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Weighted H? spaces on a domain
and singular integrals

RERFREXHEZEH EHHEEZ  (Akihiko Miyachi)

Tokyo Woman’s Christian University

This note gives a survey of some recent results on weighted Hardy spaces and singular
integral operators on a bounded domain.

In Section 1, we shall review the works by Der-Chen Chang, S. Krantz, E. M. Stein,
and G. Dafni concerning the Hardy spaces on a bounded domain of R" and the estimates
of certain singular integral operators in those spaces. In Section 2, we review definitions
of weighted Hardy spaces on a domain and some of their properties; here the results will
be given in the most general setting, i.e., the results will be given for arbitrary open
subsets of R”, n 2 1, which is equipped with a Borel measure satisfying certain doubling
conditions. In Section 3, we consider the 1 dimensional case with a special weight and
give some results on the estimates of singular integral operators in the weighted Hardy
spaces on an interval. In the last section, Section 4, we give some remarks on the proofs
of the results of Sections 2 and 3.

We use the following notation. A ball is the subset of R™ defined by

B(z,t)={yeR"||z—y|<t} (z€R"”, 0<t<o0).

If B = B(z,t) and 0 < a < 00, then we write aB = B(z,at). We write 1 to denote the
defining function of a set E.

§1. Review of some previous works
For arbitrary open subset Q2 C R", we can define the space H?(f2) as follows.

Definition 1([Mil]). Let Q be an open subset of R” and 0 < p £ 1. Take a function
¢ € C3°(R™) such that suppp C B(0,1) and [ ¢(z)dz = 1. We write p(z) =t "p(t"'z)
for t > 0. For distributions f on Q, we define

f(z) = sup{{£, ez — ))| | 0 < t <47 da(2)},
where do(z) = dis(z, ¥¢), and define

p
£y = 1 llze () = ( /Qf +(x)pdz) '

We define H?(Q) as the set of all those distributions f on Q such that || f||ar@) < oo.

It is known that the equivalence class of the quasinorm || - ||zr(q) and the space H?()
do not depend on the choice of . It is also known that if  is a sufficiently nice domain
(for example, if Q is a bounded Lipschitz domain), then H?() coincides with the set of
the restrictions to  of the elements of the ordinary H? space on R™. For details, see

Mil].
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If ) # R, the space H?(Q) is not suitable to consider singular integrals, as the following
simple example shows.

Example. Let = (0,7) C R and consider

(TF)(z) = pv. foﬂ {-ﬁ_%dy 0<z<n)
For 0 < ¢ < 7/10, set
fe = £ 1 (10¢ 20 216 /20)-
Then || fel| a1 ((0,x)) = 1. But, since
(Tfe)(z) =zt for 26 <z<m,

we have
[i@s@itss [ s 1056,
2 2¢

which tends to oo as £ — 0.

Der-Chen Chang, G. Dafni, and E. M. Stein [CDS] considered two kinds of H” spaces
on a bounded domain of R” which work well for singular integrals. (Closely related works
is also given by Der-Chen Chang, S. Krantz, and E. M. Stein [CKS].) We shall review
their results.

Definition 2. Let ¢, be the same as in Definition 1. For distributions f on R", we define
fri(z) = sup{l{f, pe(z = N0 < t < 1}
and
I e (mny = £+ zoem)-

We define h?(IR") as the set of all those distributions f on R" such that || f||sr@n) < oo.
If Q is a bounded domain in R", we define

R(Q) = {f € W (R") | supp f C O}
@) = Il flle@e) for f € RE(Q).

