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Abstract
Two aims of our study are follows One is to prove that acomplete metric space of fuzzy numbers becomes
aBanach space under a $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{d}_{1}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ that tlie metric $\mathrm{h}\mathrm{a}\mathrm{i}3$ ahomogeneous property Another is to give $\mathrm{s}\mathrm{u}\mathrm{f}\mathrm{f}\mathrm{i}_{\mathrm{C}1}\mathrm{e}\mathrm{n}\mathrm{t}$

conchtions that asubset in the complete metric space and an into continuous mapping on the subset have at
least $\mathrm{o}11\Theta$ hxed Point $\mathrm{b}\mathrm{v}$ applying Schauder’s fixed point theorem

1Introduction $eg$ , [2, 3, 4, 7, 8] $)$

In this paper we introduce aparametric representa-
Fuzzy numbers are characterized by membership func- tlon of fuzzy numbers, which are strictly fuzzy convex,
$\mathrm{t}\mathrm{i}01\mathrm{l}\mathrm{S}$ which have three $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{t}_{1}\mathrm{e}\mathrm{s}$ normality , conlpact then the fuzzy numbers can be identified by bounded
convex support and upper senu-continuity $\beta \mathrm{v}\mathrm{I}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}-$ closed curves in the tw0-dimensional metric space More-
ship functions are described by $\alpha$ -cut sets, $i.\epsilon.$ , level over we show that the set of all the fuzzy numbers be-
sets for 0 $\underline{<}0\underline{<}1_{7}\mathrm{w}\mathrm{h}_{1\mathrm{C}}1_{1}$ are compact convex subsets in comes acornplete hnear space and $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}1\mathrm{u}_{3}\mathrm{h}$ sufficient
$\mathrm{R}^{\eta}$ under the above $\mathrm{a}_{\wedge\supset}\backslash \mathrm{s}\neg \mathrm{u}\mathrm{n}1\mathrm{p}\mathrm{f}\mathrm{i}\mathrm{o}11\mathrm{S}$ of membership func- conditions for fixed points to exist in the complete met-
tions hold In [6] the author discussed an enlbedAng $\mathrm{r}\mathrm{i}\mathrm{c}$ space by applying Schauder’s fixed point in the in-
theorem where metric spaces of compact convex sets duced BanaLJ] space
are complete There are so many results on complete-
ness of metric spaces of various kinds of fuzzy numbers
alld metrics in [2, 4] 2 Complete Metric space of Fuzzy

In analyzing qualitative properties of chfferential equa- Numbers
tions Schauder’s fixed point in complete linear spaces
is very useful, because $1\mathrm{t}$ guarantees the existence of Denote $I–[0, 1]$ . The following definition Dlealls that
solutions for $\mathrm{i}\mathrm{n}\mathrm{t}_{\mathrm{P}_{\vee}}\mathrm{g}\mathrm{r}\mathrm{a}1$ equations corresponding to the afuzzy number call be identified with amembership
dfflerential equations etc Schauder’s fixed point is as function
follows let $S$ be abounded convex and closed sub-
set in aBanach space If an into nudppmg $\mathrm{V}’$ on $S$ is Definition 1Denote $0$ set of $fu\approx\approx y$ nurn befs with

continuous and the closure $d$ $(V(S))1\mathrm{S}$ $\mathrm{c}\mathrm{o}$ mpact, then bounded supports artd strict $fu_{\vee\sim}^{\sim\sim},y$ convexity by
$V$ has at least one fixed point in $S$ (See $e./(. [9])$

$\mathcal{F}_{\mathrm{b}}^{\epsilon t}=$ { $\mu$
$\mathrm{R}arrow I$ satisfying $(\mathrm{i})-(\mathrm{i}\mathrm{v})bel_{\mathit{0}\mathcal{U}f}$}.It can be $\mathrm{e}\mathrm{a}^{\iota^{\neg}}\supset \mathrm{i}1\mathrm{y}$ seen that Various sets of fuzzy num-

bers are complete metric spaces with suitable metrics (i) $\mu$ has a unique number $m\in \mathrm{R}$ such that $\mu(m)=$
but it is not possible to chscuss the qualitative prop- 1(normality);.
erties of solutions in the complete metric spaces by
applying Schauder’s fixed point theorem rather than (ii) $sr\nu pp(\mu)--d(\{\xi\in \mathrm{R} \mu(\xi)>0\})$ is bounded in
the contraction principle and the comparison method( $\mathrm{R}$ (bouncleti support);.
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(iii) $\mu$ is strictly fuzzy convex on $su\iota\psi(\mu)$ $oe\mathrm{s}$ follows: We $\mathrm{i}_{11}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{e}\mathrm{t}1_{1}\mathrm{e}\mathrm{f}_{0}11_{\mathrm{o}\mathrm{W}\dot{\mathrm{u}})}\mathrm{g}$ para metric representa-
tion of $\mu\in \mathcal{F}_{\mathrm{b}}^{st}$ as

(a) $\dot{x}f$ supp$(\mu)\neq\{rn\}$ , then
$x_{1}(\alpha)$ $=$ lnin $L_{a}(\mu)$ ,

$\mu(\lambda\xi_{1}+(1-\lambda)\xi_{2})>\mathrm{n}\dot{\mathrm{u}}\mathrm{n}[\mu(\xi_{1}), \mu(\xi-)]$ $x_{2}(\alpha)$ $=$ $\max L_{\alpha}(\mu)$

for $\xi_{1,\zeta 2}c\in supp(\mu)$ $w\acute{\mathrm{z}}th\xi_{1}\neq\xi_{d}$’ and $0<$ for $0<\alpha\leq 1$ and
$\lambda<1_{\}}$

.
$x_{1}(0)$ $=$ nlin $\mathit{8}upp(\mu)$ ,

(b) if $supp_{1}^{(}.\mu,$ ) $–\{m\}$ , then $\mu(m)--1$ and $\mu(\xi)=$ $x_{2}(0)$ – $\max$ supp$(\mu)$ .
0 for $\xi\neq??7j$

In the following $\mathrm{e}\mathrm{x}\mathrm{a}$ mple $\iota \mathrm{v}\mathrm{e}$ illustrate typical types

(iv) $\mu$

. is upper semi-continuous on $\mathrm{R}$ (upper semi- of fuzzy $\mathrm{n}\mathrm{u}$ mbers.
continuity). Example 1 $C’,onsider$ the following $L-Rf_{\lambda}\iota z_{\sim}^{\sim}ynu\tau n-$

$ber$ $x\in \mathcal{F}_{\check{\mathrm{b}}}^{\sigma t}$ with a membership function as follows:
It follows that $\mathrm{R}\subset \mathcal{F}_{\mathrm{b}}^{s\mathrm{t}}$ . Because $m$ has a membership
function as follows: $\mu|(\xi)=\{L(\frac{|m-\epsilon|}{\frac{|_{\backslash }^{c_{-m|}^{\ell}}}{r}})_{+}R()_{+}$ $(_{\zeta}^{c}\leq 77\mathit{1})(\xi>|n)$

$\mu(rn)=1j$ $\mu(\xi)=0(\xi\neq m)$ (2.1)
Here it is said that $m\in \mathrm{R}$ is a center and $\ell>0$ , $r$ $>0$

Then $\mu$ satisfies the $\mathrm{a}\mathrm{b}\mathrm{o}\iota\overline{\prime}\mathrm{e}(\mathrm{i})-(\mathrm{i}\mathrm{v})$ . arc spreads. $L$ , $R$ are $I$ -valued functions. Let $L_{(}’\xi)_{\{-}=$

In usual case a fuzzy number $x$ satisfies $fuz\approx yconv\epsilon x$ $\max(L(|\xi|), 0)$ etc. We $xdenti_{\nu}fy\mu$ with $x=(X_{\mathrm{J}}.X_{\sim}^{r_{)}})$ . $\mathrm{A}$

$s$

long as there exist $L^{-1}$ and $R^{-1}$ , we have $x_{3}$ $(\alpha)--$on R. $i.e.$ ,
$m-L^{-1}(\alpha)l$ and $\tau,\underline{\prime)}(\alpha)--m+R^{-1}(\alpha)r$ .

