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1 Introduction and basic definitions

In this manuscript, we consider the isomorphism problem for a one-parameter
family of non-invertible infinite measure preserving transformations, which we
call a-Farey maps, % < a < 1, together with the same problem for their natural
extensions, based on [8]. The author has introduced the notion of the o-Farey
maps as a generalization of the Farey map in [7]. The notion of the Farey map
originally arose from the mediant convergents of the regular continued fractions,
see [3], and this map induces the Gauss map as a jump transformation or an
induced transformation, see [2]. Here, the Farey map F' and the Gauss map T
are defined by the following, respectively :

pw < [T EElD
=2 i zel}l],

1 -[3] if 0,1],
T(z) = {” el 1 vl
0 if z=0, -

where [y] denotes the integer part of a real number y. If we put 7(z) = min{n >
0: F"(z) € [$,1]}, then we see that T'(z) = F"(“)‘*' e ) It is well-known that T
preserves the Gauss measure, which is given by T_ = +w ——dz and F preserves the

infinite measure given by = Lldz. The a-Farey maps F, are related in a similar
way to the a-Gauss maps Ta, which are generalization of the Gauss map. Their
maps are defined as follows explicitly. For -1- <a<l,weputl, = [@—-1, a]
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Define the map T, of I,, which we call the a-Gauss map, by the following :

=140, i seL\ o),

To(z) =

here [y]o =7 if y € [n—1+a, n+a). We note that T} is the Gauss map and
T1 is the nearest integer continued fraction transformation. The fundamental

propertles of T, were discussed in [6] together with some ergodic properties.
In particular, it was shown that there exists an absolutely continuous ergodic
invariant finite measure p,, for T,, which is given by

ta(A) = / ho(z)dx for any measurable subset A C I
A

with the following :

Case(i) 3 <a< -‘@2:—1
w+é+1 if zel 1, l_ag“]
halz) = $ 7373 if z e(i=2e, 22l (1.1)
xiG if ze[2l a)
with G = ¥5£L,

Case(il) &=L <a <1

Lo if zela-1, =2

ha(z) = § 17 (1.2)
— if z (¥, a)

Next, we put J, = [a — 1,1] and define F, of J,, which we call the o-Farey

map, by

=

(= if zela—1,0)= Jar,
o : 1
= if z€l0,5)=:Taz,
Falz) = S 1—~:m : 11
p if z¢ [5, -1—)—_04] = joz,37
- \1;90 if .'IIE(H_Q, ]—‘:I ja’4. -

As for the case between the Gauss map and the Farey map, we see that F,
induces T, as a jump transformation for each «, —é— <a<l.

Proposition 1. For z € 1, put
— min{n : F2(z) € Jas U Jua).
n>0

Ta(z)

Then, we have

To(z) = FL@T (z).



Corollary 1. There exists an absolutely continuous invariant infinite measure .

vy for Fy. Moreover F, is ergodic with respect to v,.

The main claim of this manuscript is the following:

Main Result.
For any a and o/, —%— <a#d <1, Fy and Fy are not isomorphic, on the
other hand, their natural extensions are isomorphic.

In the next section, we give the standard representation E., of the natural
extension of F,,. However, for the proof of the main result, a different repre-
sentation Fl, of the natural extension is useful. We construct an isomorphism
between these two representations Fy, and F, and claim the fact that E, is also
the natural extension of F,,. Then it is easy to see that E, is always isomorphic
to £y for any a,2 < a < 1. In the following, we show that F,, and F, are
not isomorphic whenever « # «o'. In general, if two ergodic probability measure
preserving transformations are isomorphic, then the measure of a measurable
subset and that of its image by the isomorphism have to be the same. We may
use this fact to prove the non-isomorphy of two transformations. In the case of
infinite measure preserving transformations, these measures are not necessarily
the same but they must be constant multiples of each other, see later. For the
o-Farey maps with the invariant measures v, given in §2, we see that the mul-
tiplicative constant is always equal to 1, which is shown in Lemma 1, §2. With
this fact, we prove the non-isomorphy of {F, : % < a < 1} by using the above
idea.

In the sequel, we give basic definitions and some facts on the natural ex-
tension. The construction of the natural extension, which is stated later, will
be used for T,, and F, in the next section. Let T; be ergodic o-finite measure pre-
serving transformations defined on the standard measure spaces (X;, B;, m;), i =
1,2. A map 7 from X onto X3 is said to be a factor map from T to Ty if
70Ty =Ty om (mi-ae.), 7 By C By (mod.0) and there exists a positive
constant ¢ such that

myom H(A)=c-my(A) for any A € By.