Remark. The definition of h?(R") goes back to Goldberg [G]. The space h?(Q1) was
studied by Jonsson, Sjégren, Wallin, and other people; see [JW].

and define || f

Definition 3([CDS]). Let Q be a bounded domain in R* with C*° boundary and let
0<p<S 1 Set

C7 (@) ={p € C=(@) | ploa =0}
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For z € (1, we define 7(z) as the set of all those ¢ € C5°(f) for which there exists an
extension p € C=(R") of ¢ and a ball B such that B 3 z, R = (the radius of B) £ 1
supp @ C B, |0°@(z)| £ R~ for |a| £ [n/p — n]. For f in the dual space (C(Q)),
we define

ma(f)(z) = sup{|(f, )| | ¢ € T(z)}

and
1£llze@) = llma(f)lze)-

We define h5(T0) as the set of all those f € (C°(1))' such that ||f[l,m < oo

Consider the following boundary value problems.
Dirichlet boundary value problem for Laplacian:

Du=f in Q
(D)
Ulan =0,

where f € C(QQ) is a given function. We write the solution of (D) as u = Gp(f).
Neumann boundary value problem for Laplacian:

(( Au=f in Q
ou

/ u(z)dz =0,
\ Ja

where f € C*® (Q) is a given function satisfying [, f(z)dz = 0. We write the solution of
(N) as v = Gn(f).
Der-Chen Chang, Dafni, and Stein proved the following theorem.

Theoprem A([CDS]). Let Q be a bounded domain in R™ with C* boundary. Then:

*Gp(f)

(1) The mapping f 9 is a bounded operator of h5(Q) to itself;

0z;0z;
2 a—
(2) The mapping f — 33Gg(f) is a bounded operator of h2(2) to itself;
z;
: P*Gx(f) s
(3) The mapping f — ———= Gz :0s, is a bounded operator of hE(2) to itself.

Remark. Recently S. Mayboroda and M. Mitrea extended these results to domains 2
with Lipschitz boundary.

The purpose of this note is to show that the H? space on §? which is of the same type
as that of Definition 1 but is considered with certain weight also works well for singular
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integrals. We shall define the H” spaces for arbitrary domains of arbitrary dimension
with general doubling weights but as for singular integrals we shall give only partial
results restricting to the case of 1 dimensional interval with special weight.

§2. Weighted H? spaces on a domain

Let Q be an open subset of R™ and let n < 0 < co. We define the set Double(f2, o)
as the set of all those Borel measures A on Q for which there exist A = A, such that
whenever B is a ball with 2B C €2 then

0 < A(B) £ At°A(t™'B) < ©

for all t 2 1. We say that A is a doubling measure on  if A belongs to Double(Q, o) for
some o 2 n.

Definition 4([Mi2], [Mi3]). Let Q be an open subset of R", let A be a doubling measure
on €, and let 0 < p £ 1. For distributions f on €, we define f* in the same way as in
Definition 1 and define

1/p
| Flln = | v = ( / f*(w)‘”dz\(x)) .

We define HP(Q2, \) as the set of all those distributions f on Q such that || f||z»(0,) < co.

The space H?(Q) of Definition 1 coincides with H?(Q2, A) with A =(the Lebesgue mea-
sure).

We shall give two properties of these spaces.

The first property concerns with the change of variables. Let { and Q are two open
subsets of R” and let & : 2 — Q be a C* diffeomorphism. We make the correspondence
between f € D'(Q) and f € D'(Q), by f(y) = F(®(y)) in the sense of distribution or by

(F(2),¥(2)) = (f(9), (@)1 Te(®)])

for all ¥ € C°°(Q), where Jp denotes the Jacobian determinant of ®. We make the
correspondence between a Borel measure A on 2 and a Borel measure A* on Q, by M(E) =

A(®~Y(E)) for E C Q or by
[ o(2)dX" (z) = f 9(8(y))dA)
Q 0

for all Borel functions g on Q.
Then we have the following Proposition.

Proposition 1. Suppose ® satisfies the following estimates:
(i) Va(y)| 2 A7'd5(2(y))"daly)™,

(i) 185 (y)| S Aadg(®(y))daly)™'™ for each a # 0.
Then:
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(1) X € Double(2, o) if and only if \* € Double((, 7);
(2) The mapping f — f is an isomorphism of HP(Q, A) onto HP(Q, A*).