$\mu,(\lambda\xi_{1}+(1-\lambda)\xi\circ)arrow\geq \mathrm{r}\mathrm{n}\mathrm{i}\mathrm{n}[\mu(\xi_{1}), \mu(\xi_{9}.)]$ (.2.2) Let $L(\xi)=-c_{1}\xi+1$ , where $c_{1}>0$ and $|\prime x_{1}-rl7|$ $\leq\ell$ .
We illustrate the following cases $(1)-(1\mathrm{V})$ .

for $0\leq\lambda\leq 1$ and $\xi_{1}$ , $\xi_{2}\in \mathrm{R}$ . Denote $\alpha$-cut $\mathrm{s}\mathrm{e}\mathrm{t}_{\mathrm{S}}\}_{\mathrm{J}}\mathrm{y}$

(i) Let $R(\xi)=-c_{\underline{9}}\xi+1$ , where $c_{\vee}’>0$ . Then $\mathrm{r}\cdot 2l(x\mathrm{Q}$. -
$n?)$ $=c_{1}r(m-x_{1})$ .

$L_{\alpha}(\mu)--\{\xi\in \mathrm{R} : \mu(\xi)\underline{>}\alpha\}$

(ii) $L\epsilon tR(\xi)=-c_{3,\sim}.,\sqrt{\xi}+1$ , where $C_{\sim}^{\eta}>0$ . Then
for $\alpha\in I$ . When the melnbersllip function is fuzzy $c_{2}l(x_{9,\lrcorner}, -\mathcal{T}l1)arrow’--c_{1}r^{2}(\uparrow n-x_{1})$ .
convex, then we $1$) $\mathrm{a}\mathrm{v}\mathrm{e}$ the following renuarks

(iii) Let $R(\xi\grave{)}=-c_{2}\xi^{2}+1,$ $wf_{1}ere_{arrow}c_{2}>0$ . Then $c_{\wedge}^{\frac{..\urcorner}{\eta}}..l^{\tau}..(g_{-}^{\backslash }l)-$

Remark 1 the following statem.ents (1) (4) are $m$ ) $=c^{\frac{\neg}{1}}r(x_{1}-?71)^{\gamma}\sim$ .

equivalent each other, $prov\prime ided$ $u^{\nu},ith(\mathrm{i})$ of $Defin\acute{x}tion1$ . (iv) Let $c$ be a real number such that $0<c<1$ . De-
note(1) (22) holds,$\cdot$

$(^{\underline{\eta}})$ La (p) is convex with respect to $\alpha$ $\in I_{)}$
. $L(\xi)--\{$

1 $(\xi--0)$

$-c\xi+c$ $(0<\xi\leq 1)$

$\acute{(}3)\mu$ is non-decreasing$\dot{\mathrm{t}}g$ in $\xi\in(-\infty.\mathcal{T}\Gamma|),$ , non-increasing and let $R(\xi)--L(\xi)$ . Then we has)e $l(X_{\sim}^{r_{)}}-\uparrow 1?)=$

in $\xi\in[m, +\infty)_{i}$ respectively; $r(\tau n -x_{1})$ for $|x_{1}-\eta\gamma|$ $\leq\ell$ . The representation
of $x=(x_{1}, x_{2}.)$ is as follows.$\cdot$

(4) $L_{\alpha}(\mu)\subset L_{\beta}(.\mu)$ for $\alpha$ $>\beta$ .
$x_{1}(0’)= \tau|?-(1-\frac{a}{c})\ell$,

Remark 2 The $ab_{\mathit{0}^{l}1’}e$ condition (iiia) is stronger than
$\mathrm{t}^{\underline{\eta}\eta}$.-). From (\"uia) it foltows that $\mu(\xi)$ is $st\acute{n}ctly$ monotonously $x_{2}( \alpha)=m+(1-\frac{\alpha}{c})r$ $(0\leq \mathit{0}.’ <c)$

increasing in $\xi\in[\mathrm{n}\dot{\mathrm{u}}\mathrm{n} \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mathrm{j}\mathrm{u}) m]$. Suppose that $\mu(\xi_{1})\geq$

$x_{1}(\alpha)=x_{2}(\alpha)=m$ $(c\underline{\backslash ’}\alpha \leq 1)$

$\mu(\xi_{\underline{?}})$ for $\xi_{1}<\xi_{2}\leq 71\gamma$ . From Remark 1 $(3)_{y}$ it follows
that $\mu(\xi_{1})=\mu_{1}.(\xi_{2})$ for some $\xi_{1}<_{\zeta}e_{-},$ , so we get $\mu(\xi)=$ The membership function $\acute{\iota}sg’\iota\iota’ en$ by as $foll_{oUJS}.\cdot$

$\mu(\xi_{1})=\mu(\xi_{2})$ for $\xi\in[\xi_{1}, \xi_{2}]$ . $T/iis$ contradicts $\uparrow\iota rith$

creasing. In the similar $wo_{1}y\mu$ is strictly $monoton,ously$
$Defi_{l}nd$

. ion 1 (uia). Thvs $\mu$ is $st\tau\dot{\mathrm{r}}ctly$ monotonously in-
$\mu(\xi)=\{\begin{array}{l}0(\xi<x_{\mathrm{l}}(0),\xi>x_{[mathring]_{d}}(0))x_{1}^{-1}(\xi)(x_{1}(0)\leq\xi<m)1(\xi=|n).x_{-}^{-1},(_{\mathrm{t}}^{c})(m<\xi\leq\alpha\cdot\circ(\sim 0))\end{array}$

decreasing in $\xi\in[?n, \max sv,pp(\mu)]$ . TAis c\‘Ondition plays
an important role in Theorem 1.
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Denote by $C(I)$ the set of all the continuous func-
tions on I to R. $\mathrm{T}1\mathrm{l}\mathrm{e}$ following theorem shows a mem-
bersllip function is characterized by $x_{1}$ , $x_{2}$ .

Theorem 1 Denote the le t-, $hi$-end points of the
$\alpha$ -cut set $()f\mu\in \mathcal{F}_{\dot{\mathrm{b}}}^{\mathrm{e}t}$ by $x_{1}(\alpha)$ , $x_{\sim}.)(\alpha)$ , respectively.
Here $x_{1}$ , $x_{2}$

$Iarrow \mathrm{R}$ . The $follow^{r}ing$ properties (i)-(\"ui)
hold.

(1) $x_{1}$ . $x_{2}\in C(I),\cdot$

(ii) $1\mathrm{n}\mathrm{a}\mathrm{x}x_{1}(\alpha)\alpha\epsilon_{-}I=x_{1}(1)---m=\mathrm{n}\dot{\mathrm{u}}11x_{2}\alpha\in l(\alpha)=x’.(1),\cdot$

(iii) $x_{1\}}x_{2}$ are $non- decreos^{r}ing$ , $non- inc’re\alpha 9ing$ on $I_{:}$

$r\epsilon spe,ctively_{\backslash }$ as follows.$\cdot$

Then $\min L_{\alpha_{\mathrm{q}}}(\mu)=x_{1}(.\mathit{0}_{q}.)<x_{1}(\alpha_{\mathrm{p}})=\min L_{\alpha_{\mathrm{p}}}1(\mu)<$

$n\tau$ and this means that $L_{\alpha_{p}}(\mu)\subset L_{a_{q}}(\mu)$ and $L_{\alpha_{\mathrm{p}}}(\mu)\neq$

$L_{\alpha_{q}}(\mu)$ . On the other hand $L_{\alpha_{\mathrm{p}}}(\mu,)\supset L_{\alpha_{q}}(\mu)\mathrm{b}\mathrm{e}\mathrm{c}\mathrm{a}\mathrm{u}\mathrm{b}\mathrm{e}\neg$

$\alpha_{p}<\alpha_{q}<1$ . This leads to a contradiction.
In case of (b) the point ao is an interior $\mathrm{p}\mathrm{o}\dot{\mathrm{u}}$

