natural Science and Technology,

Okayama University

Finite gap number is introduced by J. C. Lennox and J. E. Roseblade in [LR].

We study groups of the small gap number.

1 ladder index

Let $T$ be complete theory in an $L$, $\mathrm{b}(\overline{x},\overline{y})L$-formula ($\overline{x},\overline{y}$ are ffee variables).

Definition 1 An $n$ ladderfor $\phi$ is a sequence $(\mathrm{a}\mathrm{o}, \ldots,\overline{a}_{n-1};\overline{b}_{0}, \ldots,\overline{b}_{n-1})$ of tu-

ples in some model $M$ of$T$, such that

$\forall i,j<n$ , $M\models$ $\mathrm{E}$ ($\overline{a}_{\mathrm{i}}$ , $\overline{b}$j) $\Leftrightarrow i\leq j.$

we say that 6 is stableformula ifthere exists $n$ such that no $n$-ladderfor $\phi$ exists;

otherwise it is unstable. The least such $n$ is the ladder index of$\phi$.
We say that $\phi$ is slableformula there exists $n$ such that no $n$-ladderfor $\phi$ exists

otherwise it is unstable. The least such $n$ is the ladder index of$\phi$.

Theorem 2 The theory $T$ is unstable if and only if there exists an unstable for-
mula in $L$for $T$.

Henceforth we consider the ladder index for the commutativity formula $” xy=$

$yx”$. The ladder index of a group $G$ for the commutativity formula is denoted by
$\ell(G)$ .

数理解析研究所講究録 1390巻 2004年 40-45



$4\mathrm{t}$

2 gap number

Let $G$ be a group.

Definition 3 A group $G$ has afinite gap number iffor any subgroups Ho, $H_{1}$ , . . . , $H_{n}$ , ..
of$G$, among the sequence

$C_{G}(H_{0})\leq C_{G}(H_{1})\leq$ .. . $\leq C_{G}(H_{n})\leq$ . . .

there exist at most $m$ many strict inclusions. The most such $m$ is the gap number

of$G$, and denoted by $g(G)$ .

Lemma 4 Let $g(G)=n.$ Suppose that the sequence

$C_{G}(H_{0})>C_{G}(H_{1})>$ . . $\mathrm{r}$ $>C_{G}(H_{n})$

there exist at most $m$ many strict inclusions. The most such $m$ is the gap number

of$G$, and denoted by $g(G)$ .

Lemma 4Let $g(G)=n.$ Suppose that the sequence

$C_{G}(H_{0})>C_{G}(H_{1})>\cdot\cdot \mathrm{r}$ $>C_{G}(H_{n})$

gives gap number $n$. Then there exists \^a $(0\leq i\leq n)$ in $G$ such that $C_{G}(H_{\dot{l}})=$

$C_{G}(\{a_{0}, a_{1}, \ldots, a_{i}\})$ for each $i$ . In particular we may do $a_{0}=1$ . Henceforth we
abbreviate as $C_{G}(\{a_{0}, a_{1}, \ldots, a_{i}\})=$ (ao, $a_{1}$ , $\ldots$ , $a_{i}$ ).

By Lemma 4, we can prove the following:

Theorem 5 [ITT] $\ell(G)=g(G)+2.$

Lemma 6 Let $A$ , $B\subset G$ with $A\subset B$ . Then $(A)\supset(B)$ .

Lemma 7 Let $A\subset G$. Then $(((A)))=(A)$ .
By the above lemma, the following holds:

Lemma 8 Let $g(G)=n.$ Suppose $(a_{0}, \ldots, a_{n};b_{0}, \ldots, b_{n})$ is $(n+1)$-ladder Then

$((a_{0}))=(b_{n}, \ldots, b_{1}, b_{0})$ ;

$((a_{0}, a_{1}))=(b_{n}, \ldots, b_{1})$ ;

.$\cdot$.

$((a_{0}, \ldots, a_{n}))=(b_{n})$ .

