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Some Doubly Infinite, Finite and Mixed Infinite Sums
derived from The N- Fractional Calculus of A Power

Function ( with Some Examinations )

Katsuyuki Nishimoto and Susana S. de Romero

Abstract

In this article theorems for some doubly infinite, finite and mixed infinite sums
derived from the N-fractional calculus of a power function are reported.

Moreover some numerical examinations for the theorems are reported too.

§ 0. Introduction ( Definition of Fractional Calculus)
(I) Definition. ( by K. Nishimoto )([1] Vol. 1)
Let D={D ,D.}, C={C,C},
C_ be a curve along the cut joining two points 7 and — © + iIm(z),
C, be a curve along the cut joining two points z and %+ iIm(z),
D be a domain surrounded by C_, D, be a domain surrounded by C, .

(Here D contains the points over the curve C ).

Moreover, let f = f(z) be a regular function in D(z €D),

L(v+1) f&)
_ — - , 1
fv(z) (f)v C(f)v 2”1 L(C—Z)V*ldé (Vez—) ( )
(Fn=lim(H, (mEZL), (2)
where ~wsarg(§ -z)sw for C., Osarg((-2)=2n forC, ,

Ewz, z&€C, vER, T ;Gamma function, |
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —v for v <0 ), with respect to z , of
the function f , if |(f)v| <,

(I) On the fractional calculus operator N* [ 3]



Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N* be

N - (F(w-l) dg¢

Py L(C—Z)m) (VE&Z), [Referto(1)] (3)

with
N"= lim NV (m €Z%), (4)

V= -m

and define the binary operation o as

NPoN“f=N’N"f=N¥(N°f) (a,BER), (5)
then the set
{N"}={N"|veRr]} (6)
is an Abelian product group ( having continuous index v ) which has the inverse
transform operator (N*)™ =N to the fractional calculus operator N* , for the

function f such that f €F ={f; 0= |f|<w,vER}, where f = f(2) and zEC.

(Vis. —0o<v <0 ),

( For our convenience, we call N® o N* as product of N® and N°.)

Theorem B. " F.0.G. {N"} " is an " Action product group which has continuous

indexv " for the set of F . ( F.O.G. ; Fractional calculus operator group )
Theorem C. Let
S:=ENIU{O}={N"}U{N"IU{0} (vER). (7)
Then the set S is a commutative ring for the function f €F, when the identity
N*+N°=N" (N° N N’ ES) (8)
holds. [ 5]
(III') Lemma. We have{1]

. 8y mal@=B) (F(a—ﬁ)l w)
(1) (z-¢) ), =e () (z-0¢) rp) < )
(i1) (log(z-0¢)), =-€ "*T()(z-¢c)" (IM(e) <),
(iii) ((z=¢)%)_, =-€" T log(z-¢) (INa)l<o),
where z—c= 0O in(i),and z—c=0,1in (ii)and(iii).( '; Gamma function),
. L= a+D L (M=M(Z),>
(V) (u V)“_,ngtr(au-k) xok v=u2) )
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§ 1. Doubly Infinite, Finite and Mixed Sums

In the following o, 8,y €R .
Theorem 1. Let

Gla.B.y k. m): = [+ DIy + DI(m-B)Lk-m-a +y) (1)
T klU-m!T(a +1-k)[(y +1-m(-B)[(k- o)

(1) When o,B,y &Z , we have the following doubly infinite sums ;

i iG(a B.v ik, m)(Z C) ( c )kg Flf}(’_—aa_—ﬁp;)(z;,c> (2

k=0 ma=0 Z-C

where
I(z-c)/ zI<1l, lclz-0¢)l<1,
and
TGy - -p) |F(k-a+y-m){<m
| Tca-p | | Te-o

The identity ( notation = ) holds for (y —a)EZ .

(ii) When o,y €Z" , we have the following mixed infinite sums ;

EEG(a S,y sk, m)(

k=0 m=0

-a

k _ _ _ Y
Ve @

lel(z-0)l<1, [(z-¢)/zl<>,

for s E€Z" where

and
IF(y—a—s) |I"(k—a+y—m)l<
| T(-a-s) M(k-a) |

The identity ( notation = ) holds for (y —a)€Z .
Proof of (i). Wehave

C)a (4)

c—-2

7 =(z—c)°‘(1—

COT@rD (vt (e gimi-c 5
-0)° Ek'f‘( 1__k)(c 2y (le-z cl) (5)
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i ' T(a+1) _cle+rD

a-k ) 6
% kT(a+1-k) <= (6)

Next make (6) xz* , then operate N- fractional calculus operator N’ to its

both sides, we obtain

iy A _CT@+d (L, ,
2 W (707, 7)

