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TWISTED SECOND COHOMOLOGY GROUP OF
A FINITELY PRESENTED GROUP

REKFERFGEIERIEPFFR  (CRER (TAKAO SATOH) !
Graduate school of Mathematical Sciences,
University of Tokyo

Abstract: For a finitely presented group G and G-module M, using com-
binatorial group theory, a new calculation of a twisted second cohomology
group H?(G, M) is introduced. We apply our method to some well-known
groups and calculate their second cohomology groups.
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1. INTRODUCTION

For a finitely presented group G = (X | S), let F be a free group on X
and R the normal closure of S in F. If we regard Z as a trivial G-module,
then we have the second homology group

H2(Ga Z) ~ (RN [FaF])/[FaR]

of G by Hopf’s formula. (See [2].) On the other hand, if G acts on M
non-trivially, then a computation of twisted second (co)homology group
H?(G, M) is much more complicated. In this paper, for a finitely presented
group G and a G-module M, we introduce one of methods of a calculation of
the second cohomology group H?(G, M) using combinatorial group theory.
Furthermore, we apply our method to some well-known groups, for exam-
ple, the dihedral group D,,, the special linear group SL(2,Z) and the braid
group Bj of index three.

In this paper, we use the following notation. Let G be a group and M
a G-module. We denote the group ring of G over Z by Z[G]. For any
a € Z[G], we put ‘

M®*={meM|a-m=m},
aM = {a-m € M|m € M},

where « - m denotes the action of & on m.
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2. THE REIDEMEISTER-SCHREIER METHOD

In this section, we review the Reidemeister-Schreier method. This is one
of methods to obtain a presentation for a subgroup H of a given presented
group G = (X | S). We use the Reidemeister-Schreier method to calculate
the second cohomology groups in later sections. :

Let F' be the free group on X and K a subgroup of F'. A subset T C F'is
called Schreier transversal for K in F if T satisfies the following properties

(1) T is a right coset representative system for K in F,

(2) 1 € T, where 1 is the identity element of F',

(3) (Schreier property) T contains all initial segments of all elements of
T, that is,

—_— €l ME2 | . €n €1 €2 ... »en—-1 !
t= Tp1Zps Zpin €T = Ty Ty, Zpin—1 €T

w)here t=zlzp2 ---z5n is a reduced word and e; € {1}, (1 <4 <
n).

Let H be a subgroup of G and H' the inverse image of H under the
natural homomorphism ¢ : FF —+ G. We denote a Schreier transversal for
H'in F by T. For any w € F, we define @ € T by the rule H'w = H'®w. A
map

tF T w—w
is called a right coset representative function for F modulo H’. For any
t€T and z € X we put
(t,z) := tz(tz)™!, (t,z7'):= (tz~1,z)" e H'.

Let X' ={z71|z € X}. Foranyword w =y1y2---yn € F, i € XUX L,
we put

7(w) == (L,y) @0, 92) - @ Fimn, %) - (B1 " Yn—1s Yn)-
The map 7 is called the Reidemeister-Schreier rewriting process for H’.
Proposition 2.1. With the above notation, if we put
X' ={(t,z) e H'|teT, € X (tz) # 1},
S ={r(tst™)Ye H'|t e T, s € S},

then we have

(1) H’' is the free group on X',
(2) ker(p|gr) is the normal closure of S' in H'.

Hence, H has a presentation H = (X' |S').

This proposition is well-known fact. For details, see [4].
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3. A CALCULATION OF THE SECOND COHOMOLOGY OF A FINITELY
PRESENTED GROUP

Let G be a group and M a G-module. We assume that G has a finite
presentation G = (X |S). Let F be the free group on X, R the normal
closure of S in F' and T a Schreier transversal for R in F. From the spectral
sequence of the group extension

1R F-5>G—1,

we have an exact sequence

0— HY(G,M) = HY(F,M) = H'(R,M)” — H*(G,M) - H*(F, M).
Since F is the free group, H2(F, M) = 0. Hence, to calculate H2(G, M), it
suffices to calculate the group H!(R, M)C.

Now, R is a free group. If we can obtain a free basis X’ of R, then we
can determine a basis of H'(R, M) as a free abelian group. Furthermore,
we see that

HY(R,M)°
= {f € H(R,M)| f(o"'2'0) = f(z'), Vo € X, Vz' € X'}.
In this paper, to obtain a free basis X’ of R, we use the Reidemeister-
Schreier method. Then, considering the restriction map res : H!(F, M) —
HY(R, M)®, we obtain H2(G, M).