Lemma 9 Let $g(G)=n.$ Suppose that the sequece

$G>(a_{1})>\cdot\cdot($ $>(a_{1}, a_{2}, \ldots, a_{n})$

gives gap nuber $n$. Then $(a_{1}, a_{2}, \ldots, a_{n-1})$ is abelian.

Lemma 8Let $g(G)=n.$ Suppose $(a_{0}, \ldots, a_{n}; b_{0}, \ldots, b_{n})$ is $(n+1)$-ladder. Then

$((a_{0}))=(b_{n}, \ldots, b_{1}, b_{0})$ ;

$((a_{0}, a_{1}))=(b_{n}, \ldots, b_{1})$ ;

.$\cdot$.

$((a_{0}, \ldots, a_{n}))=(b_{n})$ .

Lemma 9 Let $g(G)=n.$ Suppose that the sequece

$G>(a_{1})>\cdot\cdot($ $>(a_{1}, a_{2}, \ldots, a_{n})$

gives gap nuber $n$. Then $(a_{1}, a_{2}, \ldots, a_{n-1})$ is abelian.
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3 Groups of gap number up to four

From now on we do not consider the ladder index but the gap number.

Theorem 10 [ITT] $g(G)=0$ ifand only if$G$ is abelian.

Theorem 11 [ITT] There exist no groups $G$ of$g(G)=$ $\mathrm{L}$

(proof) Let $g(G)\geq 1.$ Then there exists $a\in G$ such that $G>(a)$ . Since $(a)\neq G,$

there exists $b$ / $(a).$ Therefore, we have
$G>(a)>(a, b)$ . Thus $g(G)\geq 2.$

Theorem 12 [ITT] $g(G)=2$ ifand only if $G$ is not abelian, andfor any $a$ , $b\in$

$G\backslash$ g(G), if $(a)\neq(b)$ then $(a, b)=$ g(G).

Example 13 $g(S_{3})=g(D_{n})=2$ ($D_{n}$ is a dihedral group).

Example 14 $g(SL(2, F))=2$ ($F$ is afield).

Theorem 15 [ITT] There exist no groups $G$ of$g(G)=3.$

(proof) Let $g(G)\geq 3.$ Then there exist $\mathrm{a}\mathrm{i}$ , $a_{2}\in G$ such that
$G>(a_{1})>(a_{1}, a_{2})>Z$(G).

case 1: $a_{1}a_{2}=a_{2}a_{1}$ .
Since $(a_{1})\neq(a_{2})$ , we may assume $(a_{1})\mathrm{k}$ $(a_{2})\neq\emptyset$ . Let $b\in(a_{1})$ $\backslash (a_{2})$ . As
$a_{1}\not\in G,$ there exists a $c\in G\backslash$ $(a_{1})$ . Therefore, we have

$G>(a_{1})>$ (a) $a_{2})>$ (a) $a_{2},$ $b)>$ (a, $a_{2},$ $b,$ $c$).

Thus $g(G)\geq 4.$

Case 2: $a_{1}a_{2}\neq$ a2ai.
There exists a $d\in(a_{1}, a_{2})\backslash Z(G)$ . Since $d\not\in Z(G)$ , we can find $e\not\in G\backslash (d)$ .
Then we have

$G>(d)>(d, \mathrm{a}\mathrm{a})>(d, a_{1}, a_{2})>(d, a_{1}, a_{2}, e)$ .

Thus $g(G)\geq 4.$

Example 16 $\mathrm{p}(54)=\mathrm{g}(\mathrm{S}3)=4$.

Thus $g(G)\geq 4.$

Example 16 $\mathrm{p}(54)=\mathrm{g}(\mathrm{S}3)=4$.
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4 Groups of gap number five

In this section, we investigate whether a group $G$ of gap number 5 exists or not.
Let $g(G)=5$ and let $(1, a_{1}, \ldots, a_{5};b_{0}, \ldots, b_{4},1)$ be 6-1adder.
Case 1: $a_{1}a_{2}=a_{2}a_{1}$ , $a_{1}a_{3}=a_{3}a_{1}$ and $a_{2}a_{3}=$ 0302.