$1\mathrm{t}$ of
$S(c)\backslash i,e.$ , there exists a $\overline{\mathrm{s}}\mathrm{u}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{l}\mathrm{y}$ small number $\delta>$

such that the neighborhood $U_{\delta}(\alpha 0)\subset S(c)$ . Then $c=$

$x_{1}(\alpha\ell)<A_{1}+\mathcal{E}$ $<\mathrm{c}$ , which means a contradiction.
In case of (c), by Relation (3) of ${\rm Re}$ markl, $x_{1}(\alpha)$

is strictly monotonously incerasing in $\alpha$ . $\mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{a}$

sequence $\{\overline{-\cup}n>0\}$ such that $\epsilon_{n}>.\mathrm{r}_{narrow- 1}>0$ and that
$\epsilon_{n}arrow+0$ as $narrow\infty$ . Then

$\alpha_{l}=\mu(x_{1}(\alpha_{\ell}))<\mu(A_{1}+\llcorner)\tau_{1}<\mu,(x_{1}(\alpha_{0}))=\alpha_{0}$ ,

(a) there exists a positive number $c\leq 1$ such which contradicts with $\mathrm{h}_{\mathrm{l}}.\mathrm{n}\alpha_{n}’=\mathrm{a}0$ . Therefore $A_{1}\geq$

that $x_{1}(\alpha)<x_{\sim}.)(\alpha)$ $J^{\cdot}$or $a$ $\in[0, c)$ and that $n-\infty$

$x_{1}(\alpha_{0})$ and $x_{\grave{1}}\mathrm{i}_{\mathrm{b}}\neg$ lower $\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{i}- \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\dot{\mathrm{u}}$ uuous. In the same
$x_{1}(\alpha)=m--x_{2}(\alpha)$ for $\alpha\in[c, 1],\cdot$

way $x_{1}$ is upper semi-continuous and $x_{1}$ is continuous
(b) $x_{1}(\alpha)=x_{\underline{9}},(\alpha)=m$ for $\alpha\in I$ , on $I$ . It can be seen $\mathrm{t}\mathrm{h}\acute{‘}\iota \mathrm{t}x_{2}(\alpha)$ is continuous on I $\mathrm{b}\}’$

the same discussion.Corl versely, $\tau\iota\tau\iota der$ the $abo’1\prime e$ conditiom (i) $-(\mathrm{i}\mathrm{i}\mathrm{i})$ , if we
$(\mathrm{i}_{\acute{1}})$ It is clear that the uniquess of $n\tau$ and that $x_{1}(1)=$

denote
$rn$ $=x_{2}(1)$ . Since the membership is fuzzy $\mathrm{c}\mathrm{o}\mathrm{n}\backslash ^{\gamma}\mathrm{e}\mathrm{x}$ , it

$\mu(\xi)=\sup\{\alpha\in I : x_{1}(\alpha)\underline{<}\xi\leq x_{9,\sim},(\alpha)\}$ (2.3) follows that $x_{1}(\alpha)\leq m\leq x_{2}(\alpha)$ for $\alpha\in I$ .
$(\dot{\mathrm{u}}\mathrm{i})$ Let $\mathrm{J},f$ be defined $\dot{\mathrm{u}}1$

$(\mathrm{i})$ . In case $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}M=(0,1]$ ,

for $\xi\in \mathrm{R}$ , then $\mu\in \mathcal{F}_{\mathrm{b}}^{st}$ . we have $x_{1}(\alpha)=x_{\underline{9}}(\alpha)=m$ for $\alpha$ $\in(0,1]$ . $\mathrm{T}\mathrm{h}\dot{\iota}\mathrm{s}$ means
that (iiib) hol&. In case that $M$ $\neq(0,1].$, because of

Remark 3 $F_{l^{\backslash }}^{\urcorner}om$ the above $Cond\prime ition$ $(\mathrm{i})$ a $fu^{\sim\sim},’.y\prime\prime$ num- the continuity of $x_{1}$ , $x_{\acute{\mathrm{a}}}$), denoting $c= \inf\Lambda,I$ , it follows
$ber\prime x$ $=(x_{1}, x_{2})$ means a bounded continuous curve that $x_{1}(\alpha)=x_{2}(\alpha)=m$ for $\alpha\in[c. 1]$ and that $x_{1}(\alpha)<$

other $\mathrm{R}^{9}\sim and$
$x_{1_{\backslash }}^{(_{\mathrm{Q}}\}},$ $\leq x_{2}(\alpha)$ for $\alpha\in I$ . $\mathrm{x}_{2}\{\mathrm{a}$) for $\alpha$ $\in(0, c)$ , which means that (iiia) holds.

Conversely $(\underline{9}.3)$ nlealls that the upper level set
$L_{\beta}(\mu)$ satisfies $L_{\beta}(\mu)--[x_{1}(\beta),$ $x_{2}([\mathit{3})]\subseteq \mathrm{R}\mathrm{f}\mathrm{o}\mathrm{r}/\mathit{3}\in I$.

Pro\={u}f. (i) Let $x=(x_{1} , x\circ)\sim\not\in \mathrm{R}$
. Let $\lim\alpha_{n}--\alpha_{0}$

$\mathrm{F}\mathrm{k}_{0\ln}$ $( 2.3)$ it follows that if $\xi\in[x_{1}(\alpha), x_{2}(a)]$ then
for $0_{0}\in I$ . Denote $A_{3}=1\mathrm{i}\ln \mathrm{u}1\mathrm{f}x_{1_{\backslash }}^{(\alpha_{n})}narrow\infty$. $\backslash \nu_{\mathrm{e}\mathrm{s}\mathrm{h}\mathrm{a}11\supset \mathrm{r}\mathrm{o}\mathrm{v}\mathrm{e}}^{\mathfrak{n}-\infty}1$

$\mu(\xi)\geq\alpha$ and that $\xi\not\in[x_{1}(\mu(\xi)+\mathcal{E}), X^{\underline{r_{J}}}(\mu.(.\xi)+\epsilon)]$ for
that $A_{1}\geq x_{1}(\alpha_{0})$ . Suppose that $A_{1}<x_{1}\{\mathrm{a}\mathrm{o}$ ) Then each $\epsilon \mathrm{i}$ $\geq 0$ . Then it can be seen that $[x_{1}(\mathrm{c}), x\circ.(\beta)]\subset$

for $\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ ssufficiently slllall $cC$ $>0$ there exist a $\mathrm{n}\mathrm{u}$ mber $p$. $L_{\beta}(\mu)$ . When $\mu(\xi)=\beta$ , from ( 2.3), it follows $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ a
shall that $A_{1}-cC$ $<x_{1}$ (ct $p$ ) $<-4_{1}+\vee\zeta^{\backslash }<x_{1}\{\mathrm{a}\mathrm{o}$ ) Denote $\xi\in[x_{1}(\beta), x_{2}(\beta)]$ . When $\mu(\xi)>\beta$ , then there exists

an $\alpha\in I$ such that $\xi\in[x_{1}(a), x_{2}(\mathfrak{a})]$ and $\alpha\geq\beta$ ,
$\mathit{1}\mathrm{b}’l$ $=$ $\{\alpha\in I : :\iota_{1}.(\alpha)--x_{2}.(\alpha)=m\}$ , which means that $\xi\in[x_{1}(\alpha), x_{2}(\alpha)]\subset[x_{1}(\beta), x_{\mathrm{Q},\sim},(/\mathit{3})]$ .

