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On the Singularities of Solutions of Nonlinear
Partial Differential Equations
in the Complex Domain

Hidetoshi TAHARA (HK &80
Department of Mathematics, Sophia University (L&X « ET)

Let us consider the following nonlinear partial differential equation

(E) %’:- = F(t,:z, u, gg)
in the complex domain C; x C?. The structure of holomorphic solutions of (E) can be
understood completely by the Cauchy-Kowalevsky theorem. But the structure of singualr
solutions (that is, solutions with some singularities) of (E) has not yet been studied well. In
this paper the author will consider the following problem:

Problem. Does (E) have a solution which possesses singularities only on the hypersurface
{t=0}7

Result. Under suitable conditions we can find such a negative real number o that the
following (1) and (2) are satisfied: (1) (E) has no solutions with singularities only on {t = 0}
of the growth order o(|t|?) (as t — 0), but (2) (E) has a solution with singularities only on
{t = 0} of the growth order O(|t|?) (as t — 0).

The proof of (1) will be done by examining the possibility of analytic continuation of
solutions, and (2) by actually constructing solutions that possess singularities only on {t = 0}

with growth order O(|t|?) (as t — 0).
In the case of equations of the general order, many parts of this paper are valid also for

(gt_)m" - F(t’ i { (%)J (%)au}j+{a|5md<m) ;

but the study of this case has not been completed yet.

§1. Equation and problem

Let (t,z) = (¢,z1,...,2n) € CXC", y € C, 2 = (21,...,%,) € C", denote 8/0z =
(8/8z,...,0/0x,), and let F(t,z,y, z) be a holomorphic function defined in a neighborhood
of the origin of C; x C} x C, x C7.

In this paper we will consider the following nonlinear first order partial differential equa-
tion

(1.1) %% = F(t,z,u, g%)

where u = u(t, z) is the unknown function.
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It is well-known by Cauchy-Kowalevsky theorem that for any holomorphic function ¢(z)
in a neighborhood of z = 0 the equation (1.1) has a unique holomorphic solution u(t,z) in a
neighborhood of the origin (0,0) € C; x C7 satisfying u(0, z) = ¢(z). Thus, the holomorphic
solutions of (1.1) in a neighborhood of the origin (0,0) are completely characterized by the
initial data ¢(z).

But if we include into consideration the singualr solutions (that is, the solutions with
some singularities) the structure of solutions of (1.1) will become much more interesting.

In this paper we will study the following problem:

Problem 1.1. Does (1.1) admit solutions which possess singularities only on the hyper-
surface {t = 0} ?

One method of arguing the non-existence of such solutions is by means of analytic con-
tinuation. Let {2 be a neighborhood of the origin (0,0) € C; x C%, and set Q4 = {(t,z) €
Q; Ret > 0}.

If the equation (1.1) is linear, then Zerner’s Theorem ([15], 1971) states that any solution
which is holomorphic in Q. can be analytically extended to some neighborhood of the origin
(0,0). In other words, there does not exist a solution with singularities only on {t = 0}.

If the equation (1.1) is nonlinear, we have the following nonlinear analogue of Zerner’s
theorem due to Tsuno (1975).

Theorem 1.2 ([14]). If a holomorphic solution u(t,z) of (1.1) in Q4 satisfies u(t,z) =
O(1) (as t — 0) uniformly in z in some neighborhood of x = 0, then u(t,z) can be analyti-
cally continued up to a neighborhood of the origin.

The assumption that u(t,z) be bounded in some neighborhood of the origin seemed too
strong to other researchers at that time. Some might have believed that Zerner’s result can
be extended to the nonlinear case without any additional assumption. However, this is not
possible if the equation is nonlinear, as can be seen in the following example:

Example 1.3. Let (t,z) € C2. The equation

Ou Ju\m .
(1.2) = =u (8_:1:) with m € N* (= {1,2,...})
has a family of solutions u(t,z) = (=1/m)/™(x + ¢)/t'/™ with an arbitrary constant ¢ € C.
Clearly, this is holomorphic in Q4 but has singularities on {t = 0}.

Thus, in the case of equation (1.2) we see the following: (1) singularities on {t = 0} of
order u(t,z) = O(1) (as t — 0) do not appear in the solutions of (1.2), but (2) there really
appear singularities on {t = 0} of order u(t,z) = O(|t|"}/™) (as t — 0) in the solutions of
(1.2).