Then we have
Case 1: $a_{1}a_{2}=$ 0201, $a_{1}a_{3}=a_{3}a_{1}$ and $a_{2}a_{3}=a_{3}a_{2}$ .

Then we have

$G>$ (ai) $>$ $(1, a_{2})>$ ( $a_{1}$ , $a_{2}$ , a3) $>$ ( $a_{1}$ , $a_{2}$ , a3, $b_{2}$ ) $>$ $(1, a_{2}, a_{3}, b_{2}, b_{1})>Z(G)$ .

Thus, $g(G)\geq 6.$

Case 2: $a_{1}a_{2}=$ 0201, $a_{1}a_{3}=$ 0201, $a_{2}a_{3}\neq fa_{3}a_{2}$ and $a_{1}a_{4}\neq$ 0401.
Then we haveThen we have

$G>(64)$ $>$ $(1, a_{1})>$ $(1, a_{1}, a_{2})>(64)$ $a_{1},$ $a_{2},$ $a_{3})$ $>(b_{4}, a_{1}, a_{2}, a_{3}, a_{4})>Z(G)$ .

Thus, $?(G)\geq 6.$

Case 3: $a_{1}a_{2}=$ 0201, $a_{1}a_{3}=$ 0301. $a_{2}a_{3}\neq$ $a_{3}a_{2}$ and $a_{1}a_{4}=$ 0401.
Then we haveThen we have

$G>$ (ai) $>$ $(1, b_{3})>$ $(1, b_{3}, a_{2})>$ (ai) $b_{3},$ $a_{2},$ $a_{3})>$ $(1, b_{3}, a_{2}, a_{3}, a_{4})>Z(G)$ .

Thus, $\mathit{7}(()$ $\geq 6.$

Case 4: $a_{1}a_{2}=a_{2}a_{1}$ , $a_{1}a_{3}\neq a_{3}a_{1}$ and $a_{2}a_{3}=$ 0302.
Then we haveThen we have

$G>(a_{2})>$ (a2) $a_{1})>$ (a2) $a_{1}$ , $a_{3})>$ (a2) $a_{1}$ , $a_{3}$ , $a_{4})>$ g(G).

Moreover $a_{2}a_{1}=aia2$ , $a_{2}a_{3}=a_{3}a_{2}$ and $a_{1}a_{3}\neq$ 0301. By case 2, 3, $g(G)\geq 6.$

Case 5: $a_{1}a_{2}=a_{2}a_{1}$ and $a_{1}a_{3}\neq$ 0302.
Then we haveThen we have

$G>(64)$ $>(64)$ $b_{3})>(64)$ $b_{3},$ $a_{1})>(64)$ $b_{3},$ $a_{1},$ $b_{1})>Z(G)$ .

Moreover $b_{4}a_{1}\backslash =a_{1}b_{4}$ and $0301=a_{1}b_{3}$ . By case 1, 4, $g(G)\geq 6.$

Therefore, by case 1 through 5, we hold $a_{1}a_{2}\neq$ 0201.
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Case 6: $a_{1}a_{2}\neq a_{2}a_{1}$ and $a_{1}a_{3}=a_{3}a_{1}$ .
Then we have

$G>(a_{1})>$ (a2, a3) $>$ (a2, a3, $a_{2}$ ) $>$ ( $a_{1}$ , a3, $a_{2}$ , $a_{4}$ ) $>Z(G)$ .

Moreover $a_{1}a_{3}=$ 0301. Thus, $g(G)\geq 6.$

Case 7: $a_{1}a_{2}\neq a_{2}a_{1}$ , $a_{1}a_{3}\neq a_{3}a_{1}$ and $a_{2}a_{3}=a_{3}a_{2}$ .
Then we have

$G>(a_{2})>$ (a2, $a_{1}$ ) $>$ (a2, $a_{1}$ , $a_{3}$ ) $>$ ( $a_{2}$ , $a_{1}$ , a3, $a_{4}$ ) $>Z(G)$ .

