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1. BimA & X

WOPENTIE TR i = BRBURAS TR PIIBROERTH S LB Sh,
DABEM 2 —EE MR LS LIRS, @ A=B LOWT A & B BNEE
THUTH ORI OMBRRFMCEA S BENH D B 5. BdZhidBizolt
RICBOFTRALAELETIZBNTH LAY THBHM,

BEOHMATIMNEBELRE (BEVITERHE) #BEZL<BEOLDOTHS,
L L7226 ZN 6 DOBESEARNICEIL T 5 R D—-2iz Banach 3. Banach
LMD 5. REWEED S A E %8 < F 4R EHED—DIz Barry Edward
Johnson DEFAH D, ZiiL Banach T 54 Bijl Banach BAD R MHEFRE T
HIVTHBNIER TH D Z L2 FHRT D, FICMHEARE» DBRENEE S E
< HAREBO—2IZ Mazur-Ulam theorem 2355, ZiUZ [/ L AZR» S0 )
%1:-2%Fﬁ’\@é%%‘fﬁ%@ﬁ%ﬂ@'@%hlfE@jé’ﬂblﬁﬁla‘&% (affine) TH D) T LxER

ol J. Vaisald 13 A. Vogt @ idea 1251 T Mazur-Ulam theorem @ simple proof %

HZTe, ). Viisdld OFERASD BN Viisdld -Vogt D idea DAEBED . Fhr s

it LT Mazur-Ulam theorem O—fRIEHE 2B L 5 L EAD DRHEADHBZATH B,
TORHEIRRLE S HFTRIEEREERIZH D,

2. —AE~DE

BILZER X 2 DAL ORIBEZERI~DER f 5 T (affine) TH B L1d. FNN K
ERETS, DEVHNARUAERRRETIZETHDE, RickiT

f(pa+ (1 -p)b) =pf(a)+(1-p)f(b) (Va,bEX,VpER)
EWMICTZETHD, ETX B/ NAEMOBREEEL2D, ZOBAIT f s
DEE, fBHEBRRITHIZ L L., ZNLAhERRETRIZE, DFY

a58)- LO20)  pex)

ﬂ&@ﬁockkﬁﬁﬁﬁ%éo:::x?WixaywﬁﬁT%D‘%%kwﬁ
1552 LT, ZOEH SRS RNERTY 5 EHT3hMNEEE 4 5,

:@ﬁ%%%&#ékb\X?Ea&%wfﬁéocm&%y=M—xktm
INEGH y=p,x) ERBE. p, 13 a iICBIFD Z2B X DSERE (reflection) & 72
D, TRz E > TEERBERVWERTLEYNERTE S, T 50T R
TIEHELREEEZT S,

RIZ ) N AERORD VTS S Rt 2 W EBRIRZ 2 RIFHIER DRV, Zh
ZEEERTHETRRINDIDTH I, ZOBSEMERTIIAR+40THE, 7
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WP ELELNTOLHRLIOTHLINZINIIEB THS, FZTRETZONHEER
(subdistance) TH D, A X TR LT, ROFZHEZIE-TEK I XxX >R %
X FOHEERE LTS -

(1) d(x,y)=0 ifandonlyif x=1y.
(2) For any x, y € X, there is a real constant K(x, y) =2 O such that d(gx, x) < K(x, y) for
all bijective d -isometries g on X withgy=1y.

# (X, d) & EEEMEZE] (a metricpoid space) EFREZ LI2T 5, BEHARERIZLD
PEEECRI IR TH D Z enbh3d, LI LAZBRLROFNRT L 5 ICHX
—RRIZ AL L2V,

BAATRY BT #L Banach BB A 2 5%. A OIEERIt2Hhr A TRT., r, 2 A
DAY MR LT HEE,

d(x, y) =rA(§— 1), x,yEA™
TEHEINDEHd 2ExDL. (A, d) IHEHEME 225, EHEH TR
N,

3. FEH

TIEEEZER (X, d) LOBECE® p BE aEX TRITDEMTH D LIZRDOEM,
BT EERNS ¢

(3) pla)=a.

4) p*=id.

(5) p is isometric.

(6) There is a constant L(a) > 1 such that d(px, x) = L(a)d(x, a) forall xE X .

LoBECEER p 134 a IZBET DN ER%E image LTEY. FNHER L(a)
M1 XOERBIZIZRENZ ERZOBREERMER D, ERBHRBENPD p 1IZFHE
BEAHMHN T, Haldp OW—DREETHAZ LMD, HaEX TRIFB X D
M2 EDOES%E RX;a) TRES.

HADBROBFEAZIRORY HEBIZH 5.