$S(c)$ – { $\alpha$ $\in l$ : $x_{1}(\alpha)=c$ on some interval} for $c\in \mathrm{f}\mathrm{f}\mathrm{l}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{e}$ we have $L_{\beta}(\mu\backslash )=[x_{1}(\beta), x_{2}(\beta)]$.
$\mathrm{p}_{\{}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{u}$ ( 2.3) it is $\mathrm{i}\mathrm{m}\mathrm{n}\mathrm{z}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}1_{\iota}\mathrm{v}$ seen that (i.) and (ii)

of Definitionl hold. The $\alpha-cut$ set $L_{\alpha}(\mu)$ is closed for
$\mathrm{T}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ are tlle tll1ee cases as follows; $\alpha\in I$ , $\mathrm{i}.\mathrm{e}.$ , the function $\mu$ is upper $\mathrm{s}\mathrm{e}\mathrm{m}\mathrm{i}- \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\dot{\mathrm{u}}$luous on

(a) $\alpha_{0}\in\lrcorner\lambda f\cdot$, $(\mathrm{I}\supset)\alpha_{0}\in S(c)$ for some $c$ ; (c) $\alpha_{0}\not\in$ R. For $\alpha\in I$ , $L_{\zeta \mathrm{p}}(\mu)$ is convex, $\mathrm{i}\mathrm{e}\backslash \mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}_{1}\mathrm{i}\mathrm{o}\mathrm{n}\mu$ is
$\Lambda I$ $\cup S(c)$ for ally $c$ . fuzzy convex on $\mathrm{R}$ seen $\mathrm{e}.\mathrm{g}.$ , [10].
In case of (a) we colllslder two cases: (a1) $a_{0}$ is all From (21), $\mu(\xi)=\overline{\alpha}$ means that $\xi=a(.\overline{\alpha})$ or $\xi=$

interior point of $\mathit{1}\lambda f$ , $i.e$ . , there exists a sufficiently small $b(\overline{\alpha})$ . If suppose that $\mathit{0}(\overline{\alpha})<\xi<b$($\overline{\alpha}_{J}^{\backslash },$ which m.eans
$\mathrm{n}\mathrm{u}$ mber $\delta>\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{h}$ that the neighborhood $U_{\delta}(\alpha_{0})\subset\lambda l$

$\cdot$, tha.t $\mu_{J}(\xi)>\overline{\alpha}$. Suppose that there exist $\xi_{1\prime}\xi_{2}\in J$

$(\mathrm{a}\underline{?})a\circ$ is a isolated point. In (a1) it follow$\prime \mathrm{s}$ that $m<$ and $\lambda$ such that $\xi_{1}\neq\xi_{\mathrm{A}}\mathrm{Q}$ , $0<\lambda<1$ and $\mu(\xi_{3})=\mu(\overline{\xi})$ ,
$A_{1}+-\wedge\sim<m,\mathrm{w}\mathrm{l}\dot{\mathrm{u}}\mathrm{c}\mathrm{h}$ leads $0$ a contradiction. In (a2) ther$\mathrm{e}$ where $\xi_{3}=\lambda\xi_{1}+(1-\lambda)\xi_{2}$ and $\mu(\overline{\xi})=1\dot{\mathrm{m}}\mathrm{n}[\mu,(\xi_{1}), \mu(\xi\underline{\circ})]$.
exist two $\dot{\mathrm{u}}$integers $p<q$ such that Then we have $\xi_{3}\neq\overline{\xi}$ and $\xi_{3}=a(\mu(\overline{\xi}))$ or $\xi_{3}=b(\mu(\overline{\xi}))$ ,

$\mathrm{i}.\mathrm{e}$ . , $a^{-1}(2\cdot 3)=\mu(\overline{\xi}.)$ or $b^{-1}(\xi_{3})=\mu(\overline{\xi})$ . Thus we get,
$|\prime J_{1},(\alpha_{q})-A_{1}|<1/q<|x_{1}(\alpha_{p})-A_{1}|<1/p$. from (2.1), $\overline{\xi}=a(\mu(\overline{\xi}))=\mathrm{c}\iota(o^{-1}(\overline{\xi}))=\zeta 3\xi$ or $\xi_{3}=$
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$b(b^{-1}(\overline{\xi}))=\overline{\xi}$ . This leads to a contradiction. Therefor
$l\iota_{x}$ is strictly fuzzy convex.

Q.E.D.
In what follows we denote $\mu=(\mathrm{x}\mathrm{i}x_{2})$ for $\mu\in \mathcal{F}_{\mathrm{b}}^{st}$ .

The parametric representation of $\mu 1^{\cdot}\mathrm{S}$ very useful $\mathrm{i}_{11}$

calculating binary operations of fuzzy numbers and an-
alyzing qualitative behaviors of fuzzy differential equa-
tions.

Let $g$ : $\mathrm{R}\mathrm{x}$ $\mathrm{R}$ – $\mathrm{R}$ be an $\mathrm{R}$-valued function. The
corresponding binary operation of two fuzzy numbers
$x$ , $y\in \mathcal{F}_{\mathrm{b}}^{st}$ to $g(x., y)$ : $\mathcal{F}\frac{\mathrm{B}}{\mathrm{b}}t\cross \mathcal{F}_{\tilde{\mathrm{b}}}^{\mathrm{e}t}arrow \mathcal{F}_{\mathrm{b}}^{st}$ is calculated
by the extension principle of Zadeh. The membership
function $\mu_{g(x.y)}$ of 9 is as follows

$\mu_{g(x,y)}(.\xi)=\sup_{=\xi g(_{\vee}^{c_{1}},\xi_{\wedge}\sim)}\mathrm{n}\dot{\mathrm{u}}\mathrm{n}(\mu_{x}(\xi_{1}), \mu_{y}(\xi_{\underline{9}}))$

Here $\xi$ , $\xi_{1\backslash }\xi,$. $\in \mathrm{R}$ and $\mu_{x}$ , $\mu_{y}$ are membership functions
of $x$ , $y$ , respectively. $\mathrm{R}\mathrm{o}\mathrm{n}1$ tlue extension principle, it
follows that, in case where $g(x, y)=x+y$,

$\mu_{\mathrm{z}+y}(\xi)$

$=\mathrm{n}1\mathrm{a}\mathrm{x}\mathfrak{U}1\mathrm{i}11(.\mu_{i}(\xi_{\iota}))\xi=\xi_{1}+\xi_{2}i=1,2$

$=\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{x}\{\alpha \in I : \xi=\xi_{1}+\xi_{\underline{9}}, \xi_{\mathrm{i}}\in L_{\alpha}(\mu_{i}),i=1\backslash , 2\}$

$= \max\{\alpha\in I : \xi\in[x_{1}(\alpha)+y_{1}(\alpha), x_{arrow}’)(\alpha)+y_{2}(\alpha)]\}$ .

Thus $\mathrm{w}\cdot \mathrm{e}$ get $x$ $+y=(x_{1}+y1, X^{l}\underline{)}+y\underline{0})$ . In the similar
$\mathrm{v}^{-}\mathrm{a}\mathrm{y}x$ $-y=(x_{1}-y_{A}\circ., x_{-}’-y_{1})$ .

Denote a metric by

$d_{\infty}(_{-}x, y)-- \sup_{\alpha\in I}\mathrm{m}\mathrm{a}\mathrm{x}\acute{(}|x_{1}\dot{(}\alpha)-y_{1}(\alpha)|\backslash |\prime x_{2}(a)-y_{-^{J}}.\cdot(\alpha)|)$

for $x–(x_{1}, x_{2})$ , $y=(y_{1}, y_{2})\in \mathcal{F}_{\mathrm{b}}^{st}$ .

Suppose that there exists a number $n\neq rn$ such that
$x_{1}(1)=\mathrm{X}\mathrm{i}(1)=n$. This contraicts with the unifo rm
convergence of the $\mathrm{C}’\mathrm{a}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{y}‘ \mathrm{s}$ squence. Thus a $\mathrm{u}$ nique
$rn\in \mathrm{R}$ satisfies Theoreml (ii). Denote $C=\{\alpha\in I$

$x_{1}^{(0)}(\alpha)=x_{\underline{7}}^{(0)}.(\alpha)=m$ and $\alpha>0$ }. In $\mathrm{c}\mathrm{a}_{-\backslash }\neg \mathrm{e}$ when
$C=(0, 1]$ , we get $x_{1}^{\langle^{1}3)}(\alpha)=x_{2}^{(0)}(\alpha)=m$ for $0<\alpha$ $\leq 1$ ,

which means that Theoreml $(\mathrm{i}\mathrm{i}\mathrm{i}_{i1})1_{1\mathrm{O}}1\mathrm{d}\mathrm{s}$ . In case $C,$ $\neq^{-}$

$(0, 1]$ . by $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ continuity of $x_{1}$ , $\prime x_{2}$ , there exists a real
number $c$ such that $0<c\leq 1$ and that $c$ satisfies $\mathrm{t}1_{1}\mathrm{e}$

following statements (1) and (2) hold.
(1) $x_{1}(\alpha)$ $=x_{2}(\alpha)$ for $\alpha$ $\in[c, 1]$ , $(\underline{?})\prime x_{1}(a)$ $<x_{2}(a)$

for $\alpha\in(0, c)$ .
This means that Theoreml (liib) holds. Therefore, $x0\in$

$\mathcal{F}_{\mathrm{b}}^{\epsilon \mathrm{t}}$ and the metric space $(\mathcal{F}_{\mathrm{b}}^{sl}, d)$ is complete. Q.E.D.