Hence, for nonlinear equations, it seems better to reformulate our problem into the fol-
lowing form:

Problem 1.4. Let o be a real number. Does (1.1) admit solutions which possess
singularities on {t = 0} with growth order O(|t|) (as t — 0)?

If o is a non-negative real number, by Tsuno’s result we conclude that such singularities
do not appear in the solutions of (1.1). Therefore we may assume from now that o is a
negative real number. Then, in general the solution may tend to oo (as t — 0) and so we
need to suppose:

(A) F(t,z,y,z) is a holomorphic function on Q x C, x CJ.
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§2. Non-existence of singularities

Recently Kobayashi [7] gave a precise formulation on the non-existence part of the problem
1.4. In this section we will follow his argument and give its improved form.

Suppose the condition (A). We may expand the function F(t,z,y, 2) into the Taylor series
with respect to (y, 2):

F(t’waya Z) = Z aj,a(t, $) yjza
(j,a)ENXN"

wherea = (0, ...,an) € N, a;4(t, x) are holomorphic functions on {2, and 2% = 2% - - - z,*".

Let A = {(j,a) € Nx N q4(t,z) # 0} and Ay = {(j,) € A; j + |a| = 2} (where
|a| = a3 + -+ + an). We remark that the equation (1.1) is linear if and only if Ay = @; it is
nonlinear otherwise. Since we already have Zerner’s result for the linear case, we will assume
henceforth that (1.1) is nonlinear, that is, A2 is non-empty. In the following, we will write
the coeflicients as

ajalt, ) = thie b o(t,z) for (j,a) € A

where k; is a non-negative integer and b;(0,z) # 0. Using the above, the equation (1.1)
may now be written as

au . kKiat. 3§ 3’u, o
(21) ‘a—t = Z ™ J,a(t,.'B)U (%)
()
where (0u/8z)® = (Ou/8x1)* - - - (Ou/Bzy )™ .
Set
(2.2) o “kja—1

= sup - .
Ga)ers J+lal—1

Note that ok is a non-positive real number and that it is calculated only by looking at the
form of the equation. For a neighborhood w of z = 0 € C? and a function f(t,z) we define
the norm || f(t)|lw = sup,¢, |f(t,2)|. The following result is originally due to Kobayashi [7]
and improved by Lope-Tahara (8]:

Theorem 2.1 ([7], [8]). Suppose the conditions (A) and Ag # 0. If a holomorphic
solution u(t,z) of (1.1) in Q4 satisfies |[u(t)|lo = o(|t|*) (as t — 0), then u(t,z) can be
extended analytically up to a neighborhood of the origin.

Hence we can get the following result on the non-existence of the singularities on {t = 0}.

Corollary 2.2. Suppose the conditions (A) and Ay # emptyset. Let ox be the real
number given in (2.2). Then, there appear no singularities on {t = 0} with growth order
o(|t|*) (as t — 0) in the solutions of (1.1).

In the equation (1.2) the number ox may be verified to be equal to —1/m. Hence, by the
above result we see that the singularities of order o(|t|~*/™) do not appear in the solutions
of (1.2). Note further that the singularities of the solution u(t,z) = (—1/m)Y™(z + c) /t/™
has growth order O(|t|~1/™) (as t — 0). Thus in the case (1.2) the number ox = —1/m is
just the critical value of the order of singularities. '

Is this true in the general case? This is our next question.

Problem 2.3. Suppose Ay # (). Let ox be the one in (2.2). Then, does (1.1) admit
solutions which possess singularities on {t = 0} with growth order O(|t|*) (as t — 0)?
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Set

ki —1
2. = ] . 3¢ —_ .
( 3) M {(j,a) € Az, j————-+ fal —1 O'K}

If M =0, we have the following result on the problem 2.3.

Theorem 2.4 ([8]).  Suppose the conditions (A) and Ay # 0. If M =0 and if a
holomorphic solution u(t,z) of (1.1) in Q4 satisfies ||u(t)|lo = O(|t|*) (as t — 0), then
u(t, ) can be extended analytically up to a neighborhood of the origin.

This implies that in the case M = { there appear no singularities on {¢t = 0} with growth
order O(Jt|*) (as t — 0) in the solutions of (1.1).