T e+ I(y +1) ek ,
—Ekll“(aﬂ—k),;, e mm i CRU U RMCR (8)

by Lemma (ii).
Now we have

wty _;im D=0 =B aig, ['F(y-a—ﬁ) w)
(z777), =e .I‘(—a-ﬁ)z Ta-p) <o, (9)
_ o -k _ mim(y=m) F(k'_ a+y - m) _ a-k-y+m 10
(@-9%*) = T 79 : (10)

”F(k—a+y—m) -
I'k —a)

and
—imm r‘(m—ﬂ) Zﬁ— m
I'(-p)

(z"), = (11)

by Lemma (1), respectively.
Therefore, substituting (9 ), ( 10 ) and ( 11 ) into ( 8 ) we obtain

L= R == L AT

However the LHS (left hand side) of (12) is always one valued function,

on the contrary the RHS ( right hand side ) of ( 12 ) is many valued function for
(y —a)#Z and one valued one for (y -a)EZ .

Hence we must calculate as

(-Z-;—C-Y—a =<eiznn2_;c_>y_a ((y ;;)Z$Z) , (13)

because we are now being in the field of complex analysis.
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Moreover when (y —a)EZ both of the LHS and the RHS of ( 12 ) are one

valued functions respectively. In this case we have ( 12) strictly.

Therefore, we have ( 2) from ( 12 ), considering (13) for (y -a)€¢Z .
Proof of (ii). Set B=s5EZ" in (2 ), we have then ( 3 ) clearly, under the

conditions.

Corollary 1. When r, pEZ" we have the doubly finite sums ;

iiG(r,ﬁ,p;k,m)(z;C>m< c )k= F(p—r—ﬁ)(z—cy-,' 14

=0 m=o z-c LC(-r-8) b4

for (p-r)EZ , where

tel(z=-0l, I(z=¢c)lzl<m™,

and

|F(p—-r—ﬁ)! |I"(k—r+p—m)l<o0
| C¢-r=p) | L(k-r)
Proof. Set a=r and y =p in(2), we have then this corollary clearly.
Now both of the LHS and RHS of ( 14 ) are one valued functions respectively,
hence the identity ( notation =) holdsin (2 ).

Corollary 2. When r, pEZ" we have the doubly finite sums

p-r

§ Socartmf{2 () - Km0

k=0 m=0 Z Z —C Z

where
lcliz=0l, I(z=¢)lzl<x,
and
|F(p-—r—s)| |F(k—r+p—m)|
ITCr-9 1" | rw-n

< 0

Proof . Set a=r and y=p in(3), we have then this corollary under the
conditins, clearly.

Now both of the LHS and RHS of ( 15 ) are one valued functions respectively,
hence the identity (notation = ) holdsin(3).

§ 2. Direct calculation of the doubly infinite sums
The direct calculation ( without the use of N-fractional calculas ) of the doubly
infinite sum in LHS of § 1. ( 2 ) is shown as follows.



Theorem 2. [Let

Fla+HI(y + DIm - BTk -m - a +v)

G=Ga,B,y ;k,m):=

and

sin o “sina(y — a - B)

P=P@.p.n:= sinz(a + B)-sina(y —a)

We have then

> 3o

k=0 m=0

—_a" k o o t-a
ch)(z€:9 ’P'ﬂz-;iﬁ?(zzc> ’

le/(z-0) <1,

where

and

(@+P), v-a), t —a-PYEZ .

Proof. Now we have
=9 (%)
z zZ—-cC

_ F(Y“a)'[—@,_n[—Y],_n[_Y—a—m]k(z—-c>m( c )

k

k

I‘(—a) k! -m![l+a—y]m Z Z-C
using the identity
C(A+1-k) =(_1)"‘m—+1)w
T(k-A)
and

T(k+y - —m) =(~1)"T(y - o) O
Q+o-y],
where

[Aly =AA +D)-(A+k-1)=T(A +k)/T'(X),with [A], =1

( notation of Pochhammer ).
We have then

k

§ S0 (=9 - e

k=0 m=0 ré Z—-C

Zmtsan ) SR

k

k'm!T(a+1-k)L(y +1-mI'(-PT'k -a) '
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o

_ Ly - a)( b4 )a—r 2 -B81.0-71,

F-a) \z-c Ao ml+a-y],

_F(Y"a) Z - _ —-v-1 -y -1
—F(—a)( ) P myslr -yl

Z—=C

_F(Y—a)f‘(1+a-y)l‘(1+a+ﬁ)/z_c)y-a
= F(_G)F(1+a)r(1+a+ﬁ_},)\ z

where

c Z—-C

<1, <1, Re(a+B)>-1 .