3 Induced $\mathrm{L}_{\acute{1}}\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}$ Spaces of Fuzzy
Numbers

Accordin $\mathrm{g}$

$\mathrm{t}\mathrm{c}$ ) the extension principle of Zadeh, for re-
$\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\backslash \prime \mathrm{e}$ $\mathrm{m}\mathrm{e}\mathrm{m}$ bership functions $\mu_{x}$ , $\mu_{y}$, of $x$ , $y\in \mathcal{F}_{\mathrm{b}}^{\epsilon t}$ and
$\lambda\in \mathrm{R}$ , tlle following additlon alld a scalar product are
given as follows :

$\mu_{x+y}(\xi)$ $=$ $\sup\{a\in[0,1]$ :
$\xi=\xi_{1}+\zeta_{\sim}c_{9}$ , $\xi_{1}\in L_{\mathrm{Q}}(\mu_{r})$ , $\xi\circ$. $\in L_{\alpha}(\mu_{y})\}$ ,

$\mu_{\lambda x}(\xi)$ $=$ $\{\begin{array}{l}\mu_{!x}(\xi/\lambda)(\lambda\neq 0)\mathrm{O}(\lambda--0.\xi\neq 0)\sup_{\eta_{\sim}^{\mathrm{c}}\mathrm{R}}\mu_{x}(\eta)(\lambda=0.\mathrm{s}c_{=0)}\end{array}$

In [5] they introduced $\mathrm{t}$ he following equivalence rela-
tion $(x. y)\sim(1J,. v)$ for $(x, y)$ , $(u, v)\in \mathcal{F}_{\mathrm{b}}^{st}\mathrm{x}\mathcal{F}_{\check{\mathrm{b}}}^{\sigma t}$ , $i.\epsilon.$ ,

Theorem 2 $\mathcal{F}\frac{\mathrm{B}}{\mathrm{b}}t$ is a complete metric space $’\iota.nC(I)^{2}$ . $(x, y)\sim(\tau\iota, \tau\acute,)\Leftrightarrow x+v=u\dashv- y$ . (3.4)

Proof. Let a Cauchy sequence { $x_{k}=$
$(x_{1}^{(k^{\wedge})}, x_{\sim}^{(l_{\hat{\mathrm{V}}})}\circ)\in$ Putting $x=(x_{1}.x_{arrow}9)$ , $y=(y_{1}, y\underline{\circ})$ , $u=(u_{1\prime}u\circ)\sim’\tau)--$

$\mathcal{F}_{\dot{\mathrm{b}}}^{\mathrm{r}t}$ : $k$ $=1$ , 2, $\cdots$ }. It suffieces that there an fuzzy $(\tau’ 1\prime v_{2})$ by $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ parametric representation, the $\mathrm{r}\mathrm{e}1\mathrm{a}\mathrm{t}_{1\mathrm{O}}\mathrm{n}$

$\mathrm{n}\mathrm{u}$ mber $x_{0}\in \mathcal{F}_{\mathrm{b}}^{st}$ such that $1\mathrm{i}\ln d(x_{n},x\mathrm{o})=0$. Sinc $\mathrm{e}$ (3.4) means that the $\mathrm{f}_{0}11_{\mathrm{o}\mathrm{W}\dot{\mathrm{u}}1}\mathrm{g}$ equations hold
$narrow\infty$

$1\dot{\mathrm{u}}11$ $d(x_{n}, x_{m})=0$ , ffonu the well-known the $\mathrm{C}\mathrm{a}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{y}‘ \mathrm{s}$

$x_{\dot{\mathrm{r}}}+\tau_{i}’--u_{i}\dashv-y_{i}$ $(i–1,\underline{?})$
$rl.marrow\infty$

$\backslash \mathcal{P}_{\tilde{\mathrm{b}}}^{\triangleleft t}$ : $(u, v)\sim(x, y)\}$ for $.\prime \mathrm{r}.y\in \mathcal{F}_{\mathrm{b}}^{st}$ and $\mathrm{t}1_{1}\mathrm{e}$ set $0[perp]$
’

hold. equivalence classes by
(i) $\lim_{karrow\infty}d(x_{k\backslash }x_{0})=0$ ;

$\mathcal{F}_{\mathrm{b}}^{\epsilon t}/\sim=\{[x, y] : x\backslash y\in \mathcal{F}_{\mathrm{b}}^{-s1}\}$

(ii) $x_{1}^{(0)}$ and $x_{2}^{(0)}$ are $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{d}\mathrm{e}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}_{*}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}$ , non-increasing
on I. respectively $\cdot$,

(iii) $x_{1}^{(0)}(\alpha)\leq m\leq x_{?,\sim}^{(0)},(\alpha)$ for $\alpha\in I$ and $x_{1}^{(0)}(1)=$

$m=x_{2}^{(0\rangle}(1)$ .

such that one of the following cases (1) and (ii) hold.

(i) if $(x., y)\sim(u, v)$ , then $[x, y]=[u, 1)]\cdot$,

(ii) if $(x, y)\#(u, v)$ , then $[x. y]\cap[u, v]=\emptyset$ .
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The$\mathrm{n}$ $\mathcal{F}_{\mathrm{b}}^{st}/\sim \mathrm{i}\mathrm{s}$ a linear space with the following addi- $[V(u), 0]=[1^{\Gamma},(v), 0]=V_{1}([v, 0])$ . We $\mathrm{g}\mathrm{e},\mathrm{t}$ $V_{1}$ is an into
tion and scalar product mapp$\dot{\mathrm{u}}$ on $S_{1}$ .

Let $x$ $\in \mathcal{F}_{\mathrm{b}}^{st}$ be a $1\dot{\mathrm{u}}$$\mathrm{z}\dot{\mathrm{u}}\mathrm{t}$ of a sequence $\{y_{n}\in S\}$ such
$[x, y]+[u, v]=[x+u, y+v]$ $(3,5)$ that $d(y_{n}, x)\neg 0$ as $n$ – $\infty$ . From the closedness of

$S$ , it follows that $x\in S$ and as long as $d(y_{n}, x)=||$

$\lambda[x, y]=\{$

$[(\lambda x, \lambda y)]$ $(\lambda\geq 0)$
$[y_{n}, 0]$ $-[x, 0]||arrow 0(narrow\infty)$ with $[y_{n\tau}0]\in S_{1}$ and

$[((-\lambda)y, (-\lambda)x)]$ $(\lambda<0)$
(3.6) [ $x$ , $\mathrm{O}\}\in X$ , we have $[x, 0]\in S_{1}$ . Thus $S_{1}$ is closed. For

$x$ , $y\in S$ it follows that $\lambda x+(1-\lambda)y\in S$ and
for $\lambda\in \mathrm{R}$ alld $[x, y]$ , $[u_{:}v]\in \mathcal{F}_{\mathrm{b}}^{st}/\sim$ They denote a

$\lambda[x, 0]$ $+(1-\lambda)[y, 0]=[\lambda x+(.1-\lambda)y, 0]\in S_{1}$ .
$1\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{m}$ in $\mathcal{F}_{\mathrm{b}}^{s\mathrm{t}}/\sim \mathrm{b}\mathrm{y}$

Therefore $S_{1}$ is convex in the Banach space $X$ . When
$||[x. y]||= \sup_{aF_{-}J}d_{H}(L_{\alpha}(\mu_{x}), L_{\alpha}(\mu_{y}))$ .