FEE 1. HEEEEZERD X LOEHEMAENOD LK G BEEESERETD. Z
DEEE xEX BEM supd(gr,x) <o RN IpERKX; x): pg-'pg €G (Vg EG) %4

gEG

7edid, Ax i3 G OEXBOREHRTH D,

S THEMIT X D FEH (mean) ZEHEL XS B g, bEX ITHLT

a;b={x€X:3pER(X;x)withpa=b}

TE#ENE 252 % a L b OFHLILE, ZhERA OEROPTEANESD
—DOTHY, FHEOBETROERIIERTH D,

EF 1. HEIEEEZR X »HMomEREZER] Y ~DEM/ f13&M8
f(“%”): f“;ﬂ’ (Ya,bE X)
iz L&, FH ERFT B (mean preservng) L1 9,

ROERIZIDLHAEZET SN, fEH12EPND.
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W2, WIEEEZCRI X 2 OMOEEERZER Y ~DOBERAHN f & a;b - O

o PP oo pifitct X LD2 8 ab BEXBRIEET B, TOLE, Y
25b B Jo 31 sissacay Ao f(“gb)=f“;ﬂ’ AR Y 3D,

xoy

%1, WEEBEZTH X ED2 A x,y 2R LT, ¥
»5.

EIROERLBRTHS S,

EFH 2. MEEEEZCRT X 13&MHF  RXx) =D (VxEX) BNz XNn5 & = g5ty

(reflective) T B L E 5, i = cENB L&, BERLE
(strongly reflective) THD LVVH,

PR, EEEMEZER (X, d) ASHEIIN T HIUTBANICEITH D . d IR,
DEY dx,y)=dy,» (Vx,yEX) THDHZ LERT I LB TE B,

LORFEMIBESERND &, ME 2 > OEBITIROEENBRES .
EH 1. WM EEBTMOMOL TOSFERLHEFIIEE 2 RET S,

(Every bijective isometry between strongly reflective metricpoid spaces is mean
preserving.)

IFZEPERIT 1 EEAET

4. FEHDOEKAL

[ /AR REMABEEBZTERTHAZ L 2RAZ L35 L. TRk
Mazur-Ulam theorem 23 F N S EHEEMNN S,

% 2 (Mazur-Ulam theorem) . / )V AZERIDRE D42 TOEERES BEIIBEN TH

5. (Every bijective isometry between normed spaces is affine.)
II ROFEEHGECTHBEEER OEEHEMH X, HE2EX LS

(7 d(ax'a,ay-'a)y=d(x,y) (Va,x,yE€X).
®)YVae X, AL(a)>1:d(ax'a, x) 2 L{a)d(x, a) VxEX) .

IOrE X ZEBRATHD, B x,yEX ZHLT 2 D{aEG  axa ' =y} T
DO ELEBRTDHIENTED, ZN#bHL

D {aEG:axa=y}=3J (Vx,yEX)

2HIE X I3GRERANTH D, TAIZZ DX S 7o BEEEEZe R 4 R EE I BE P R
(super reflective metricpoid group) & FESZ L1235,

g\gﬁ%ﬁﬁiiﬁd)ﬁﬁo)ﬁ%'@& Y., ZF#LE 2z Mazur-Ulam theoerm O—#& 4k
T\: o

% 3. @EMPERREFOB DL TOEEML BT EH 2 EET S, (Every

bijective isometry between super reflective metricpoid groups is mean preserving.)

rtoR3IEBIZEKIELE S, WE 2287 b Hausdorff Z2f T L@@ﬁ%ﬁé#&@
B C*-8B C(T) izxt LT,
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CHT) = {xECT): x(t) >0 (VtET)}
LS, morE CT) ITHEODL L THEED. £z C'(N)x C(T) LOIF A ERIK
dy ZRATEELLS :

| @wyecm.

ZDrE (CHT), d) 1IBEMNERMBETHIZ LERTIENTE S, ROKR
X (CH(T), dy) OB EERZ LIZRICBE L THRBRNI TS S Z L2~ TWD,

EH2. C(T) PHENEH~ORHS f 5
B(fx—fy)zl= ==y’

V7i3 %y
BT, f(xry-r) = f@)P W) 7 (Vx,yECH(T),VpER) ThH 3.

do(x’ y) = “ M

(x, y€C'(T))

RIAD CUT) KA LT, C(T) x C°(T) EOFAEME d, kKR THEL L -
dmy=|3-1}[5-1] wyeca.

TDEx (C(D),d) 3BEMNEIERBECTHIZLERTIENTED, ROBR
12 (CH(T),d) EOLBEFNEERZLIFRICELTHRENTHD Z L2 TN,

EH 3. C(T) hOZNHE~DLES f 3
q%—l ﬂ%—l =|3-1]]3-1| yecay
BT, fxry P = f()7 )7 (Yx, y € C°(T), ¥p ER) TH B,
LFo#ERPBRICE 5 2 BARMEENFEET D,
M LLHEBOERNE DX 572 F# Banach BRIZDW TR Y LD ?

