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Abstract
A certain lineail_r operator defined by a Hadamard product or convolution
for functions which are analytic in the open unit disk is introduced. The

object of the present paper is to derive some properties of this linear
operator.
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1 Introduckion

AF : the class ozC ﬂncéfoﬁs of the Lopm
Lrz)= 2l Z%ﬂ""’ Cpe N ) (1.1)
- :

which are anal/b'c in the wnit disk U—“—{Z : lzl<1}/
CLhﬁ[ /'\1 = A

. 0 7.4
For f{Z)r_' Z\ anz’" dma( f(i):—-z [ymzfn )
h=o '

h=t
we dehne the Hadqmarof Pma(uci (v convolubiom )
(Fx9)3)= 2 anbn 2"
n=0

e t N AR Y L |
Def 1.t Le Bpla,c:2) % o (1.2)
(cxo0.-1.-2, - zeU ), where (m is the /Docz\./)ammer

symbol
Remark 1.1 ¢p @c, z)= 2. 2Ry (a0 c:2), where

2 (o @)y 2"
21;1: 2 '

. h=o ‘ (C)'n h !
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Def. 1.2, Ly . f0= G0, xfz)  (foehp) (1.3
__Dgf. 1. 3. A ]Cunc'[:l‘o'n ]LIZ)GAF s said o ée, f?-va/ent// ffm’l/'ke

= ﬁe{%’——} >o (zel) . C(1.4)
A funchim fe)ehp is said to be /J-\m[entl/ Convex
& HRQ{—?%)—} >0 (2el) .5)

These  subclasses are denoted L)/ Sp* and| KF2 Vespecf‘fv’eﬁf.

2 f
_&Z_mg.cK_LZ ”Q“H'PI f)f/g)= 2 x]ﬁ{‘g)=‘DVTP"’Jﬁ[2) (7.6 )

(]-2)"*
( frek,, V>-p )

2
Ly (vip,viptf )fiz) = Yk

vV
Z o

7 ftat (vepe) a7

2  Some ,bmFer{J‘es of certain anal)/i-r'c Lun chibns
/‘nvo/w‘n?.‘ the o;em‘(by Z,p(a,t),

| omma 2.1 For ‘le)G/\-p , we have
2(Ly @.of®)'= ady(atl,o)ftz) - (a-p) X, 4, Oft2) (2.1)

where. C¥0, -, =2, -~ .

| omma 2.2. [et P2) be ana//ﬁ"c- i U and satisfies
f@(?)’é? / H?én

(=1 G2
lz)| £ —I1—
‘gp I 1~ 122

(zelU) (2.2)
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Theorem 2.1. Let f(i)fA/’ and Q>0 , If

‘if(“";’)ﬁz) -1 I < (zel) |
Z
then L O f@ ! c 13
Lpta, ) f2) oo =13

<fkoo > We Pu‘t F{z_),: M‘—/ ) We can See that
i

F(3> 1S arm/ tic in U and TR@I< , Fl)=o0. Thus
F(Z)- 2?" where 7’(2) I's .anal/ﬁ’c 'n U and l‘/’IZ)Ié/
For such funchms we have Cby Lewma 2.2.)
(frey) ¢ =L |
| ~13]*

Since ﬁp(q,t)f(%) = zf+ ZPHf’!H , A)/ using Lemma 2.1

we have 4
Ly (atf, ) fe) = @(z)+2¢@)
L (a. ) ft2) a 1+2(p(2)

'Lemmo« 2.2 and the ‘th'cmg/e ;‘negum/:‘b‘es )//'e/o{
_ 2
[C(’(Z‘)"{"z‘l"—l—_{ﬂi)_[‘

|-12]?

- !
Pi)t2¢'(2) l <

I+2¢@) | = 12l @)
1
(p(z)|+12] ¢ 1@l - 1 (2.3)
|~{2]2 |~z |—12l
Tkerefore S, we \'\o\vz
Lolotl, OF® _ ' AU
Ly 6,0 H2) B A Q.E.D.