Remark. It can be shown that in the case n = 2 every conformal mapping ® satisfies
the conditions of this proposition with universal absolute constants A and A,.

The next property concerns with the multiplication of functions.

Proposition 2. Let Q be an open subset of R" and let 0 < p £ 1. Let w be a strictly
positive C* function on Q satisfying the estimate:

B5w(y)| £ Aaw(y)daly) ™.

Then for each doubling measure A on , w™PX (where (w™PA)(E) = [pw(y) PdA(y)) is
also a doubling measure on Q and the mapping f — wf is an isomorphism of HP(Q, )
onto HP(Q, w™PA).

§3. Singular integrals on weighted H” spaces on a domain; 1 dimensional case
In this section, we shall consider the case where

0= (0,7) (the open interval of R)
and consider the Borel measures A, ; on (0, 7) defined by
Das(E) = / 6°(r - 0)'d8  (E C (0,m)),
E
where a, b € R. We shall simply write
Lz,b = LP((0,7), Aap), HZb HP((0,7), A b)-
We shall show that many singular integral operators work in Hf, if a and b are chosen

appropriately.
We make first an observation by considering the simplest singular integral

(T£)(6) =pv f(¢)d¢ (0 <8 < 7).

For 0 < ¢ < 7/10, we set

fe = €% M 19¢/20,21¢/20)
Then || fe|la:, = 1. We have

(Tf)(@) ~ ¢! and 26<b<m.

Thus if a < 0 and b > —1 we have

% /2 T
T f¢)(8)|dAap(6) —egl+ede ~26bdf ~ 1.
[ i@neiaae ~ [ e +f
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With a little more calculations we can check that [|[Tfellg:, ®# 1ifa <0 and b > 1.

Notice that the last estimate does not hold if a = 0 (unweighted case) or if a > 0.
This suggests that we may obtain the boundedness of singular integrals in H} , if we
choose a and b appropriately. In fact we have the following theorems.

Theorem 1 (Multiplier theorem for cosine series, [Mi4, Theorem 3.1]). Suppose F is a
C™ function on [0,00) which satisfies the estimate

d™F(z)

< —-m
d.’l?m = Am(l + SC)

for eachm € {0,1,2,---}. Suppose 0 <p<1and—-1<a,b<p~—1 Then we have

o o]
E a,, cos nd

n=0

<c

a,b

Z F(n)a, cosnf

n=0

HZ,
for all {a,} € I2.
The next theorem is a special case of the transplantation theorem for Jacobi series.

Theorem 2 (Transplantation theorem between cosine and sine series, [Mi5]). Let 0 <
pSlanda,beR.

(1) Suppose @ > —1 —p, b > —1 —p, and suppose A = (a +1)/2p+1/2 and B =
(b+1)/2p + 1/2 are not positive integers. Set N = max{0,[A]} and M = max{0,[B]}.
Then there exists a finite constant C such that the estimate

Z a, sin(n + 1)9 Z a, cos n0
n=0 n=0
holds for all those {a,} € I* satisfying
a, =0 for 0SEnSN+M-1 (%)

(2) Suppose a > —1, b > —1, and suppose A = (a +1)/2p and B = (b+1)/2p are not
positive integers. Set N = max{0,[A]} and M = max{0,[B]}. Then there erists a finite
constant C such that the estimate

E a,, COos n9

n=0

Zan sin(n + 1)

n=0

HE,
holds for all those {a,} € I? satisfying (*)

Notice that the moment condition (%) is vacuous if N = M = 0 which is the case
-1-p<a,b<p-1in(l)and -1<a,b<2p—1in (2).
Here are some remarks concerning Theorems 1 and 2.

Remark.
(a) Theorem 2 is an extension of the transplantation theorem of Muckenhoupt [Mu], where
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the case 1 < p < 0o is treated.