In this method, it is important to construct a Schreier transversal for R

in F. The difficulty of the construction of a Schreier transversal depends on

not only a given group G but also a presentation for the group G. Hence it
is necessary to find a suitable presentation for G.

)G

4. THE CYCLIC GROUP Cj,

It is well-known that the (co)homology groups of the cyclic group are
completely determined. We, however, dare to apply our method in this case.
It is the best way to use a simple example to understand our method. Let
Ch be a cyclic group of degree n > 2. The group Cy, has a finite presentation

Cp=(z|z" =1).
Let F be the free group on {z} and R the normal closure of {z"} in F.
Lemma 4.1. The group R is a free group with basis {z"}.

Proof. Since F is an abelian group, it is clear that {z"} is a free basis of
R. However, to understand our method, we apply the Reidemeister-Schreier
method to this case.

First, we see that T' = {1, z,...,2""'} is a Schreier transversal for R in
F. Hence, a free basis

X*={(t,x)|teT z € X, (tz)#1}
of R is calculated as follows:



e Fort=1z% (0<i<n-2),
(t,z) = tx(tz) " = T (z+1) " = 1.
e For ¢t = 2"},
(t,z) = z"(z7) "' = z".
Hence we obtain X* = {z"}. O

Lemma 4.2. Let M be Cp-module. Then H'(R, M)“" ~ MGCn.

Proof. Since R acts on M trivially and R is a free group with basis {z"},
we obtain an isomorphism

p: HY(R,M) - M

defined by p(f) = f(z").
Now, for any y = z* € Cp, and f € H!(R, M), the action of y on f is
given by

(y- £)(=™) = yf(yz"y™")
= yf(@s"s
=yf(z").

This shows that p is a Cp-isomorphism. Hence we have H!(R, M) ~ MCn.
O

Proposition 4.1. For any Cy,-module M, we have
H*Cpy M) =M% /(1+z+---+3" )M
Proof. 1t suffices to show that the image of
Y:=pores: H'(F, M) —» M%»
is(1+z+---+2z" )M. For any [f] € H!(F, M), we have
Y([f]) = f(z")
=(14z+---+z"1)f(2)

where [f] denotes the equivalence class of a crossed homomorphism f. This
shows Im(¢) = (1+z+---+z" H)M. O
We also obtain the following results. For details, see [6].

5. THE DIHEDRAL GROUP D,

For any n > 1, let D,, be the dihedral group of order 2n. The group D,

has a finite presentation
D, = (o, 7|0" = =1, 1o = a—l).

Let F be the free group on {o, 7} and R the normal closure of {o", 72, 7070}
in F.
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Lemma 5.1. The group R is a free group with basis
{a:, Yk, zk.OSkSn-—l}
where
z=o0",
Yo = ror o~ (1),
ye = ofrorlom Y (1<k<n-1),
z=0'r2c"F (0<k<n-1).

Proof. 1t is easily seen that
T= {1,0,. - Lt Y S ,o”—lr}

is a Schreier transversal for R in F. Using the Reidemeister-Schreier method,
we show this lemma. [

Lemma 5.2. Let M be any D,-module. Then we have
H(R,M)" ~L
where
L= {(a,b,c) EM°O@M°®M™ | nb= (7 — (n - 1))a,
(r—-VDa+(r-1b+(c- 1)c=0}.
Proposition 5.1. For any Dy-module M, we have
H*(D,,M)~L/K
where ’
K = {((1+a+---+a""1)s,
(1—o"Wt+(r—(1+0o+---+0"2))s, (1+7)t) €L ! s,t € M}.

6. THE GROUP PSL(2,7Z)

Let PSL(2,Z) be the projective special linear group over Z. The group
PSL(2,Z) has a finite presentation

PSL(2,Z) = (o, T]0® =1, 72 =1).

Let F be the free group on {0,7} and R the normal closure of {03, 72} in
F. To calculate a Schreier transversal for R in F, we prepare the following
notations. For m > 1, ¢; € {1,2} (1 <i <m) and k € {0,1}, put

ai(ei,...,em) = TFa® 70T . - TO™,
Br(el, ... em) = * o1 70% ... 1o 1.



m

Lemma 6.1. Let
T, = {ak’(el, ceyem), Brler,...,em) |k €{0,1}, m>1,¢e = 1,2},
and Ty = {1, 'T}. Then T =T; UT, is a Schreier transversal for R in F.
Form >1,e €{1,2} (1<i<m)andk € {0,1}, put

v =172
wg = 8377k,
zr(e1,.-.,em) = 70 1. - 1ot rigTem 1. o717k
yr(e1,-...em) = %0% 7. .70 rodr g em 1. o lgme1—k

Lemma 6.2. The group R is a free group with basis
{v, Wk, Tk(€r, ... em), yr(e1,...,em) |k € {0,1}, m> 1, ¢ = 1,2}.
Lemma 6.3. Let M be any PSL(2,Z)-module. Then
HY(R, M)F5E®8) o pym g M@,
Proposition 6.1. For any PSL(2,Z)-module M,
HY(PSL(2,Z),M) =~ (M" /(1 + T)M) © (M /(1 + 0 +0%)M).