Corally 2. Let fmrenr. T4 ] H_y )<t zew),
then f12) is p—vqfenﬂ starlike in |2|< 'PE! .
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<proof> Since Ky (. )f2r=fiz) amd L gr1,p) F12) = FFYp  we have

‘ 2@ ' B el
f N
21'e) ? b |
Rel-Jre n e QED

Comuow/y 2.2, Machvegor ) I fe)= 2raz%— g amlyJC‘?c
andh aabishes ‘i(;—)—-'\ ‘< [ 'w U , then jtli) ‘s starlie n \Z\(—‘Z '

Cova ﬂuw 2.3. Let fioedp. If l PZ;S')’ ! | <1 (zel),

Jc\\en f{i)\s p- valenﬂ conyex in 12 <-‘5E-1- )
Proof> Svace Ty et ey = H'@b and
233 @)+ 24=)

i‘)(hz,p)%\g)= e , we have

|(1_\_ﬂ('\‘£_) Fl lz\ 'y

=2t ' _f__
1+ RQ{ e S 12| < = SED

C,o\'-oﬂony 2.k, (ch&mg:sw) Iil :F(E)—— 2+ 0,25t g oma\/ﬁc
and  satistHes \f’ta)— 1< 1 U, Then ]Lli‘) 1S Cohyex in |Z|<‘L .

T\\QO\”QW\ 2.2. . 'Lo,t %(2) SAp awd oo . Let “}5‘36 Ap satistes
; Lyp(at), )R 2 . Lola, N f2)
Re Lo, 0% X > @el). T llp(o«,ockﬁ&) 1 ' <lel),
then { Lol ) §) } S5 O-(aat)lRl+ (a-) 122
Lpo, O a(1-1212)
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(F\roo]EP We ‘mt I*P“"'QJO(Z) - 1= Z?l’z‘). Then C(‘{z)\‘s oufmb't“C
utp (o, QY}L%)

and 19(2)[-&1 ‘no UL U\S\\NéS \_.vawm 2.1 and Lewma 2.2, we have

Lt Oft2) _ Lo, 3w L 2. 9By 2¢2) (2.4)
L (o, O F2) LHa.ofr) & +26R)
Since RQ{M%)O n U, therefove
J:?LQ,C)%(Z)
RQ{I,?(O\T\,C)%QU \» > |12 | (2.5)
Ly, QY E) [ti&

Ap?\ykv\% Lz\ls) O\fxo\ 2.5 T @4%), we can see

ol Zelmote |, L Lt o~ (2ot )81t (0-OR®
{ip(q,qﬁ-ki) k— 12\ a =2l & (1-12¢)

&.ED

RQ.W\_qu Y KQ{ DZVLO\-H,C) f(i) } >0 -Pw 2] <

20,
ol,,(q,c}fli‘ ) 2a+ ) ga+|

Corllory 2.5, Let Fmchp and §meEST . T |d5-1|<!
ERW N ! A 2—?
(€U, than %(il) 'S F*Va\ev\t\/ SJCQ\*\le v 1R\ Z\’ﬂfm

Lgmi\m?x.l\b- (Macbiregor ) Let $re A oud i) € S b I_%_g_}_,”q
(%GU>) t»\QY\ “Y‘(Z‘) :S S@Y\;\(Q \\V\ lz‘<_-‘§ )

29"@)

C,o‘fv“&\;y|2~q. et f(i) € A?, }(a)e A? sk. RQ{\H’ —WS > ~{ (zel).
T \-%‘% -1 <t @el), then F12)is povaletly convex in
2p43 —J8P+‘1

2(pt1)

b2 <
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Qov‘o'“avly 2.8 Let ]tlz)ﬁ/\, ‘élﬂe/\ sk. RQM*%}?‘f @€l) .

1
1t liﬁl ~ 1 |< I (2€0), then Ti2)ls comvex in Izi< At [
'@ &

!hggmw\ 2.3 Let f{z)e/i./, and Z(UGAID satisties

Zp(att,C)Hz) o here 02 c2
Ke{ot,(a,c)}(i) }) ic (2eU)  where a2f and €2

Lpla, O Az) .
If )zpmu?(z) 1’<1 (Z€U ), the

2 2
Rg{,{,(a-ﬂ,c)f(?) };_ a-alati)R-cii|
Ly 2, ) f2) o (ot 2 (- (7))

Corollory 29, Lot 102 chy and e 1), e, Ref 5

(2¢U), If '%—1 l < 1 (ZeU)  then f1&)is F—Va/ent}/ starlike i»

21< ({pipet - ) /2

Covo llary 2.10. (Macérrejﬂ) [ et 7[(8)6/A\ and (?(Z)G S*('zi). I]C

/
l%—— 1 ‘< 1 (z€U), then Fz)is starlike in 12|<yZ - 1.

Lemma 2.3, Suypo;e that A(Z)= 14C 2 +G2%+- |s .cmaﬁ/ﬁc and.
sotisHes Re{h(i‘)}>0 in U. Then we have
'] s 2 Refh®)t

|- 12|?

[ emma 2.3 s OL‘L‘QM@L’ L)/ usinaav Le,mmq 2.2 .