The following equation gives an example with M = @: let (£,z) € C? and consider the
first-order nonlinear equation du/dt = e*(0u/0z). In this case, it is easily checked that
ok = 0 and M = @. Therefore by theorem 2.4 we see that this equation has no singular
solutions with growth order O(1) (as ¢ — 0), which is just the same result as in Tsuno’s
theorem.

§3. Existence of singularities

In this section we will show that the answer to the problem 2.3 is affirmative if Ay # 0
and M # 0 hold; the proof was given in Tahara [9] and [10]. Some parts were due to Ishii
[6] and Kobayashi [7].

Suppose Ag # 0, M # @ and set

(3.1) P(z,y,2) = Y. bja(0,7)y72*
(J,0)eM

It is easy to see that P(z,y,z) # 0 and that P(z,y,z) is a holomorphic function on {z €
C;(0,z) € Q} x Cy x C?; moreover in (3.1) we have j + |a| > 2. Since M # 0, we have
o = (~kja—1)/(j + |a| — 1) for any (4,) € M: this implies that o is a negative rational
number.

We write
oP oP oP
%—(-a?;,...,%;) and
(.5
8z~ \8z ' 0zn/’

In this section, we will present four sufficient conditions for the existence of singularities of
the growth order [¢/* only on {t = 0}. The four conditions correspond to the following four
cases:

Case (0) : %g(w,y,O)E(O,...,O) and %;(x,y,O)E(O,...,O);
Case (1) : %{i(m,y,z)z(o,...,O);
Case (2) : 90 (0,,2) £ (0., 0)

oP oP
Case (3) : a(ﬂ,y,z)E(O,...,O) and -&-(m,y,z)i(O,...,O).
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In the classification, the three cases (1),(2) and (3) are enough to cover all the cases. But,
to compute examples, the case (0) is also very convenient: this is the reason why we add the
extra case (0). -

Theorem 3.1 (Case (0)). Suppose Ay # 0, M # 0 and the conditions in Case (0).
Set £* = {y € C\ {0}; P(0,y,0) = oxy}. Then, if T* # B the equatoin (1.1) has a solution
which possesses singularities only on {t = 0} with the growth order |t|*.

Example (0). Let (¢,z) € C? and let us consider

ou 2 Ou\2
5 = +be)(5) +elta),
where b(z) and c(t,z) are holomorphic functions. Then ox = —1, P = y? + b(z)2? and

so the conditions in Case (0) are satisfied. Since P(0,y,0) = y% we have T* = {y € C\
{0}; P(0,y,0) = —y} = {—1} # 0. Thus we can apply Theorem 3.1 to this case and obtain
the following: this equation has a solution with singularities only on {t = 0} of order |¢|~!.

Theorem 3.2 (Case (1)). Suppose Ag # 0, M # 0 and the condition in Case (1). Set
*={y € C\ {0}; P(0,y,0) = oxy}. Then, if

(3.2) T*#0 and %E(O,y, 0) £ox on &*
the equatoin (1.1) has a solution which possesses singularities only on {t = 0} with the growth
order |t|%.

Example (1). Let (¢,z) € C? and let us consider

?—;: =a(m)u2+t(-g§:—
where a(z) and c(t,z) are holomorphic functions. Then ox = —1, P = a(z)y? and so
the condition in Case (1) is satisfied. Since P(0,y,0) = a(0)y*> we have =* = {y € C\
{0}; a(0)y® = —y}; if a(0) # O we have =* = {-1/a(0)} # 0 and (6P/0y)(0,~1/a(0),0)
= —2 # ox. Thus, if a(0) # 0 we can apply Theorem 3.2 to this case and obtain the following:
this equation has a solution with singularities only on {t = 0} of order |t|~1.

)2 + c(t, x),

Theorem 3.3 (Case (2)). Suppose Ay # 0, M # 0 and the condition in Case (2). Set
= {(y,2) e CxC"; P(0,y,2) = oxy}. Then, if

oP
(3.3) &—(O, y,2) #(0,...,0) on &
the equatoin (1.1) has a solution which possesses singularities only on {t = 0} with the growth
order |t|*.
Example (2). i) Let (¢t,z) € C? and let us consider
Ou Ju\m .
—52' =u (5:;) , meE N*.

