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Integral means for starlike and convex functions with
negative coeflicients

Shigeyoshi Owa, Mihai Pascu, Daisuke Yagi
and  Junichi Nishiwaki
(Memorial Paper for Professor Nicolae N. Pascu)

Abstract

Let 7 be the class of functions f(z) with negative coefficients which are analytic
and univalent in the open unit disk U with f(0) = 0 and f’(0) = 1. The classes T*
and C are defined as the subclasses of 7 which are starlike and convex in U, respec-
tively. In view of the interesting results for integral means given by H. Silverman
(Houston J. Math. 23(1977)), some generalization theorems are discussed in this

paper.

1 Introduction

Let A denote the class of functions f(z) of the form

(1.1) f(z) =z+2anz"

n=2

that are analytic in the open unit disk U = {2z € C: |z| < 1}. Let S be the subclass of A
consisting of all univalent functions f(z) in U. A function f(z) € A is said to be starlike
with respect to the origin in U if it satisfies

(1.2) Re{ijf—(%)-} >0  (zel).

We denote by &* the subclass of S consisting of all starlike functions f(z) with respect
to the origin in U. Further, a function f(z) € A is said to be convex in U if it satisfies

(1.3) Re{l-{-%(;)—)} >0 (z € U).
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We also denote by K the subclass of S consisting of f(z) which are convex in U.
By the above definitions, we know that f(z) € K if and only if 2f'(z) € S*, and that
Kcs cSCcA

The class T is defined as the subclass of S consisting of all functions f(z) which are
given by

(14) fl2)=2- Z a,2" (an 2 0).

n=2

Further, we denote by 7* = S*NT and C = KN T. It is well-known by Silverman(6]
that

Remark 1.1. A function f(z) € 7~ if and only if

(1.5) > na, < 1.
n=2

A function f(z) € C if and only if

(1.6) anan <L
n=2

For f(z) € Aand g(z) € A, f(2) is said to be subordinate to g(z) in U if there exists
an analytic function w(z) in U such that w(0) = 0, jw(z)]| < 1 (z € U), and f(z) = g(w(2)).
We denote this subordination by

(1.7) f(z) < g(2). (cf.Duren{l])
For subordinations, Littlewood [2] has given the following integral mean.

Theorem A. If f(2) and g(z) are analytic in U with f(z) < g(z), then, for A > 0 and
lz)=r (0<r<1),

27 2m
(18) [ iseeepras < [ latret)ae.
0 0
Furthermore, Silverman [6] has shown that

Remark 1.2.  fy(2) = z and fn(2) = z — = (n > 2) are extreme points of the class

T*(or T). fi(z) =z and fo(z) =2 —

3

(n > 2) are extreme points of the class C.

:wl N§
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Applying TheoremA with extreme points of 7, Silverman [7] has proved the follow-
ing results.

.2

iy 6
2

Theorem B. Suppose that f(z) € T*, A > 0 and fo(z) = z —
(0<r<1),

Then, for z = ret

(19) AwU@NWHSATUMOPW-

2
Theorem C. If f(z) € T*, A >0, and fo(2) = 2 — —2—, then, for z =re? (0 <r < 1),

(1.10) A”wwﬁws/"mmﬁw

0

In the present paper, we consider the generalization properties for TheoremB and
TheoremC with f(z) € 7* and f(z) € C.

Remark 1.3.  More recently, applying TheoremA by Littlewood [2], Sekine, Tsurumi
and Srivastava [4] and Sekine. Tsurumi, Owa and Srivastava [5] have discussed some
interesting properties of integral means inequalities for fractional derivatives of some gen-
eral subclasses of analytic functions f(z) in the open unit disk U . Further, Owa and
Sekine [3] has considered the integral means with some coefficient inequalities for certain
analytic functions f(z) in U.