$yarrow x$ in $\mathcal{F}_{\mathrm{b}^{\backslash }}^{\mathrm{s}t}$

, by the continuity of $V$, we have

Here $d_{H}$ is the Hausdorff metric is as follows: $||V_{1}([y, 0])-V_{1}([x, 0])||$ $=$ $||[V(y), \mathrm{O}]-[V(x), 0]||$

$=$ $||[V(y), V(x)]||$
$d_{H}$ $(L_{\alpha}(\mu_{\mathrm{I}}), L_{\alpha}(_{l}\iota_{y}))$

$=$ $d_{\infty}(V(x).1^{\gamma}’(y))arrow 0$.
$= \max$ ( $\sup$ inf $|\xi-\eta|$ .

$\xi\in L_{\alpha}(\mu_{x})^{\eta\in L_{\sigma}(\mu_{y})}$

Thus $V_{1}$ is $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\dot{\mathrm{u}}$$1$ oss on $S_{1}$ .
$\sup_{\eta\subset L_{a}(\mu_{x})^{\xi\in}}\inf_{L_{\alpha}(\mu_{y})}|\xi-\eta|)$ Finally, we shall prove $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ relative compactness of

$V_{1}(S_{1})$ . Let $\{V_{1}([x_{ni}0]) : n=1,2,, \cdots\}$ be a sequence in
It can be easily seen that $||[x, y]||--\mathrm{d}$ $(\mathrm{x}, y)$ . $S_{1}$ . Because of the relative compactness of $1^{\gamma}(S)$ , there

Note that $||[x,, y]||=0$ in $\mathcal{F}_{\mathrm{b}}^{st}/\sim \mathrm{i}\mathrm{f}$ and oldy if $x=y$ exists a Sllbsequence $\{V_{1}([\overline{x_{m}}, 0])\}\subset\{V_{1}([x_{m}, 0])\}\mathrm{b}\mathrm{u}\neg \mathrm{c}\mathrm{h}$

$\mathrm{i}_{11}\mathcal{F}_{\mathrm{b}}^{st}$ . that
$\lim_{marrow\infty}d_{\infty}(V(\overline{x_{m}}), y)=0$, where $y\in d(V(S),\mathrm{t},.$ $\mathrm{S}\mathrm{i}_{11}\mathrm{c}\mathrm{e}$

4 Schauder’s Fixed Point TheO- $d_{\infty}(1^{\gamma}(\overline{x_{7Y1}}),y)=||[V(\overline{x_{m}}),y]||$

rem in Complete Metric Spaces – $||[V(.\overline{x_{r\iota},}),0]-[\mathrm{u},0]||$ ,

In the following theorem we show that the complete we have $[y, 0]\in d(1/^{\mathrm{y}}1(S_{1}))$ . Thus $d(1_{1}^{r}/(S_{1}))$ is compact
lluetric $\mathrm{s}\mathrm{p}_{\mathrm{f}\mathrm{t}C\mathrm{G}}$

$\mathcal{F}_{\mathrm{b}}^{st}11\mathrm{a}s$ an induced Banach space. in $X$ .
Therefore the mapping $V_{1}$ $S_{1}arrow S_{1r}$ where $S_{1}$ is a

Theorem 3 Let $S$ b\’e $o$ bounded closed $subset\prime in$ bounded closed and convex subset $\mathrm{u}1|$ the Banach space
$\mathcal{F}_{\mathrm{b}}^{st}$ . Assume that $S$ contains any segments of $x$ , $y\in$ $X$ , is continuous Here $d(1_{1}^{J},’(S_{1}))\iota \mathrm{s}$ relatively compact
$S$ , $\iota.e.$ , $\lambda x$ $+(1-\lambda)y\in S$ for $\lambda\in I_{-}$ Let $Vl_{J}e$ an in $X$ . By Schauder’s fLfix$\mathrm{e}\mathrm{d}$ point theorem in Banach
into $con\mathit{4}\uparrow nuo\cdot‘\iota s$ mapping on S. Assume that the cl0- spaces, there exists a fixed point of $V_{1}$ in $S_{1}$ , $\mathrm{i}.\mathrm{e}.$ , $[V(x), ()]=$
sure $cl(V(S))$ is compact in $\mathcal{F}_{\dot{\mathrm{b}}}^{\mathrm{c}t}$ . Then $V$ has at least $[x_{:}0]$ , $\mathrm{w}\mathrm{l}\dot{\mathrm{u}}\mathrm{c}\mathrm{h}$ means that $V_{\backslash }^{(}x$ ) $=x$ in $S$ .
one fixed $point./\mathrm{r}$ in $S_{\backslash }i$ . e-. , $\mathrm{V}(\mathrm{x})=.\mathrm{r}’$. Q.E.D.

In $\mathrm{t}1_{1}\mathrm{e}$ following theorem complete metric spaces have
Proof. Denote $X=\{[x, 0]\in \mathcal{F}_{\mathrm{b}}^{st}/\sim. x\in \mathcal{F}_{\mathrm{b}}^{\mathrm{s}t}\}$ . at least one fixed point of the induced Banach space.

LVe shall prove that $X$ is a Banach space. Let { $[x, 0]_{n}$ :
$i—1$ , $2\backslash \cdot$ . } be a Cauchy sequence in $X$ . Without loss Theorem 4 Let $\mathcal{F}$ be $0$, complete metric space $uri$th
of generality we denote $[x, 0]_{n}--[x_{\gamma?}, 0]$ for $x_{r\iota}\in \mathcal{F}_{\mathrm{b}}^{st}$ a metric $d$ . Assume that $T$ is closed under addition
$\mathrm{w}$ ith $||[x_{\eta}, 0]-[x_{m}, 0]||arrow 0$ as $\uparrow\iota$ , $marrow \mathrm{x}$),, which and scalar $prod\tau/_{1}c.t.$ , and that $d(\lambda x, \mathrm{O})=|\lambda|d(x, 0)$ for
lllea $\iota\iota \mathrm{s}$ that - linu $d_{\infty}(x_{n\backslash }x_{\gamma\gamma}‘)=0$. By the complete- the scalar pro$d,\cdot uct$ $\lambda xa\tau\iota d$ $\lambda\in \mathrm{R}$ , $x\in \mathcal{F}$ . Denote $X=$

$n$ , $marrow\infty$

$\mathrm{n}\epsilon_{\vee}^{1}\mathrm{s}\mathrm{s}\mathrm{c}\rangle \mathrm{f}\mathcal{F}_{\mathrm{b}}^{st}$ , there exists an element $x_{0}\in \mathcal{F}_{\mathrm{b}}^{st}$ such that $\{[x_{i}0] : x, 0\in \mathcal{F}^{-}\}$ . Here $[x, y]$ for $x.y\in \mathcal{F}$ are equiva-

$\lim d_{\infty}(x_{rl}, x_{0})=0$ from Theorem 2. This measn that
$l,ence$ classes of (3.4) and 0 is the origin. Then $X$ is $a$

$\mathcal{T}L-\infty$ Banach space conoeming addition (3.5), scalar product
$71+\infty 1\underline{\mathrm{i}}_{1}\mathrm{n}||[x_{n}.0]-[x_{0}.0]||\neg 0$ alld $X$ is a Banacll spac.e. (3.6) and norm $||[x, 0]||=d(x, 0)$ for $[x, \mathrm{O}]\in X$ .

Put a subset $S_{1}--\{[x, \mathrm{O}]\in X x\in S\}$ . Then $S_{1}$ Moreover let $S$ be a bounded closed subset in $\mathcal{F}$. A s-
is clearly bounded $\dot{\mathrm{u}}$) $\lambda^{r}$ . Denote a mapping on $S_{1}$ by same that $S$ contains any segments of $x$ , $y\in S$ in the
$\mathfrak{j}r_{1}([x, 0])=[V(x), 0]$ for $[x, 0]\in S_{1}$ . It follows that for same $mea\acute{m}n.g$ of Theorem 3. Let $V$ be an into contin-
$[u, 0]=[v, 0]\in X$ we have $u=v$ and $1_{1}^{\gamma}([u, 0])=$ $ums$ mapping on S. Assume that the closure $d(V(S))$
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is compact in $\mathcal{F}$ . Then $V$ has at least one fixed point
in $S$.