Then ox = —1/m, P = yz™, 8P/8z = myz™"!, and & = {(y,2) € C xC; yz™ = (—1/m)y}.
If we take (1,(—1/m)*/™) € T we have (8P/82)(0,1,(=1/m)/™) = —(—m)¥/™ # 0. Thus,
we can apply Theorem 3.3 to this case and obtain the following: this equation has a solution
with singularities only on {t = 0} of order |¢|~1/™. Compare this with Example 1.3.
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if) Let us consider
Ou 9 Ou 2
5 =a@ v +b) (52) +elt,),

where a(z), b(z) and c(t, z) are holomorphic functions. Then ox = —1, P = a(z)y? + b(z)2?
and so if b(0) # 0 the condition in Case (2) is satisfied. We have & = {(y,2) € CxC; a(0)y*+
b(0)z% = —y}. If we take a so that o+ a(0)a? # 0 and define 8 by 8% = —(a + a(0)a?)/b(0),
then we have 8 # 0, (o, 3) € X and (9P/82)(0,a, 3) = 2b(0)8. Thus, if b(0) # 0 we can
apply Theorem 3.3 to this case and obtain the following: this equation has a solution with
singularities only on {t = 0} of order |¢|~!.

Lastly, let us consider the case (3). We will give a sufficient condition only in the case
n = 1; in the general case n > 2 we have no good results. Suppose n = 1 and set

oP
= {ye C; %(O,O,y):ffxy},
o%P 9P
6755(0’0’2) = {%(O,O,y), y € 2}-

Theorem 3.4 (Case (3)). Suppose n =1, Ay # 0, M # 0 and the conditions in Case
3). If

82P Ok Ok Ok
(34) %(07012) ¢ [O’OO)U{?,—:{’Z,”.}

in C, the equatoin (1.1) has a solution which possesses singularities only on {t = 0} with the
growth order |t|%.

Example (3). Let (t,z) € C? and let us consider

5 2
—1‘ =a(@)u +z (-g;—‘) +clt, z),
where a(z) and c(t,z) are holomorphic functions. Then ox = —1, P = a(z)y? + z2% and so

the conditions in Case (3) are satisfied. We have & = {a € C; o? = —a} = {0,—1} and
(82P/820x)(0,0,%) = {0, —2}. Since —2 & [0,00) U {—1/2,—1/3,...} we have the condition
(3.4). Thus, we can apply Theorem 3.4 to this case and obtain the following: this equation
has a solution with singularities only on {t = 0} of order |t|~!.

§4. Way of Constructing a singular solution

The proofs of Theorems 3.1 - 3.4 are given in Tahara [9] and [10]. In this section, we will
give only a sketch of the construction of a singular solution with the growth order |¢|%.

Suppose Az # 0, M # 0 and let P(z,y, z) be the one in (3.1). Let us construct a solution
of (1.1) of the form

(4.1) u(t, z) = t* (‘P(x) + w(t, :II))

where ¢(z) is a holomorphic function in a neighborhood of 2 = 0 with ¢(z) # 0, and w(t, z)
is a function belonging in the class O, which is defined by the following:

Definition 4.1. A function w(t, ) is said to be in the class O if it satisfies the conditions
c1) and ¢2): ¢;) w(t, z) is a holomorphic function in a domain {(¢,z) € R(C:\ {0}) xCZ; 0 <
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lt| < n(argt),|z| < R} for some positive-valued continuous function 7(s) on R, and some
R > 0; c2) there is an a > 0 such that for any 6 > 0 we have sup|, < [w(t, z)| = O(J¢|*) (as
t — 0 under |argt| < §). Here R(C; \ {0}) denotes the universal covering space of C; \ {0}.

Since ox < 0, p(z) # 0 and w(t,z) — 0 (as t — 0), we easily see that this function
(4.1) has really singularities of order |t|* on {t = 0}. Hence, if we can construct such a
solution as in (4.1), we can conclude that singulasrities of order || on {t = 0} appear in
the solutions of (1.1).

Substituting this (4.1) into (1.1), we get

- 0 , - .70 ow\
o 1(0K<p + (tﬁ + O'K)w) = Z thiatal+ialp, (¢, z) (¢ + w)? (5(5 + B_w)
G, x)eA
and by cancelling the factor t%*~! we have
o k tlal— (Op  Ow\o
i - 0 t1toc(i+lo|-1) Vi et Wi T
(42)  apt(tzmraju= ¢ bialt,2) (p+ ) (5o + 52 ) -

(,a)eA
Here we remark that

kia+1l+o(i+|a|—-1)=0 if (j,a)eM,
kja+1+o(j+lal—1)>0 if (ja) € A\ M.