2 Generalization properties

Our first result for the generalization properties is contained in

k
Theorem 2.1.  Let f(2) € T*, A> 0, and fi(2) = 2 — == (k > 2). If f(2) satisfies

k—

]

)+ 1
] E (@2k4j-1 + Bktje1 — Gh—j1) 2 0

(2.1)

.
it
=

for k > 3, and if there exists an analytic function w(z) in U given by

W)=k (Z anzn_l) ,

then, for z =re® (0 < r < 1),

2 2
(2.2) ﬁmeMsfnmmM&

0
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Proof.  For f(z) € T*, we have to show that

27 [eS] ZI” -1
/ 11— Zanzn"ll’\ dé < / 11— —-——I’\ de.
0 - 0
By TheoremA, it sufficies to prove that
ad ot Zk-—-l
1- 2_:2 anz" "t < 1= =
Let us define the function w(z) by
(2.3) 1- ianz”‘l =1- —l—(w(z))k—l.
k

It follows from (2.3) that

()| = [kZan "1 < ] (Zkan).

n=2

Thus, we only show that

o 5]
E ka, < E Ny,
n=2 n=2

or

Indeed, we see that
() = (-5 o (152w (1)
- Znan =|(1- - ay+{1- 3 az+:-- 1——)aps
k(n:Z ) k k k
+ (1 H + ar + 1+l g1 + 1+-2— a
A Ap—-1 Q. 2 k+1 % k+2

k+2
)02k+1+(1+ % )‘12k+2+"'
k— k-3

= A (azk—2 — ag) + A (azk 3—as) + - +

(142

(8]

N

1
(Qkyo — Qr—2) + E(ak-i-l - Gk-1)



63

k=1 k k+1 =
+<1+ A )azk_1+<1+%)a2k+(l+ i )a2k+1+---+2an.

Nothing that

k+j 245 .
1+—?121+~?i(]=—Lm1,~L
we obtain
1 [& k—2 k-3
(2.4) A (; nan) 2 2 (azk—2 — az) + k (azk—3 —a3) + -+
+2a )+ 3 )+ (147 -
7 Gkt G2 i Qg1 — Gp—1) + + % Aok-1 + + 7 Qor + -
k-3 k-2 =
+<1+ - )a%4-+(1+ - )%h4+-~+~+§;an

—

2
> E(a%—l + apr ~ A1) + E(azk +apre — ag2) + - -

k-2 >
+ A (03k—g + Ggp—2 — a2) + Z an
n=2
k-3 . oo
J+1
= Z L (a2k+j—1 + Qptji1 — ak—j—l) + Zan
j=0 n=2
2 ) an
n=2

with the following condition

k—3

j+1
: (a2k+j—1 + Qktjr1 — ar—j1) 2 0.

.,
I
)

Thus, we observe that the function w(z) defined by (2.3) is analytic in U with w(0) =0,
lw(z)] < 1 (2 € U). This completes the proof of the theorem. O

Remark 2.1. Taking & = 2 in Theorem2.1, we have TheoremB by Silverman [7].
Example 2.1. Let us define

3 , 1., 1., 1

z_— — —— —_—

12000 ~ 18° T 18° T 100°

(2.5) fz) =z -
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and

(2.6) filz) =2 %zz‘

with & = 3 in Theorem?2.1. Since f(z) satisfies

io:na,lzg—yZ < 1,

we have f(z) € T*. Furthermore, f(2) satisfies,

o ag = (s L) g
3\ T A0 =3\ 00 T 48 1200/

Thus, f(z) satisfies the coditions in Thorem2.1 with k¥ = 3.
If we take A = 2, then we have

2 1 20
/ |f(2)]? d6 < 2mr? (1 + 57»4) < GT=69813- .
0

k
Corollary 2.1. Let f(z) € T, 0 < X < 2, and fi(z) = z — £ (k > 2). If f(2)
ia

. k
satisfies the conditions in Theorem2.1, then, for z = re”® (0 <r < 1),

(X193

2 1 0 n\? 1
(2.6) /0 |£(2)|* dé < 277 (1 + ﬁrﬂk 1>) <2r (1 + 755)