Z—-C

Because we ahave

e e B e M o

since

i Pl (-2,

“~ k!
and

[s ]

-a- Re(c-a-b) >
zE(a,b;c;1)=2[L]&Jm=F(c)F(c a-b) (e(c a-b) o)

mo mllc]l, T(c-al(c-b) CEZ;

Moreover we have the identity.

FME(1-A)=——  (1€2),
sinsxt A
then applying ( 14 ) to ( 10) we obtain ( 3 ) under the conditions.

§ 3. Some Numerical Examinations for Theorem 1

[I] Examination of Theorem 1. (2) ( Doubly infinite sum)
Set

c=1, z=3, a=1/4 and B=y =1/2
in Theorem 1. (2 ) we obtain

k

3 i G(1/4,1/2,1/2 : k, m) (—1—) (

w m _ 14
_2_._) - ['(-1/4) (:>
) 2/ \3 I(-3/4)\3

(8)

(9)

(10)

(11)

(13)

(14)

(1)



' 1/4
_3.M(e"2”g) (nE€2Z) (2)

T Ta/4 3

0.91622--- (forn=0)  (3)
i-0.91622--- (for n=1) (4)
~0.91622-- (forn=2) (5)

-i-0.91622-++ (forn=3) (6)

Now the LHS of (1) is real, then we must choose (3)and (5) from the set

{(3),(4)(5),(6)}.

And now we have

0/2\0 ( first term of >

1
2.1/2: =z
G(1/4,1/-,1/-,0,0)(2> (3) the LHS of (1)

e 1 rad <0 (7)
I(-1/4) 4 T34

Then choosimg ( 5 ) from the set { (3 ), (5) }, since the sign of the double
infinite sum of the LHS of ( 1 ) is decided by the sign of its first term ( with
k =m=0), when

1 k M 1 k+1 2 m+1]
Gk,m(:o)—) (5) ‘ > ‘Gk+l. m+1(§) (g) 4 (;k.m = G’
we have then
2 E G(1/4,1/2,1/2 ;k, m) (-—) (—) =-0.91622... (5)
k=0 m=0 2 3

from (1), considering ( 7).

Indeed we have

1
LHS of (5) = ——9-——() (){r(hﬁ)
AkITE -k\2) | Tk-2

rArrk-2) (g> FGrere-3 (2>2

TTArEHrE-H\3) AT hre-His
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FGrE)rk-4 (2 S D3THrk-13 (z *
+ =] + -
BIN(-HL(-HTrk -HH\3/ 4 THr(-Hrk-H\3

rGrrk-1 (2> rGreyre-2 (2)+_} (8)

+ +
SIT-HL-Hre-H\3/ “er-Hrdre-H\3
=F(i){_l+ 1 _ 5 59 5913 591317
Tl a4 2.4 2124 "3127.4° 412° 4° " 512°5-4°
LT {_ LS S 5 .59 5913
303 L 2:3 274 212%-4% 312%-4° T 41274t 512°.4°
L I® {_4_1 1 1 5 .59 .
20223031 37 23 21274 3124 4204 512 4

@ & 4 1.1
312°30(2) | 3:7-11 2:3-7 213 312°-4

1 5 59 .
A2 TS 4 6l

L ST@ [ & 4 4 1
412*-3'T@)| 3-7-11-15 2-3-7-11 212%-3-7 312°-3

D SRS S
412447 512547

5 '721_‘(%4-) 4* 43 4
- + +
512%.3° F(%) 3-7-11-15-19  2-3-7-11-15 212*-3-7-11

+ 4 + L + ! + + (9)
31237 412*-3 512°4

= - (0.66861-+-) - (0.22272--) - (0.01591-) ~ (0.00690- )
~ (0.00180-+-) = (0.00093 ) =+ +-v--
= - 0.9168:--



[II] Examination of Theorem 1.(3) ( Mixed infinite sum )

Set
c=1, z=3, a=1/4, y=1/2 and s=1

in Theorem 1.(3) we obfain

w k A M '__ 1/4
S S G(1/4,1,1/2:k,m) (l) (1) ;M(Z‘ (12)
& & 2/ \3 [(-5/4)\3
114
=_-5—-£§1—/51-( e“""-2-> (nEZ) (13)
12 T(3/4) 3

~1.113943---  (for n=0) (14)
~i"1.113943--- (for n=1) (15)
1 1.113943--  (for n=2) (16)
i-1.113943--- (for n=3) (17).