Moreover $a_{2}a_{3}=a_{3}a_{2}$ . By case 6, $g(G)\geq 6.$

Therefore, by case 1 through 7 we hold $a_{1}a_{2}\neq$ a2ai, $a_{1}a_{3}\neq a_{3}a_{1}$ and $a_{2}a_{3}\neq$

$a_{3}a_{2}$ .
Case 8: all of $a_{1}$ , $a_{2}$ , $a_{S}$ , $a_{4}$ are noncommutative except $a_{1}a_{4}=$ a2ai, $a_{2}a_{4}=$

$a_{4}a_{2}$ .
Then we have

$G>$ (ai) $>$ (a2, $a_{2}$ ) $>$ (a2, $a_{2}$ , $a_{4}$ ) $>$ (a2, $a_{2}$ , $a_{4}$ , $a_{3}$ ) $>Z(G)$ .

Moreover $a_{1}a_{4}=$ 0401. By case 6, $g(G)\geq 6.$

Case 9: all of $\mathrm{a}\mathrm{i}$ , $a_{2}$ , a3, $a_{4}$ are noncommutative except $a_{1}a_{4}=$ a4) $\mathrm{a}3\mathrm{a}\mathrm{i}=$

$a_{4}a_{3}$ .
Then we have

$G>(a_{1})>$ ( $a_{1}$ , a3) $>$ ( $a_{1}$ , a3, $a_{4}$ ) $>$ (a2, $a_{3}$ , $a_{4}$ , $a_{2}$ ) $>Z(G)$ .

Moreover $a_{1}a_{4}=$ 0401. By case 6, $g(G)\geq 6.$

Case 10: all of $a_{1}$ , $a_{2}$ , $a_{3}$ , $a_{4}$ are noncommutative except $a_{2}a_{4}=$ (a2) $\mathrm{a}3\mathrm{a}\mathrm{i}=$

$a_{4}a_{3}$ .
Then we have

$G>(a_{2})>(a_{2}, a_{3})>(a_{2}, a_{3}, a_{4})>(a_{2}, a_{3}, a_{4}, a_{1})>Z(G)$ .

Moreover $a_{2}a_{4}=$ 0401. By case 6, $g(G)\geq 6.$
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In the cases of remaining we understand the following:

Lemma 17 Let $G>$ (ai) $>(a_{1}, a_{2})>\cdot\cdot \mathrm{I}$ $>$ (ai) $a_{2},$ $a_{3},$ $a_{4},$ $a_{5})=Z(G)$ . Then
we can do as follows: all of $a_{1}$ , $a_{2}$ , a3, $a_{4}$ are noncommutative except $a_{1}a_{4}=$

$a_{4}a_{1}$ , $a_{2}a_{4}=a_{4}a_{2}$ , $a_{3}a_{4}=a_{4}a_{3}$ , $a_{1}a_{5}=a_{5}a_{1}$ , $a_{2}a_{5}=a_{5}a_{2}$ , $a_{3}a_{5}=a_{5}a_{3}$.

(proof) We have

$G>$ (ai) $>$ (at) $a_{2})>$ (ai) $a_{2},$ $a_{3})>$ (ai) $a_{2},$ $a_{3},$ $b_{4})>$ (ai,a2) $a_{3},b_{4},$ $b_{3})$ .

Moreover all of $\mathrm{a}\mathrm{i}$ , $a_{2}$ , $a_{3}$ are noncommutative, and all of $b_{4}$ , $b_{3}$ , $b_{2}$ are noncom-
mutative, as desired.
Moreover all of $a_{1}$ , a2, $a_{3}$ are noncommutative, and all of $b_{4}$ , $b_{3}$ , $b_{2}$ are noncom-
mutative, as desired.

Question 18 Does there exist a group $G$ of$g(G)=5.?$
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