Proof. It follows that

27 27 zk—l
/ o) d6 =f 21— ] de.
0 0 k

Applying Holder inequality for 0 < A < 2, we obtain that

o k-1 o . 22 21 -1 'y 3
[ - Epa < ( [ ey de) / (11 - —,l*) a0
0 k 0 0 ]“
27 Z_;A 2 k—1
=(/ |2|=x de) (f i1-z—-|2d9)
0 0 k
n y 5 1 3
= (27rr27f) ’ (21r (1 + Fr“'”))
I
=217 (1 + -I;n—z—rz(k‘l))

1\?
<2’/T(1+'k—2) )

Further, it is clear for A = 2. O

>
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For the generalization of TheoremC by Silverman [7], we have

k

Theorem 2.2. Let f(2) € T*, A >0, and fi(z) = 2 — % (k > 2). If there exists an

analytic function w(z) in U given by

then, for z =re" (0 <r < 1),

2n 27
(27) / P8 < f L) db.

Proof.  For f(z) € T*, it is sufficient to show that

x
(2.8) 1- z:na,,,z"_1 <1- 21
=2

Let us define the function w(z) by

(2.9) 1- Z na,z"t =1 - w(z)*,

n=2

or, by
w(z) ! = Z na,z""'.

Since f(z) satisfies

the function w(z) is analytic in U, w(0) = 0, and |w(2)| <1 (2 € U). O
Remark 2.2. If we take k¥ = 2 in Theorem?2.2, then we have TheoremC by

Silverman [7].
Using Holder inequality for Theorem2.2, we have

zk

Corollary 2.2. Let f(2) € T*,0< A< 2, and fi(z) = 2 — T (k> 2). If f(z) satisfies
the conditions in Theorem2.2, then, for z =re® (0 <r < 1)

.
?

2m
/ If'(‘z)lA dé S 271'(1 + 7.2(k~—1))% < 2=:2L>\7r
0
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3 Integral means for functions in the class C

In this section, we discuss the integral means for functions f(z) in the class C.

k
Theorem 3.1.  Let f(z) €C, A >0, and fi(2) =2z~ 75 (k > 2). If f(2) satisfies

k—1

(3.1) S EDED 0y -0 20

for k > 3, and if there exists an analytic function w(z) in U given by

)
-1 —
=k2§ :anzn 17

n=2

then, for z =re® (0 < r < 1),

27 27
(32) [ isarae s [ inere.
0 0
Proof.  For the proof, we need to show that
(3.3) 1= et <1- 5
n=2

by TheoremA. Define the function w(z) by

o>

(3.4) 1-) a2t =1- gz—w(z)k“l,

or by

(3.5) (w(2)F = &? (Z anz"_l) .
n=2

Therefore, we have to show that

Sa<h (Zn )

n=2 n=2
Using the same technique as in the proof of Theorem2.1, we see that

= (Zn an> >Z (k+7) (k ])(a _J——aj)~|»2an

n=2
0o

EZan.

n=2
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Example 3.1. Consider the functions

3. =g 3
(36) fE)=2- 5"~ 5" ~ »*
and
1,

(37) f3(2) =z 52
with £ = 3 in Theorem3.1. Then we have that

Z n*a, = — + 2,10,

18 40

n=2

which implies f(z) € C, and that

5
—a4~a2)=0.