Proof. It can be seen that $X$ is a linear space. $||[x, 0]||$

is a norm in $X$ . For $[x, 0]$ , $[y, \mathrm{O}]\in X$ it follows that

$||[x, 0]+[y_{j}0]||$ $=$ $||[x+y, 0]||$

$=$ $d_{1}(x+y, 0)$

$\leq$ $d(.x +y.y)+d(y_{1}0)$

$=$ $d(x, 0)+d(y. 0)$

$=$ $||[x, 0]||+||[y, 0]||$ ,

since we have $[x+y, y]=[x, 0]$ and $d(x+y, y)=d(x, 0)$
for $x$ , $y\in \mathcal{F}$. It is clearly that $||[x, 0]||$ is positive
definite and for $\lambda\in \mathrm{R}$

$||[\mathrm{x}, 0]||=d(\lambda x, 0)=|\lambda|||[x, 0]||$

In the $5^{\neg}\mathrm{a}\mathrm{n}1\mathrm{e}$ way aes the discussion of Theorem 3, $X\mathrm{i}_{\mathrm{b}}\neg$

complete.
Denote a subset $S_{1}=\{[x, \mathrm{O}]\in X : x \in S\}$ and a

$\mathrm{n}1\mathrm{a}\mathrm{p}_{-}\mathrm{p}\dot{\mathrm{u}}$ $V_{1}$ such that $V_{1}([x.\mathrm{O}])=[V(x), (\gamma]$ for $[.\prime c, 0]\in$

$S_{1}$ . The following properties $(\mathrm{i})-(\mathrm{u}\mathrm{i})$ can be proved in
the similar way ill the proof of Theorem 3.

$(.\mathrm{i})$ $S_{1}$ is bounded closed and convex in $X$ ,

(ii) $V_{1}$ is an into continuous mapping on $S_{17}$.

$(\dot{\mathrm{u}}\mathrm{i}.)$ $d(V_{1}(S_{1}))$ is relatively compact in $X$ .

Then, by Schauder’s fixed point theorem, there exists
at least one fixed point $[x_{0},0]$ of $V_{1}$ in $S_{1}$ , $i.e.$ , $\mathrm{t}^{j}(x\mathrm{o})=$

$x_{0}$ in $S$.
Q.E.D.

Example 2 (1) Let $(\mathrm{R}, d)$ be the discrete metric
space with

$d(x, y)–0(x=y)$ ., $d(x, y)=1(x\neq y)$ .

It follows that $d(\lambda x, 0)=1\neq|\lambda|d(x, 0)=|\lambda|$ for $x$ $\neq$

$0$ , $|\lambda|\neq 0,1$ . Then $X=\{[x.0] : x, \mathrm{O}\in \mathrm{R}\}$ cannot be $a$

normed space concerning $||[x, 0]||=d(x, 0)$ for $x\in \mathrm{R}$ ,

because $||[x, 0]||$ is not $h_{()}mogenuous$

$(\underline{?})$ Let $I\zeta C’(\mathrm{R}^{n}.)$ be the set of $d1$, compact $\mathrm{C}’onvearrow\prime \mathrm{r}$

subsets in $\mathrm{R}^{?\mathit{1}}$ . A ssume that $d_{H}$ $i$ the $Ha\cdot usdorff$ metric
in $\mathrm{R}^{n}$ as follou)s.$\cdot$

$d_{H}(A, B)= \max(\sup_{\in\xi A}\inf_{\vee}\eta\Leftarrow B||\xi-\eta||,\sup_{\eta \mathrm{e}_{-}B\vee}\inf_{\in\zeta A}||\xi-\eta ||)$

Here $A$ , $B\in \mathrm{A}_{C}’.(\mathrm{R}^{n})$ and $||$ $||$ is a norm in $\mathrm{R}^{n}$ . Then
$u\prime e$ have $d_{H}(\lambda A, \emptyset)=|\lambda|d_{H}(A, \emptyset)$ for $A\in I\mathrm{S}^{-}c(\mathrm{R}^{\mathrm{n}})$ , $\lambda\in$

$\mathrm{R}$ there $\lambda A=\{\lambda a : a\in I\acute{\backslash }c.(\mathrm{R}^{n})\}$. By Theorem. 4 it

follows that the set of equivalence classes $\lambda^{r}=\{[A, \emptyset]\in$

$I\acute{\mathrm{t}}_{C}(\mathrm{R}^{n})/\sim:A\in Kc(\mathrm{R}^{n})\}$ is a linear space with $a$

no$r\gamma m||[A_{:}\emptyset]||=d_{H}$ (A., $\emptyset$ ). Here the $eq\cdot u\dot{?,}\tau$
,$alence$ rela-

$tion\sim isgiven’\iota n$ $(3.4)$ . It can be seen that $X$ is $a$

Banack space by the embedding theorem in [6].
Let $S$ be a bounded closed subset in $Kc(\mathrm{R}^{n})$ . As-

sume that $S$ contains any segments of $A$ , $B\in S$ in the
same meaning of Theorem 4. Let $V$ be an into $cont\iota$n-
uous set-valued $mapp^{l}ing$ on S. $A$ Assume that the closure
$cl(V’(S))$ is compact in $Kc(\mathrm{R}^{n})$ . Tft.en $V$ has at least
one fixed point $A0\in S$ , i.e., $V(Ao)$ $=A0$ .

5 Applications to FBVP

Consider the following boundary value $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\dot{\mathrm{S}}$ of fuzzy
differential equations

$x$

\prime\prime

$(t)=f(t, x. x)’$ , $x(a)=A$ , $x(b)=B$ . (5.7)

Here $t\in J=[a, b]$ $\subset \mathrm{R}=(-\infty, +\infty)$ alld fuzzy
$\mathrm{n}\mathrm{u}\mathrm{m}$ bers -4, $B\in \mathcal{F}_{\check{\mathrm{b}}}^{\mathrm{s}t}\neq \mathrm{w}\mathrm{l}\dot{\mathrm{u}}\mathrm{c}\mathrm{h}$ is a set of fuzzy $\mathrm{n}\mathrm{u}$ mbers
with compact supports and strict $\mathrm{q}\mathrm{u}\mathrm{a}^{\iota^{\neg}}\supset \mathrm{i}$-concavity, and
$f$ : $J\mathrm{x}\mathcal{F}_{\mathrm{b}}^{st}$

.
$\mathrm{x}$ $\mathcal{F}_{\mathrm{b}}^{st}\neg \mathcal{F}_{\mathrm{b}}^{\epsilon t}$ is a continuous function.

In order to discuss $|_{\mathrm{t}}\mathrm{h}\mathrm{e}$ qualitative properties of solu-
tions to (5.7) we consider the $\mathrm{f}\mathrm{o}11_{CJ\mathrm{V}’}\mathrm{i}\mathrm{n}\mathrm{g}$ Predhoim equ a-
tion

$x(t)$ $=w(t)+.\acute{a}.b$ $G(t, s)$ f{ $\mathrm{t},$

$x(s )$ , $x$

’

$(s))ds$

$\mathrm{f}\subset)\mathrm{r}t\in J$. Let $A$ , $B\in \mathcal{F}_{\tilde{\mathrm{b}}}^{\sigma l}$ be $\ln$ tlle Here fuzzy numbers
of (5.7). Here a fuzzy function $w\in C(J$ .

$\mathcal{F}^{\frac{\sigma}{\mathrm{b}}}{}^{t}\mathrm{I}$ and an
$\mathrm{R}$-valued function $G\in C(\mathrm{R}^{2},\cdot \mathrm{R})$ with $G(t, s)\geq 0$

such that

$A11,$ $-t)+B(t-a)$
$u’(t)$ $=$ , (58)

$b$ $-a$

$G(t, 6^{\mathrm{B}})$ $=$ $\{\frac{(b-t)(\mathrm{s}-c\iota)}{\frac{(b-s)(t-a)b-a}{b-a}}$ $(\mathit{0}|\leq s<t\leq b)(a\leq t\leq s\leq b)(59)$

In the same way as in the discus-ion $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{e}\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{g}$ bounded
ary value problems of ordinary differential equation the
follow\’ing lemma is shown immediately.

