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Strong random Clarkson RERD LIS 5 Banach Z2[#] % strong type p DZEM & L
TS, TOEARAEBEEERT D, 72 Lebesgue-Bochner 25/ L,.(X), Banach 22
M X; D l-sum TH 3 I(X;) ~DBEHEEZRT. EHITITEDEARED strong type
REXOREREH L —FKT 5 L 5 2LEAE D strong random Clarkson R ER 2 HA
5.

1. p-uniform smoothness and ¢-uniform convexity

Definition 1. A Banach space X is called p-uniformly smooth (1 < p < 2) if there
exists K > 0 such that px(7) < K7? for all 7 > 0, where px(7) is the modulus of
smootheness of X, i.e.

ptr) =sup { LU= gy =, gy = o,

Definition 2. A Banach space X is called g-uniformly convex (2 < ¢ < 00) if there
exists C > 0 such that dx(e) > Ce? for all 0 < € < 2, where dx(¢) is the modulus of
convexity of X, i.e.

Sx(e) = inf{l -

mng Hiall =Nyl =1, lle -yl = }

Proposition 1. A Banach space X is p-uniformly smooth if and only if for any
1< s<oo,

(Lot sl e =sY ™ < G + iy o

holds in X with some K > 0.
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Proposition 2. A Banach space X is g-uniformly convex if and only if for any
1<t < o0,

(Lot tltle=dY ™ (e + oy @)

holds in X with some C > 0.

2. Strong type p and strong cotype ¢

Definition 3. A Banch space X is called of strong type p (1 < p < 2), provided
there exists a constant K > 0 and 1 < s < oo,

n . 1/s n 1/p
(EH > e ) < (uwlnp +y uKm,-uf’) (3)
j=1 j=2
holds for all finite systems z1,- -+, zn, € X, where {¢;} is a Rademacher sequence and

E denotes the mathematical expectation.

Definition 4. A Banach space X is called of strong cotype ¢ (2 < g < 00), provided
there exists a constant C >0 and 1 <t < o0,

l/q

n t l/t n
(EH P ) > (||x1||q+2||c:cj|w) @
Jj=1 j=2

holds for all finite systems z;,---,2, € X.

Theorem 1. Let X be a Banach space and let 1 <u<p<2. If

n A\ /P n
(E“ z_jejlelp) < (nxlnp +3 nKxjnp)

holds in X with a constant K. Then

n N L/ n
(E“ > e ) < (nmr* +3 nKz,-u")

holds in X with the same K, where 1/p+1/p' =1/u+1/u' = 1.

1/p

1/u

(3),(4) Tn =2 DRATNER (1),2) LB, £ (3) DELT o & Koy, (4) D
BT % Cr LEEBRINIE, FHEH type p, cotype ¢ ZEET B type FER,
cotype FEX LB, EHILK >1,0<C<17T, (3),(4) PABIZK,CIZTOWTHR
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LTHBD. £ T(3) BHTT K ODBR/IMER strong type p(s) B E VW STy (X) TE
L, (4) 2473 C O KRE% strong cotype q(t) EE L VN SCupy(X) TRT I EIZT
%. Theorem 1 2>513 X : strong type p = X : strong type u , STy (X) < STy (X)
Bonbd.

3. Strong random Clarkson inequality

Theorem 2. Let X be a Banach space and let 1 < p < 2. Then the following are
equivalent.

(i) X is p-uniformly smooth.
(ii) X is of strong type p.

(iii) (Strong random Clarkson inequality) For any 1 < r,s < oo and for all

neN n n s\ 1/s n 1r
E(E > et ) < netr) (nmluwZnszu’) 5
J=1

i=1 j=2
holds in X with some constant K independent of n, r and s, where c(r,s;p) =
max{1/r' +1/s —1/p', 1/r', 1/s}, 1/p+1/p' =1/r+1/r' =1 and (¢;) isann x n
matrix whose coefficients are independent identically distributed random variables tak-
ing the values £1 with equal probability 1/2. Further, let K,(X) denote the smallest
value of K in (5). Then

STp(l)(X) < KP(X) < STp(p')(X)- (6)

(5) DAL Tz, % Ky ICEE 2 - R%ERUT Tonge (3] 28 L, M TEDBILZRL
7= random Clarkson A& T 5. L7 - T (5) it random Clarkson AEX X v 54
WE A TDORERTH D LE X L5, random Clarkson REXUT type p 2R3
5AR%KTHBH I & Kato, Persson, Takahashi [2] IZ Ko TRENTH, TOERID
1 & DFER D strong version TH 5. :

4. Heredity to L.(X), [.(X;)

Theorem 3. Let L.(X) = L, (Q,9B,u;X) be a Lebesgue-Bochner space on an
arbitrary measure space (Q,%B,u). Let L <p<2and p<r <p (1/p+1/p =1).
Then X is of strong type p if and only if L.(X) is of strong type p; in this case

STpw)(X) = STp)(L-(X)).
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Theorem 4. Let [.(X;), 1 <7 < o0, be the l,-sum of Banach spaces (X;, || ||;) with
the norm ||zl = (5, lzil|5)"" for z = (2:) € 1,(X;). Let 1 <p < 2,p<r < p'. Then
1:(X;) is of strong type p if and only if all X; are of strong type p and sup; STp)(X;) <
00. In this case

STo) (U (X3)) = sup ST (X:)-

5. Extended strong random Clarkson inequality

Thoerem 5. Let X be a Banach space. Let 1 < p < 2, 1/p+1/p' = 1 and
1 < K < 00. Then the following are equivalent.
(i) X is p-uniformly smooth:

‘ P o\ VP
| (Lol le =l )™ < (ot -+ ol )

‘ (ii) X is of strong type p: For any n € N

; n 7 i ' n 1/p
| ' (E Zﬁjﬂ?j ) g(]lzlll”JrZHKxjH”) - (8)

| (iii) For any 1 < r,5,t < oo and foranyn € N

1 n s\ t/s 1/t n i/r
{E (E ) } < norsitip) (”xl“r + Z HK%'HT) , (9)
‘ i=1 .

=2
where c(r, s8,t; p) = max{1/r'+1/s—1/p, /7', 1/s, 1/r'+1/s—1/t}, 1/r+1/r' =1.

n
E Gij.’Ej

—1

(9) 1Xt =1 DBE c(r,s,1;p) = c(r, s;p) £ ¥ strong random Clarkson FE= (5) &
729, (5) 2R LIEAEXTHS. & 5IZ p-uniformly smoothness A=, strong type
p REXLENENEA K b 5, Thoerem 2 1234 Tid strong random Clarkson 7~
ZXLEDEIODOREXNTENENMIALLZEA K 2+ 5. L LIEBE O strong
ramdom Clarkson RFEXEZE /2 ZDEBTIITRTCRILEADER LB LR TX
%. Z 5 LT Theorem 5 DREXDEAER K DK RIE (min K) 12 ST, (X) &725.
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