Now the LHS of (1) is real, then we must choose (14)and ( 16 ) from the

set{(14),(15),(16),(17)}.
And now we have

/ 0 (1 0,2, first term of
G(1/4,1,1/2:0, )\2>(3) (theLHSof(l?.))
T4 1 rad (18)

= = <
I'(-1/4) 4 T34
Then choosimg (14 ) from the set {( 14),(16)}, since the sign of the double
infinite sum of the LHS of (12)is decided by the sign of its first term (with

k=m=0), when

a3 ()]

we have then

1 k+ 1 2 m+1
Gk+Lml(;) (;) b G/z,m = G(a,S,}’;k, m).

1 k m

o 1
2
>N G4, 1,12k, m) (E> (5) =~ 1113943+ | (19)

k=0 m=0
from (13), considering (18).
Indeed we have
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o F(4) /1
LHS of (12) = Z,C,F(__k)r(k__)b)

L) (m - DTk -m+1) /2
Sy "

m=0 m! F(-— -mI'(-1) (3

- l-’(4)F(](+-L) /1
& kT3 - k)T (k - 1)\9)

& DO@LK=-3) 12y 1\
+kézo KT —k>r(k—g)(3> (5) (21)

F(i){_l+ L __ S .59 5913 591317
T 4 2:47 20124 "3127-4° a12°4° ' s
¢ {LL I, 5 59 5913 (22)
3r) 13 8 218 3188 418" 518
F(1/4){ 0.25 +0.03125- (0.009765 0.003662
= — A + . 2 — . .o . e
r(3/4) ( )+ ( )
- (0.00487---) + (0.000632+-) -3}
1L ){(0333333 0.125-(0.007812-+-) + (0.001627--
"3 TG/ ) +0.125-( )+ )
- (0.000457-++) + (0.000148. ) — -} (23)
= (= 0.667796---) +( - 0.445583. ") (24)
=-1.113379-.- . (25)
[[I1] Examination of Corollary 1 ( Doubly finite sum)
Set
c=1, z=3, r=3, B=-1/2 and p=2
in Corollary 1, we obtain
3 2 k m -1
142 T(-1/2) /2 45
S G(3.-1/2,2;k,m) (—) (—- =—(-——)(— -— (26)
%=0 m=0 2 3 ['(-5/2) 8

Indeed we have



S 3121 I\ & Tm+HTk-m-1) [2\"
LHS of (26) = ——-—'—(— 2 (— (27)
of(26)= ) Tah ) ,,,Zom!FG—m)I“(-zl)F(k—B) Sy
_i 6L(k-1) (_1_>"+3 AT (k -2) (i)k
S kITA-bC(k-3)\2) A TE-kbrk-3)\2
i (28)
+;k!r(4—k)(2)
I'-n 3 r@©) 3 1 1 1
= +—- +—- +—-—
I(-3) 2 TI(-2) 4 I'(-1H 8 I'(0)
2 I'(-2y I'(-1) 1 o) 1 1 }
+4 = + + = +——
3 I'(-3) T'(-2) 2 I'(-) 12 T(0)
+{l+*l-+l+—1} (29)
3 2 4 24
45
={6+3+O+O}+{—2——2-(1/2)+O}+(9/8)=—é~ . (30)
In this example both of the LHS and RHS of ( 26 ) are one valued functions
respectively, then we have the identity ( notation =), without the ad hoc shown in
[Iland [I1].

§ 4. Commentary

[ I'] Applying N- fractional calculus to some power functions we obtain the
result shown by § 1. (2).

On the other hand we obtain the identity § 2. ( 3 ), by the direct calculation of
its LHS. However

the LHS of § 2. (3)is always one valued function,
on the contrary
the RHS of § 2. (3)is many valued function for (y —a)EZ,
and one valued one for (y —a)EZ.

We have then

AT () er iR o

from § 2. (3 ), considering § 1. (13), in complex analysis.
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[II] Therefore, when

IPl=1P(a, B, y)l=1, (2)
§ 1.(2) and (1) overlaps each other, because

- y-a- _ y-a
{Set of the elements of (i—c> } = {Set of the elements of - <—Z C) } (3)

Z Z
((y —a)Z).

That is, the result § 1. ( 2 ) which is obtained by the use of N- fractional

calculus is a special case of (1 ) which is the result obtained by the direct
calculation of its LHS.

Namely the space | Pl =|P(a, B, y)| =1 in which the result § 1. ( 2 ) holds is
a subspace of the space suchthat | Pl=|P(a, B,y)!=M <% in which the
result ( 1) holds good.

Note, When
c=1, z=3, y=1/2, a=1/4,

we have

LHS of (3)={(2/3)"%, i(2/3)"*, - (2/3)""*, -i2/3)"*}
and

RHS of (3)={ ~(2/3)'"*, —i2/3)""*, (2/3)"*, i2/13)"*},

for example.
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