5

Thus f(z) satisfies the conditions of Theorem3.1. If we make A = 2, then we see that

o 1 164
240 < 2mr? r=
/0 If(2)|*db < 2rnr (1 + = i ) <= 6.3607 - -

k
Corollary 3.1. Let f(2) €C,0< A <2, and fi(z) = z — %2— (k> 2). If f(2) satisfies
the condition in Theorem3.1, then, for k > 3, then, for z =re? (0 <r < 1),

[N1ESS

27 1 ~ P
(3.8) /0 If(2)* db < 277> (1 + —k—4r2(k U)
A
i 2
< 2m (1 + k4> )
ok

Theorem 3.2. Let f(z) €C, A >0, and fi(2) =z - EE (k> 2). If f(z) satisfies

Further, we may have

2k—-2

(3.9) > ik~ j)a; <0,

i=2

and if there ezists an analytic function w(z) tn U given by

o0
=k g na,z""?,

n=2
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then, for z =re? (0 <r < 1),

27 27
(3.10) [Tirerds< [
0 0

Example 3.2. Take the functions

I S S
(3.11) f(z)_z—24z TR %
and

1

(3.12) falz) =z -5z

with &k = 3 in Theorem3.2. Since

S VRN P
=T8T 6

n=2

and

11
2(3 - 2)az +3(3 - 3)as +4(3 ~ Y)as = 75 — 5 =0,

f(z) satisfies the conditions in Theorem3.2. If we take A = 2, then we have

2w 9
/ If'(2))?d8 < 27 (1 + %r'*) < :997r.

0

Corollary 3.2. Let f(z) €C,0< A< 2, and fi(z) = 2z — ;—g (k > 2). If f(2) satisfies
the condition in Theorem3.2, then, for k > 2, then, for z = re?® (0 <r < 1),

27 % %
[Tirepasor (14 3) <o (141)
0

4 Applications for the integrated functions
For f(z) € T, we define

x

If(z) =f(z) = z——Zanz"




J
Theorem 4.1.  Let f(z) € T*, A >0, and f;(z) = 2 — Zj (j=2,3,4,---).

If f(z) satisfies

) L TeD

(agj242j—k —ax) 2 0

for 3 =2,3,4,---, and if there exists an analytic function w(z) in U given by

W@y =G +1) (Z ~ _1*_ lanzn—1) ’

n=2
then

42) [ seras < [Tianen .

0

Proof.  'We have to prove

2m © 9 2 2 .
1- - a,,z"—“d0</ 1— — 1A dg.
/0 | Zn+1 Ihdb < 0 | jG+1) |

n=2
If
o0
2 2 .
1 2"l <1 — — 271
; n+1 iG+1)

then the proof is completed by TheoremA.
Let us define the function w(z) by

= 2 el 2 i1
1 ;n+lanz =1 m(w(z)) :

Then

Thus, we only show that

n=2 n=

69
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or

> (g ) = =2 (i +8) =+ (e rp)o
oo (57 ) o (e ) 2 090 (e 7)o

1 1
... -2 y . N
+ -+ (257 +25-3) (].(j gy + T 2) Q2 42j-3

1 1
. + — :
JU+1) 0 22425

> (1—w:—2-)a2+<1—j—(3i1)—~—3) a3+-~+(1—j(j+l)—(j_1))aj_1

+ (2]2 + 2] - 2) ( l) a2j2+2j—-1 4+ -

iG+1) iG+1) i(i+1)
j(j+1)—j) ( j(j+1)—(j+1))
l = ——=}ay 1- —- Qivyg + +--
i ( G+ )T i +1) Ak
j(j+1)—(29'2+2j—3)) ( j(j+1)-(2j2+2j—2))

+{1- — Q92493+ 11— — @9:2405 9=+ "-

( ](]+1) 2544253 ](]+1) 252425-2

.2 . .2 . .2

I +i-2 7*+7i-3 2+1
_ e ] R St et . s q = v _.—'—__a . — Qi

](J+1) (azj +2j-2 a2)+ ](]+1) (02]2+2J 3 a3)+ +](]+1)( 252 +j+1 i 1)

7 -1
+m(a2ﬂ+j—aj)+j(j " 1)(‘12;‘2+j~1"aj+1) +- - +artag+ -+ Gyrygj0
= ————(@gj242j—k — Gk) + ) Gn
k=2 ](]+1) n=2
> ) o
n=2
for
P2Hi-1 . .
+j5—-k
————(agj242j—k — az) 2 0
—~ jU+1)