7. THE GROUP SL(2,Z)

Let SL(2,Z) be the special linear group over Z. The group SL(2,Z) has
a finite presentation
SL(2,2Z) = (o, 7| 0% = 72, 7% = 1.

The elements o and 7 correspond to

1 -1 0 -1
G 9)= (0 3)
respectively. Let F' be the free group on {o,7} and R the normal closure of
{o37=2,74} in F. To calculate a Schreier transversal for R, we prepare the
following notations. For m > 1, ¢; € {1,2} (1<i<m)and k (0 < k < 3),
put

ak(el, .. '$em) = TkO'eITO'ez'T .. .Ta-em
:Bk(el) .. -,em) = Tk0€1T0.227_ ceeTO® T
— -k
Yo =T .

Lemma 7.1. Let

T= U {ak(el,.. cem), Brler,...,em), Tklm > 1, e; = 1,2}.
keZ

Then T is a Schreier transversal for R in F.
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Form >1,e€{1,2} (1<i<m)and k (0 <k <3), put

v =7l

wy = 037'“2,

wy = 7'037'“3,

w2 = 7'203,

w3 = 73037‘_1; ‘
zo(€1y...,em) =047 - rotmrioem b g6 2
zi(ey,...,em) = 765 T - - Tamrig e m 1L, rlgmer 3
.’132(81, cevy em) = 72081 7...rgtmpig emrm1 L. 7——10—81,
z3(e1,...,em) = 3olr...rgtmrig em L. T—la-el,r—-l,
Z/O.(el, sy em) = g7 TUemTa'sT_lo'_emT"l “es 7-"10——'317.-2’
n (61, cevy 3m) = T0%7T.." rotmrolt lg~em L 7—"'10--611.—3’
y2(61, ceey em) —_ T20.617- - Taem,ro.ii,r—lo,—emT—-l . 7_._10__31,
ya(er,...,em) = 3l r...rotmrgdr lgTem T L Tl gme L

Lemma 7.2. The group R is a free group with basis

U {'U, zi(e1, - ..,Cm), yk(ela""em)a zgm 21, e; = 112}
0<k<3

Lemma 7.3. Let M be any SL(2,Z)-module. Then

H\(R M)SL(2,Z)

~N
where .
N ~ {(a,d) EMOM|(l1-0)a=—-(1-0)(1 +a3)d}.
Proposition 7.1. For any SL(2,Z)-module M, we have
H?%(SL(2,Z),M) ~ N/L,

where

L={((1+T+72+73)t, (1+0‘+0'2)s—(1+7')t)lS,tGM}.

8. THE BRAID GROUP B3 OF INDEX THREE
Let B3 be the braid group of index three. B; has a finite presentation
B; = {0, T|0® = 72).

Let F be the free group on {0, 7} and R the normal closure of {0372} in F.
To calculate a Schreier transversal for R, we prepare the following notations.
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Form >1,¢e € {1,2} (1<i<m)and k € Z, put

a(er, ..., em) = 0% T70%T . TO™
Brler, ..., em) = kg1 ro® .. TofmT
_ .k
Y =T .

Lemma 8.1. Let

T= U {ak(ela .. .,Gm), :Bk(ela .. .,Cm), Yk |M > 17 € = 11 2}
keZ

Then T is a Schreier transversal for R in F'.

Form>1,e,€{1,2} (1<i<m)and k€ Z,}put

zr(e1, ... em) = TF0®1 T rotmrig=emr—l.. pmlgme1—(k+2)
yele, ... em) = TF0% T - romrodrlgemrl. . polgm e (k42)
zZE = kg3 (k+2),

Lemma 8.2. The group R is a free group with basis

U {zk(el,...,em), Yk(€1y.-.,em), 2km > 1, ¢, = 1,2}.
keZ

Lemma 8.3. Let M be any Bs-module. Then
HY(R,M)®* ~ M.
Proposition 8.1. For any Bs-module M, we have

H*(Bg, M) = M [(1+ 0 +0*)M + (1 +7)M.
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