/j(Pﬁ’/)/f}?; vz_zmmo\ 2, 7"an0( LQmMa 2.3 , we /mve ﬁ-e)(t {’/yeom«x.



Theorea 2.4, Lot fis) ehy and et J1refy sobishes
RQ{ '("(QTI’C)}(Z)} > 2 in U, wl)ere ozl and C27

Ly, )& a+C
If KQ{ :Z((i’j;;(; } >0 in U, then we have |
Re Zplo+l,0) H12) }>0 i I2l< a(Jakacrr —1) 4
a+2c /dn

Kp(atl, ) HE)
{L,(om c)f(z)} . a(faPrzce! 1)

12{<
Z,(a,0) f®) | a*t 2¢

( Qm1135¥ 211 Let ffS)GA,b and 3,(8)6 S*(z.),
p

Lf QQ{L§>0 in U, then Re i—(-z——}m in ]< ey

omdk f22is povalently starlike 1n 121 < PP2

Cw ”aer 12 Let f(Z)éA and glz")e S?{(’L) If ke{?w}wﬁn U/
Ehea Re _ﬁ_(z_}n In W<— and f(z),s starlike in /Z/<3L‘

Corol ?ary 2.13 et f(2)eAp and j{i‘)é Kf( Q_P.{./ )

e s )

5 < WP 2 = 1)

P t a4+ 1

I'n

Cora arvzﬁb Let Flz)eA and ?IE)GK(%).

B Rl o thn Relie St i T
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Theovem 2.5 Let ]QS}GAF amd F(z)ﬂ(,,(a,aﬂ)ﬁi)é 5/’*/ where
azptt wr‘t’k p eN. 7/)@41 f(Z) s F—Vﬂ/enf// S{nr/i[(e in [&] ?h:,

WAerg_. { P’D*—‘ "2'{'\/(0‘?}2‘1‘-3 ( Q)fv'l"l)
a-p-
fo= 4 (a=ptl)

z -
Remark 2.2, F (2)= —;;FJ .Ca‘f’ /]C(t)di . (See (1.7))
A |

(ovo ”mr/y 2.15.  Let f(i') eA omd F12)=2 (a,a+1) fi2) eS¥ Lith

a2z, Then F2)is starlike i [2]<Fo, where

{l’ __=2+lla—1)#3

= (a>2)
a-2

ko’-‘*"é— (a=2)

Cm ”ﬂy/v 2.16. (Beknqro{i) /_erf/.g)e/} ond

Z
s 2 | fuodt € S¥ with cen

(&
)

Then F12) is starlike n %] <ho. wheve

- 2
{Fo= Ztii+c Cest)

ro= - Cc=1)

| 2
Cotallay 217 Let forep and Fizl=5] fodtes®,

then () s starlike 'n IZK'%.
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3 Some o\f)pffm-i'r‘ons of diffevential subordination

Def. 3 { Le,t ]C(S) mo{ 3(2) 196 ana/yff‘c I\n U ﬂen we Sa/ fha't
fe2) is subordinate To 3(2) (written A< 3®) if 202)1s univalen .
FO =30) amd fW)C HU),

Le‘mma 3.1 (Een}yenburg,M}//er, Mocanu and Reade ) Let .Y €C and
let hi2) be convex univalent in U with h6)=1 and Re{6h&)¥}>0
(zeU), If p@)=1+p2tp2% -~ s analylic i, U , then

p(z)+—’;§{;—3;‘—%~< hiz) implies that p&<hiz)

._Qij{:ii. Leg R,a (a,c) denote the class of functions feAF

such that ELZpa,Of2))’ < hiz)  zev)
P L@a.oftz)

where hi2) s convex in U with hG)=1 and Re{f\@)bo.

Theotem 3.1, Rp(at1,c)C Rpla,c)  (azp)

, (L . Oft1) |
<proct> [ et (2)= Using Lemma 2.1, we have
proof> Letf P Zya,Oft2) ' 7

=p-p(2)+ (a-p )

o Leletl, o) fe)
oéo(a,c)f(Z)
To«k;‘n,? 7034xh'ﬂ;m:‘c, derl'voxﬁves ,.. we -/)av@

2(Zp(atl,c) f2)  _ _ zple) + pLz)
Pp(atl, OOf(R)  pp2)+(a-p)

T‘h‘s means +hat /‘f 'f(?v)e R,(G-M, ¢) f/)@ﬂ

zple) |
: - (2) < hiz
pp )t (a~p) th k ) g
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From Lewmma 3.1, it Follows that  for azp, p@< )r\(i).