Therefore, by using the function P(z,y,2) we can write the equation (4.2) in the following
form:

(4.3) oxp+ (tg +0K)w= P(x, Y+ w, g% + __aa_g_)

ot
(O Ow\o
E . J - -
+t . CJ,a(t,.’E) ((p+’lU) (am + am)
(j,a)eM
. .10 ow\ o
kjat+1+0k(i+|al—-1)y i 9%
+ o bialt,2) (0 + w) (55 +32)
(j,o)eA\M

where ¢; o(t, z) = (bj(t, T) — bja(0,))/t. Since we are now considering a w(t,z) € O, we
have w(t,z) = o(1) (as t — 0) and so by letting £ — 0 in the above equation we have

- i
(4.4) ok = P(:c, P, (9:6)'
Then by subtracting the equation (4.4) from (4.3) we obtain
0
(4.5) (t—ét— o) w

6acj

;0 ow\ o

+t Y Galto)e+w) (zo+5)
Ge)eM

: kjotltoc(i+lal-1)p. i (9p , Owye
DV bialt,2) (0 +w) (5o +52) -
(,e)eA\M
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Here, G, is the remainder term of the Taylor expansion of P with respect to (w, dw/dz). To
summarize our goal, we have the following proposition:

Proposition 4.2.  If the equation (4.4) has a holomorphic _solution ¢(x) which is not
identically zero and the equation (4.5) has a solution w(t,z) € O, then we have succeeded
in constructing a solution u(t,x) of (1.1) with singularities of order |t|* on {t = 0}.

Thus, to prove the existence of singularities of order [¢|* on {¢t = 0}, it is sufficient to
study about when Proposition 4.2 is valid. For the concrete construction we need to use
results in [2], [12], [1], [11] and the Cauchy-kowalevsky theorem.

§5. On higher order case

Lastly let us give some comments on the following higher order case:

(5.1) (gg)m“ =F (t’ o {(gt_)j(%) a“}(j,ooeA)’

Here, for convenience, we have denoted by A the set of multi-indices {(j, @) € NxN"; j+|a| <
m, j < m}; let N be the cardinality of A. In describing the function F, the variable Z;  will
correspond to (8/8t)7(8/8z)%u and the totality of the Z; ,’s will be denoted by Z, that is,

Z= {Zj,a}(j,a)e/\ ech.

Let 2 be an open neighborhood of the origin (0,0) € C; x C?. We suppose the following
condition: F(t,z,Z) is a holomorphic function on € x CVN.

Since the function F(t,z, Z) is holomorphic, we may expand it into the following conver-
gent power series in Z:

F(t,z,Z) = Y au(t,z)2*
HEA

Z thub, (t, 2) Z".

HEA

In the summation above, the set A has elements of the form p = (4j,0)(j,a)ea and is a subset
of N¥; we have omitted from A those multi-indices u for which a,(t,z) = 0. The expression

ZH is
Z¢= [ (Zja)e.
(4,2)er

Moreover, we have taken out the maximum power of ¢ from each coefficient a,(t, z), so that
we have b,(0,z) # O for all o € A. Using this expansion, we can now write our partial
differential equation as

m ON\if 0\
(;%) u = Etk“bp(t,w)(j,glel\ [(E)J(EE) 'u,]

Denote by ~:(u) the total number of derivatives with respect to ¢ on the right-hand side
of the equation above, i.e., let

Hj,a

Yw)= Y. mja for p=(4ja)yaer €N".
(G.c)eA
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Since the highest order of differentiation with respect to ¢t appearing on the right-hand side is
m — 1, we have v;(u) < (m — 1)|u|. We set Ag = {u € A; |u| >2}. If Ay =0, (5.1) is linear
and we have Zerner’s result. In the case Ay # @ we introduce the index ok due to Kobayashi:

-k, —
(5.2) Ox = Sup u—mt ’Yt(N)_
pel, lul =1

Using this index, we see:

(1) On the non-existence of singularities we have the same results as in section 2
also in higher order case.

(2) But, on the existence of singularities we have not yet completed to construct
singular solutions in all the cases which appear in the discussion.

See Chen-Tahara [1], Gérard-Tahara [3],[4],[5], Kobayashi [7], Lope-Tahara [8], Tahara [11],
and Tahara-Yamazawa [13].
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