This completes the proof of Theorem4.1. O
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Finally, we derive

J
Theorem 4.2. Let f(2) € T*A > O,and f;(z) = z — -ZJ— G = 2,3,4,---).If f(z)
satisfies
2(.1}1: !,—1
= 6 = 2n(j — 1)!)
4.3 n> T 11— ———=(an — ag+sap
fork=2,3,4,---, and if there exists an analytic function w(z) in U given by
-1 _ @RI~ n-1
(("’("’)) - (]_1)1;(n+k)|a'nz s
then
2m N 27 N
(44) | insepae < [l
0
Proof. ~ We have to show that
_i”‘(’“*‘l nl_<1_(j__]:)!(k+1)!z_7—l
c~ (n+k)! (j+k)!

Define w(z) by

=~ nlk+1)! i — 1)k +1)! -1
1- Z _(;(L—_-—Q—“l‘c’)w!)”a"z =1~ U (J)+ w (w(2))

n=2

or by

™ = o L

Then we have to show that

that is, that
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Since
> n!
Z‘;(n—kk)!a" Z:(n+1 n+2 (n+k)a"
Z 1 1 3 1
—n_z n+1 T n+2 n+3 n+4
© 1 1 [5]
—nz:ﬁ(n+l—n+2> n
> 1 1
< —
—nzzz(n+1 n+2)a"’
We obtain

- [ 2n(j — 1)! 2n n
n< : - n
Za ‘Z( (G+K)! T ET T ne2)t

2n n 1 2
T n4+1 n+2 n24+3n+2

- (11 (j+ k) —2n(j—1)!
Yo < 35 - G o

In fact,

(11 (j+E)!—2n(j - 1)!
Z(G' G+h)! )“"

n=2

:<_1l__ G+ k) —4(j - 1)!>a2+ (11 (j +K)! = 6(j — 1)!

6 (G+k)! 6 (j+F)!

)}a

)aa+"



11 4(]‘—1)‘) 11 2(j - 1) 1
(3 CEDVA = SN = RN
+(6 (7 + k)t )%ﬂf’?“ ("G_’L(JH )“%H* ;

1 (j+k)!—(3—-1) 11 (G+k)—4( —1)!
+(6+ GFR) Gtgs T (6+ G+k) )“‘}%L?”'”

>£§an+(j+k)!-4(j—l)' (G+K)! -6 —1)

=6 L (j +k)! (o —0) + G+ k) )
4(j = 1)! 2(j - 1)!
G+k) (00 = @ gy )+ R e T )
_ (F+E!—4(-1)! _
;an 6 nZ_2 n + ] T k)' (a%‘z - ag)
(G + k) = 6= 1)
PTG Gt
LU Ry
G+ k) e T i
SURR{GHR 260 )
(G+k)! Wt T
e
o0 7~ .
5 G+ k) =2n( - 1)
- n + k41 + J ! - n
Z:za 6§;a Z GFR g
2 )
n=2
for
ol
= 6 "' 2n(j — 1)!
"> 1- 222
;“ =5 ( A
This completes the proof of Theorem4.2. O

Remark 4.1.  Letting k& = 2, if f(z) satisfies,

JG+1E+2)

2

] O

(4.5) ian >

1 2n ) ( )
— N an - Qils . —n
2 2 iG+1)(E+2) G+ G+2)
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for j =2,3,4,---, then
2w \ 2n N
(46) | mseras [ iniare.
0 0
Remark 4.2. Letting k = 3, if f(z) satisfies,

JEHDE2)G+3)
2
2n

LIGE GG+ 3))(0” T GGG )

(S g

(4.7) ian >
n=2

for j =2,3,4,---, then

(48) [ msepa < [T g
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