(b) The cases where A or B is a positive integer is not covered by Theorem 2 nor by
Muckenhoupt’s theorem in [Mu]. It may be an interesting problem to extend the theorems
to these exceptional cases.

(c) In Theorem 2, the set of all those f € Li, N H., which can be written as f =

Y g Gn COSTIH (m the case (1)) or f = Y >, n sm(n + 1) (in the case (2)) with the
moment condition (x) is dense in H} ,.

(d) It is quite believable that one can extend Theorems 1 and 2 to the case of hlgher
dimensions. For example, one might well obtain results similar to Theorem A by using
weighted H? spaces of Section 2.

§4. On the proofs v
The proofs of Propositions 1 and 2 and Theorems 1 and 2 are based on grand maximal
function characterization of H?((2, A).

Deflnition 5. For ¢ € R", m a positive integer, and for r > 0, we define the set T, (z, )
as the set of all those ¢ € C§°(R") such that supp ¢ C B(z,r) and [8%¢(y)| £ r~""l for
la| £ m. If Q is an open subset of R” and z € 2, then we define 7, (x) as the union of
Tm(.’v r) over 0 < r < 47tdg(z). If Q is an open subset of R™ and f is a distribution on
2, then we define

folz) = sup{[{f, ¥}| | ¥ € Tuu(2)}.

Proposition 3([Mi3, Theorem 1.1]). Let Q be an open subset of R*, 0 <p<L1,nSo<
oo, and let X € Double(Q2,0). Let m be a positive integer such that m > o/p — n. Then

1l a2 [ fnllze @)

Propositions 1 and 2 can be easily proved by the use of Proposition 3.

From Proposition 3, we can also deduce the atomic decomposition for HP(€2, A), which
reads as follows.

We introduce the atoms of H?(Q, ), 0 < p £ 1, as follows.

Definition 6([Mi3]). Let Q be an open subset of R®, 0 < p £ 1, and A be a doubling
measure on §2. Let L be a positive integer and 0 < s < 1/20.

(1) A function f € L*(Q) is called an (H?(f2, X),0) atom if there exists a £ € {2 such that
supp f C B; = B(§, sdq(§)) and ||f|z= S A(Bg)™'/>.

(2) A function f € L*>(Q) is called an (H?(2, A), L) atom if there exist an ¢ € Q and anr
such that 0 < r < sda(z), supp f C B(,r), [|fllu= < A(B(z, )", and [ f(y)P(y)dy =
0 for all polynomials P of degree $ L — 1.

The atomic decomposition for H?(§2, \) reads as follows.
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Proposition 4([Mi3, Theorems 1.2 and 1.3]). Let Q be an open subset of R*, 0 <p S 1,
n <o < oo, A € Double(Q2,0), and let 0 < s < 1/20. Let L be a positive integer such
that L > o/p — n. Then a distribution f on § belongs to H?(2, \) if and only if 1t can be
written as follows:

(i) f=3; i + 32 uith; with the series converging unconditionally in HF (Q,A);
(ii) ¢; are (HP(Q,A),0) atoms and ¢; are (HP(Q, ), L) atoms;

(ifi) A; and p; are nonnegative real numbers and (3, X + 3, )
Moreover, for f € HP(Q, ), we have

1l = in { (Z N+ Z”) /}

where the inf is taken over all those \;, pj, @i, and ¥; satisfying (i), (ii), and (iii).

VP ¢ 0.

Notice that under the isomorphisms of Propositions 1 and 2 (i.e., change of variables
and multiplication by a fixed function) the (H?(2, A),0) atoms are essentially preserved
but the moment conditions of (H?(Q2,)),L) atoms change their form. In other words,
for a given f € H?(Q,)), we can obtain, by combining Propositions 1, 2, and 3, atomic
decomposition of f in many different forms using atoms which satisfy different moment
conditions. In the proof of Theorem 2, atoms which are orthogonal to polynomials of
cos 8 are useful. For details, see [Mi5].
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