ﬂer‘eﬁye’/ X (ZP (Q; L)f(g))/ —< A{g ) WI');C}) means ﬁ{)é RF (“/C)
f’lﬂ(a,c)f(z_\) '

for all a2p. QED

g -
Def 33 [ [ [ 17f(1>o{1‘ (Fereh, )

¥
Z 0

' ﬂeomm 3.2 fiz) e Rota, ) => FD)e Rf (a,c)
<F}"00f> FY‘&M quO\/Q. Ot?f"‘nl\’&l\m, we. Ao\ Ve

z2TR'2y+ ¥ Fey = (*5+P)]Clg) |
We write Ly, Of@)= ¢pa, )% frz)= (gxf)iz)

So we have

bp ¥ (ZF )@+ T (Gpx FUZ)= (Y+p)(dpxf)(2)
US,\,? the #acf z (4))"*}:)/(2}:(4))9*2}:/)(2)
we ")ave.

2CExF) (204 V(xR )(B)= (Y+b)(Gxf)(2)

LQZ P R) = Z(@F*F)I(Z)

, hem w L'f?ou‘n
P (3 F)E) The e o

(Gpxt)(2)
b = (¥
ppE+ ¥ =) (&, xF) @
qu:‘a} ']ogari{‘lmﬂ)c Aerl'\(afz\vf , we hm/e
2pE) big)= 2(@p xf) (2)
bh)t? PCPy X f)(2)
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Sinee ]C(i)e RP(Q/C) , 1t Lollows that
2(¢px[)(2) _ 2@ f®)’ |
P(xf)®)  p-Lpw.ofe) <)

which :‘mphes that  pE) < h(z) b)/ Lemma 3.1.  Therefove ,
we have F“—’)ER{:(""C), Q.ED.

Coko”ar/y 3.1 (Libera ) |
() frre S¥ = Fres¥
(zy foe K = Rm@ekK

ef. 3.4 Let R;( (@,C) (&70) denote the closs of Hunchions
fexyeAp  such that oy
4 2 (Zp(atl. c)fe))’ 2 (Zpla. Of2))
(a,0)R)= o + (J—d <h2
L cacw= o, Zomofe T b o) hi2)

(zel)).

Theorem 3.3 F2)eRja,c) = f12) cRp (a,0) (42p, &>0).

<proof> Lot pl2)= 7”(2::;)]7:;2

o T, (att, Q) fiz) =(pped+ (a-p)) Lp(a, O F12)
nk}nﬂ Zoga\r:‘ﬁmm.‘c dertvative , we ob tar
2 (Zp(atl, c @)’ 2pe) +pia)
pdpati.Ofiz) ppIta-p
Sinee f(i)ﬁ R;( (a,C ) , I\t —;Co/(owg tjqqt
«z2p'2)
p-Pyy 0-p

lEth Lemmq 2‘1) V\/Qkave

.I;‘ (2,0 ()= +op) + () pe) < ha),

%'\‘\O\JC \s
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- b'2)
Y@, c)z)= — z + p2) < h@)
P %P(z)wh—i—o; P

From Lewma 3.1, we L\o;vQ' P(Z)-&k(g) , thet s

Z(i’p(a,c,)}(z))'
b Zpa,0fzd

which mesns Sfii-).e Rp ta,T), Q.E.D,

< hwe)

Corollary 3.2 (Miller. Mocanu owd Reade )

Al o~ convex -Fg.nc_-‘n‘ons avre stow“ike.

Tk&o\rem&u-' R;‘(O\/C)C Rfﬁ (a,C) ((><7620)
</Dr00f> I} g=0 , This theorew means  Theorem 3.3 Hene

we dssume thet §%0 . Let fede Re“ (0.0 . Therefve
= _ 2 (St Ofw) z(ip(q OftR)
T_ (o, Q) (2) = & - 2o, o) 1 (I~ P 20,0 < hiz)

LQ'k Zo ‘La O\YL\‘\ZW«V ?omt v U , then I', (a,c)Lzo)EMU).
From Thesrew 3.3, F(&) € Rp fa. ), thats
Z (ZLp o, O f2))’ < hiz)
PLya.0) f1&) |
26 (dp (0, 0) fiz))’
PrZpla, ) F2)
) /
Also Ig(m,otz)= (-5 i(i‘;((:'::gf;) " EI;‘ a.ok)
Sinee ?.%(L <! owd L\(U) \'s convex . H/\wegme I‘,(u L) (i‘o)&k )
Lt gro\\mms that Lp(‘\ C)k@{ ‘\(23 That ts, {1 2>€Q@(q,c).
T&\\S means R? (a,0) C Ri (a.C) .

This \\\MF\\\QS

e h(U)

Q. F.D.
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