If a map 7 : X; — X» is a factor map from (X, B1, mq,T1) to (Xa, By, mo, T3),
then we write 7 : T7 — T3 for brevity.

Definition 1 (Factor, Extension). If there ezists a factor map from Ty to
T3, then Ty is said to be an extension of Ty and T is said to be a factor of 1.

Definition 2 (Isomorphism, Isomorphic). If there exists a factor map = :
Ty — T, with the constant c such that 7 is a one-to-one onto map and 7w}
Ty — T4 is also a factor map with the constant 1/c, then Ty and Ty are said to
be isomorphic and 7 is said to be an isomorphism.

Definition 3 (Natural extension). A measure preserving transformation T
is said to be a natural extension of a measure preserving transformation T if

85



T is a minimal invertible extension of T, that is, if S is invertible and is an
extension of T', then S is an extension of T.

About the existence and the uniqueness of the natural extension, we quote
the following fact, see Theorem 3.1.5 and 3.1.6, J. Aaronson [1] :

Theorem. For any ergodic measure preserving transformation T of a stan-
dard, o-finite measure space, there ezists a natural extension T on a standard
space. Moreover, if T and T are natural extensions of T, T and T' are isomor-
phic.

One standard way of constructing the natural extension is the following.
Let T be an ergodic o-finite measure preserving transformation of a o-finite
standard measure space (X, B, m). We put

X =][X ={(z0,z1,23,...) s m € X, i 2 0}.
0

Define

X = {(wo,:z:l,:vg,...) eX:z :T($¢+1), 4 20} (13)
and
T(zg,z1, %3, ...) = (T, To, 1,...) for (xo,z1,za,...) € X. (14)

Let B be the o-algebra of X which is generated by the sets of the form

n

(TP A

for any n > 0 and Ao, A1,..., A, € B. Then we define the measure m on X by
m({(zo,z1,22,...) € X: zp € A, 0 <k <n})= (ﬂ T—(n=k) 4 k) . (1.5)

It is possible to show that 7 on (X,B,7
extension of T on (X, B, m), see p90, [1].

) is a representation of the natural

2 Main theorem

We denote by (I, fia, Tn) and (Ju, P, Fa) the natural extensions of T, and F,,
given by (1.3) and (1.4), respectively, that is,

ia = {(350,531,502, . E ]:[Ia ZI; = "’C?"I‘l)? 1 > O}

Ta(xo,fl.'l,xz,. ..)2 (Taxg,xg,ml,.. ) for (a:o,xl,a:g, ) el,
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and
Jo={(20,21,22,...) € | [ Ta : 2 = Falziz1), i 20},
0

Fa(z(), 21,29,...) = (Fazo,20,21,...) for (z0,21,22,...) € ja.

Moreover, [, and 7, are the measures given by (1.5). We do not mention the o-
algebras specifically since they are induced by cylinder sets and the construction
of measures fi, and U, make it clear what these o-algebras are.

Concerning the isomorphism problem for o-Gauss maps T, the following
results hold: For any « and </, 3@ <a#d <1, T, and Ty (Ta and _’f’af)
are not isomorphic, since their metrical entropy values are different each other.
On the other hand, for % <a< 3@_2'—1, C. Kraaikamp has proved that T,, are
isomorphic each other, see [4]. Here we note the following result. -

Theorem 1. For any o and o/, % <a#d < 3@2_—1-, we have T, and Ty are
not isomorphic. ‘

We can prove this theorem by showing that the set of Jacobian is different
each other for different values of a. Concerning the isomorphism problem for
o-Farey maps F,, we have the following result, which is the main theorem.

Theorem 2 ([8]). For any o and o, 3 <'a# o <1, we have
(i) Fy and F,, are not isomorphic,
(i1) E, and F, are isomorphic.

Now, we prove Theorem 2 in several steps. We note that we prove the
assertion (i) at first and then the assertion (i). As the first step, we show a
relation between F,, and T,.

Put
ja,O = {Z = (207 21,22, - ) € ja 21 € ja,3 U ja,zl}-
We denote by (F‘a) 7., the induced transformation of Fl, to ja,g, that is,

(), (@) = FL=9 (),

Proposition 2. (F,); , and T, are isomorphic. -

Next, we consider different representations of the natural extensions of T,
and F, respectively, for the proof of the main theorem.