Lemma 1 A fuzzy function $x$ is a continuously dif-
ferentiable solution of (5.7) $\uparrow,f$

’ and only if $x$ is a fixed
point of $T$ : $C^{1}(J,\cdot \mathcal{F}_{\mathrm{b}}^{st})arrow C^{2}(J;\mathcal{F}_{\tilde{\mathrm{b}}}^{-\backslash t})$ such that

$[T(x)](t)=w(.t)+ \int_{a}^{b}G(t, s)f(s, x(s)$ , $x(^{\mathrm{q}}\vee))ds’$ .

Assume that the following properties (i) $-(\mathrm{i}\mathrm{i}\mathrm{i})$ hold
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(i) A $\mathrm{f}_{\mathfrak{U}11\mathrm{C}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}f=(_{\backslash }fi, f_{\underline{)}}.)$ : $J\cross \mathcal{F}_{\mathrm{b}}^{st}\cross \mathcal{F}_{\mathrm{b}}^{st}arrow \mathcal{F}_{\mathrm{b}}^{st}\dot{\iota}\mathrm{s}$ we have an existence theorem of (5.7) by the Schauder’s
continuous. Here $(f1, f_{\underline{9}})1\mathrm{S}|$ the parametric rep- fixed point theorem in Section 4. Here $z=(.x_{1}, x_{2}, x_{1}, x_{1,arrow}’,)^{T}’.$ ,
resentation of $f$. $u\in C^{1}(Jj\mathrm{R})^{2}\cross \mathrm{C}(\mathrm{j}. \mathrm{R})^{2}$ , $c=(A_{1\backslash }.A_{2}, B_{1}, B\underline{\circ})^{T}\in$

$C(J,\cdot \mathrm{R})^{4}$ ,
(ii) Let $r_{i}>0$ for $i=1$ , 2. Then there exists a func-

tion $h_{i}$ :
$[0, \infty)$

$\neg[0, \infty)$ such that
$X(t)=e^{t\Lambda^{J};}=$ $(\begin{array}{llll}1 0 t 00 1 0 t0 0 1 00 0 0 1\end{array})$ with $X(0)=E$ ,

$|f_{\tau}.(t, x, y, \alpha)|\leq h_{i}(|y_{i}(\alpha)|)$

for $t\in J$. $\alpha\in I$ , $i=1,2$ , and $|x_{i}(a)|\leq r_{i}$ , $y=$

$\mathrm{t}\mathrm{i}_{\mathrm{V}\mathrm{P}}1_{\sim}\mathrm{v}(y_{1},?/\gamma.)\in \mathcal{F}_{\mathrm{b}}^{st}$

. Here $x=(x_{1}, x_{2})$ , $y=(y_{1\prime}y_{\sim}’))$ where $E$ is the identity matrix, $I/f=(\begin{array}{llll}0 0 1 00 0 0 10 0 0 00 0 0 0\end{array})$

are the parametric representation of $x$ , $y$ , respec-

alld $\mathcal{L}$

, denotes a bounded linear operator ffom $C^{1}(J;\mathrm{R})’\underline{)}\mathrm{x}$

$(\mathrm{i}\mathrm{i}_{1})$ Assume that $h_{i}$ , $i=1,\underline{?}$ , satisfy
$C(J,\cdot \mathrm{R})^{\underline{9}}$ to $C(J;\mathrm{R})^{4}$ $\mathrm{b}_{-}$

$\oint_{+0}^{\infty}\frac{\eta d\eta}{h_{(}\cdot(?t)}>\underline{?}r_{\mathrm{i}}$.
$\mathcal{L}(z)=(x_{1}(a.), x_{2}(a),$ $x_{[perp]},(b)$ , $x_{9,\sim},(b))^{T}$ . Let $U$ satisfy $L(X(\cdot)v_{0})=$

We say that the above conditions $(\mathrm{i})-(\dot{\mathrm{u}}\mathrm{i}.)$ are a hzzy
$(\begin{array}{llll}1 0 a 00 1 0 a] 0 b 00 1 \mathrm{O} b\end{array})$ $v_{0}=Uv_{0}$ for $v_{0}\in \mathrm{R}^{4}$ . Putting $q_{z}(t)=$

type of $\mathrm{N}\mathrm{a},\mathrm{g}\mathrm{u}111\mathrm{O}^{)}\mathrm{S}$ conditions and they we applied to

way as $[1_{\mathrm{J}}^{\rceil}$ .

the fuzzy boundary value $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\ln(5.7)\mathrm{u}1$
$\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ same

$\iota\int_{a}^{t}X(\mathrm{f})X^{-1}(s)F(.-\mathrm{e}.-,(s))ds$ and $F(t, z)$ $=(\begin{array}{l}00f_{\mathrm{l}}(t,z)f_{2}(t)\sim")\end{array})$

Lemma 2 Assume that $f=(f1, f\underline{.\supset})$ satisfies $fw_{d}\mathit{7}\approx y$

type of. Nagum.o ’s conditions. Let $\mathrm{r}_{j}>0$ , $i=1,\underline{?}$ ,
$\mathrm{T}1_{\grave{\mathrm{I}}}\mathrm{e}\mathrm{n}$ , in $\lfloor 8r$] . we get the existence tlleorel\Pi on the

be in $fuz\approx y$ type of Nagumo $\prime s$ conditions and a solution Volterra type of (57) a $\mathrm{s}$ follows.
$x=$ $(X1, X_{-)}.)\in C^{2}(J;\mathcal{F}_{\tilde{\mathrm{b}}}^{-\mathrm{e}t})$ of (5.7) $sati\prime sfy$ $|x_{i}(t, \alpha)|\leq r_{i}$

for $i=1,\underline{?}$ , $t\in J$, $\alpha\in I$ . Theorem 6 Assume that positive numbers $R$, $\mathrm{r}$

Then, $th\epsilon re$ exist nnumbers $N_{i}>0_{7}i=1,\underline{?}$ such that satisfy $R<e^{-(b-a)}$ and $r> \frac{Q||L||(b+1)||U^{-1}||}{e^{-(b-a\}}-R}\mathrm{J}$ Let $f$ sat-
$|.\tau_{i}(t, \mathrm{C}1)|’\leq N_{j}$ for $t$ $\in J$, $a$ $\in I$ .

$i_{Sfy/^{\dot{\mathrm{o}}}\backslash a^{1\mathrm{n}\mathrm{a}\mathrm{x}_{d(z_{7}0)\leq r}d(f,0)\mathrm{s}}\mathrm{d}^{\mathrm{q}}}$

.
$\leq rR$ . If $A=$ ( $A_{1}$ , A2), $B=$

Proof. $(B_{1}, B_{\underline{9}})\in \mathcal{F}_{\mathrm{b}}^{st}$ satisfy $d\{A$ , $0)+d(B, 0) \leq\frac{r(e^{-(b-a)}-R)}{(b+1\rangle|^{|U-1}||}-||$

From the $\mathrm{a}\}_{\mathrm{J}}$ ove $\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{a}\epsilon$ we get $\mathrm{t}1_{1}\mathrm{e}$ following exis- $L$ $||Q$ , then (5.7) $l_{\iota},as$ at exist one solution $i\gamma$} S. Here
tence $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln$ on the $\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{h}\mathrm{o}1_{\ln}$ equation by the $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{u}\mathrm{d}\mathrm{e}\mathrm{r}’ \mathrm{s}_{Q=\int_{a}^{b}\mathrm{n}\mathrm{z}\mathrm{a}\mathrm{x}_{d(\approx,0)\tau}\underline{<_{\backslash }}(b}$ $-s+1_{f}1d(f(s, z),$ $01,ds$ .
fixed point $\mathrm{t}$ lleorenl in Section 4.

Theorem 5 Assume that the so.rne conditions of ReferencesLe7T1ma $\mathit{2}^{J}$ hold. Let

$|f_{1}\cdot(t,$x, y.$\alpha)|\leq 1\mathrm{n}\mathrm{i}\mathrm{n}(‘\frac{\underline{?}N_{i}}{b-\mathit{0}}, \frac{8r_{i}}{(b-a)^{\sim}\gamma})$
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