We put
[a - 17 1‘_0526“') X [_007 ~€+3] U [1—C¥2cx, 21a__al) X [—001 _2]
i =) vl o] x [—oo, 45| if 1<a<¥EL

o — 1,452) x [—00, =2 U [152, 0] x [—o0,-1] if ¥l <a<]



and

(o —1,2222) x [—c0, ~¥EH3| U [1=22 0) x [—o0, 2] U [0, @) X [~00,0]
: Ule, 152) x -4 0ju 22, 1] x [-1,0]  if f<a<¥
ja = <

[ — 1,0) x [—00, —=2]U [0, @) x [~00,0] U [, 1] x [-1,0]
< if Bl<a<l

Define a measure o, on ja by
o = fa(z,y)dzdy for (z,y) € Ja

with g4 (z,9) = G:Ly"’ and fi, denotes the restriction of 7, to ia, that is,

A

dfia = Jo(z,y)dzdy for (z,y) € La.
We define maps T, of 1, and E, of T by

ute) = (228 o), 222 o))

y
and
f -
(——ﬁ, —T%) ifze Jan
. (% ) if z € Jo,2
Falmy) =93 | .. 1, .
( _w £, v ) ifz e ja,S
(42, Lox) if 2 € T,
respectively.

Proposition 3. I, is a one-to-one onto map of Jo except for a set of Lebesgue
measure 0 and Dy-preserving.

We will construct an isomorphism from (Fl, 7a) to (Ea, P). We note that
the z-marginal density of fi,, coincides with hy(z), see (1.1) and (1.2). Moreover
the marginal distribution of 7, gives the absolutely continuous invariant measure
vy for F,, that is,

dva(z) = gal(z)dz

with

%w=/  alm )y, (2.1)
{y:(z,y)eda}

A

Note that ﬁa(ja) = Vo(Ju) = 0o. If we change y to w = '—% for (z,y) € 14,
then we get the natural extension that was discussed in [6].
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Proposition 4. There exists an isomorphism & : To, — T such that fi, 061 =
fra-
Proposition 5. T, and (ﬁ’a)ia are isomorphic.

Proposition 6. F, and F, are isomorphic.

Proposition 7. F, and I are isomorphic.

We note that for any o,4 < o < 1, F, and Fy are isomorphic with the

isomorphism 1[: : F, — Fy which is given by the following :
(z+1,y+1) if z€[a—1,0)
(z,y) if zel0,1].

The statement (ii) of Theorem 2 follows from Proposition 6 and 7. Now we
show the statement (i). We start with the following lemma.

Lemma 1. Suppose that % is an isomorphism from E., to Fa: such that U, o
71 =Dy, then Uy 0o 7~ = Dy for any isomorphism #' from Fy to E..

Proof. The mduced transformation of Fy to [3,1] is isomorphic to Ty by the
1somorphlsm = — 1. Thus, F} is pointwise dual ergodic since T4 is continued
fraction mixing. Hence, Fy is rationally ergodic which implies F, is also ra-
tionally ergodic for any c, -%— < & < 1. The rational ergodicity of F, implies
that F,, has a law of large numbers in the sense of [1]. Then i, 0 7! = ¥4
for any isomorphism 7 : F, — F,, see 3.3.1 and Definition and Remark 1, p96
in [1]. This shows the assertion of the lemma since #'~! o7 : F, — F, is an
isomorphism. We refer to pp93 — 99 and pp118 — 128, [1] for the detail. O

Let
Eyi={ze Ty : 1F;(z)=1i}, i=1,2.
We also need the following lemma :

Lemma 2. We have

) (Va(Ea,1), Va(Ba,z2)) # (Vo (Bor 1), Vo (Bar 2))
for any o and o/, % <a#d <1

Proof of Theorem 2 (i).

Suppose that ¢ : Fy, — Fy is an isomorphism. Then ¢ induces the isomorphism
¢ from F, to Fy by (20, 21,22,...) to (#(z0), #(21), ¢(22),...). From Proposi-
tion 6, Proposition 7 and their proofs it is possible to construct an 1somorphlsm
9 F — F., such that e S = Uy+. From Lemma 1, we see 7, o 45 = Uy.
This implies vy 0 ¢! = v,. Since

-

¢—1(Ea’,i) = Ea,ia 1= 1’ 2,
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we have
Va’(Ecx",'i) = Va(¢—1(Ea’,i>) - Va(Ea,i)i

This is impossible by Lemma 2. O

Remark. If “ Z‘ggzi g # ;":Eg"‘:ig” holds for any a # o/, then we do not need

Lemma 1. However, for some «, there exists o’ # « such that
Va(Ea 1) _ Va'(Ea’,l)
Va(Ea,2) V! (Ea’,2)

holds.
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