5. RERA

1. 2fiD (A7, d) DHIEHEZER & 725 Z L OFER : Itis trivial that d satisfies (1).
To see that d satisfies (2), let x, yE A™' and g anisometry on A™' with gy=y. Let ®, be

the Gelfand space of A and take a point ¢, € ®, such that r,4(~g~)€E - ) = (%%‘;L;O) -1].
0

Then we have

d(gx, x) = %SZQ)—_I'
@0l eoen \ | %0 - 3(@0)|
| 2o || F(@o) ETN

sr,(y)rax") rA(—g)Tx - 1) +r(x=y)rx"h

=r,(y) ra(x") d(gx, y) + rx—y) ryx ")
=7 ,(y) r(x7") d(x, y) + ry(x —y) r(x7") (since g is isometric and gy = y)
and hence we see that d satisfies (2) by taking K(x, y) = (r,,(y) d(x, y) + r (x - y)) el
Q.E.D.
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2. FHRE 1 DI : Let x € X be such that A(x; G) : = sup d(gx, x) < and there is
g€

p € R(X; x) such that pg~'pg € G forall g € G. We takeg € G arbitrarily and set
h=pg 'pg. Then h € G by hypothesis. Since

d(hx, x) = d(pg~'pgx, px) = d(g~'pgx, x) = d(pgx, gx) = L(x)d(gx, x) ,
it follows that A(x; G) = L(x)A(x; G) and then A(x; G) =0. In other words, x is a common
fixed point of G. Q. E. D.

3. FiRE 2 OFERA : Let G be the family of all bijective isometries on X keeping the
points @ and b fixed. Then G is a bijective isometry group acting on X such that both a

and b are common fixed points of G. Let x € g_%_b and y € fa ; P e arbitrary. Then
there are p € R(X; x) and 8 € R(Y; y) with b=pa and fb=6fa. Forevery g€ G,we

have

pg~'pga=pg-'pa=pg 'b=pb=a and pg-'pgb=pg~'pb=pg-la=pa=>b
and hence pg~'pg € G. Note also that sup d(gx, x) < . Infact, if d is a subdistance
gEG

function on X, then d(px, x) s K(x, a) forall p € G and hence sup d(gx, x) < K(x,a) <.
gEGCG

Therefore we have that x is a common fixed point of G by Lemma 1. Set 2= pf '8f and
so h is a bijective isometry on X . Also we have

ha=pf 'Ofa=pf 'fo=pb=a andhb=pf '0fb=pf 'fa=pa=>b
and hence h € G . Butsince x is a common fixed point of G , it follows that six = x.
Therefore we have ‘

0fc=fopf '0fx = fphx= fpx= fx
and so fx =y sincey is the only fixed point of 8. This observation implies the desired
result. Q. E. D.

4. (CT),d,) »BEMPEEEBEETH D Z & DIERT : We first note that C*(T)

becomes a group under the multipilication. Also we set

2
x -—
dO(X, }’) = ( xyy)
foreach x, y € C*(T). Then d, clearly satisfies (1). To see that d, satisfies (2), let

x, y € C™(T) and g a bijective isometry on C*(T) with gy=y. Pick #, ET such that

07| (@) -xt))

(go)x | (gx)(t)x(t)
Note that

prect@-b? AP+cl) (a-o
(10) bc ab + bc ="ac

for all positive numbers a, b andc. Therefore we have
(TR
(gx)(2,)x(t,)
o) e (@06 0] 2y a0
y(e)x(t,) (8x)(2,)¥(z,) W2 )x(ty)
¥(t,) +x(t)’ deign,3) + 2()’(fg)2 + x(t g)z)
y(2)x(t,) e )x(t,)
<P+ 1Pl ] ot + 2

(gx—x)?

dO(gxs X) = (gx)x

by (10)
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and hence d, satisfies (2) by taking K(x, y) = (“ y MZ + Ixﬂz)" y! II ux" ﬂ (do(x,y)+2). We

thus see that (C*(T), d;) becomes a metricpoid space. Also we can easily see that d, clearly
satisfies (7) and (9). To see that d satisfies (8), let a, x € X and pick ¢, € T such that

(a-x)* (a(t") - x(t*‘))z
ax 07 aityxt)
Then 2 ( 2_ )2)2
l (a0 a(t) - x(t,) a(t,)” - x(t,
2dy(x,a)=2 ‘ ( ax ~|- ( a(t )x(t,) ) ) a(t,)’x(t,)’
(az _ xz\)z
< mreal b dy(ax™'a, x)

and hence d, satisfies (8) by taking L(a) =2 . Therefore (C*(T), d,) is a super reflective
metricpoid group. Q. E. D.

5. FEH 2 DI : We need the following lemma but omit the proof.
(fr= )’
Py

(x-y?
Xy

Lemma 4. (i) Let f be a self-map on C*(T) such that for all

x,y &€ X. Then f is norm-continuous.

(i) Let a € C*(T) be fixed. Then the function p — a? from R to C*(T) is continuous.
=M | -y’
Ay Xy

x, yE CXT). Then f is a bijective d, -isometry on C*(T). Also as observed in the above
argument, (C*(T), d,) is a super reflective metricpoid group. Then f(yXy) =4/ fxfy holds for
all x, y € C*(T) by Corollary 3. By the iteration of f(yXy) =+/fxfy , we see that

Fxry' =" = f(x) f(y)' " for x, y € C*(T) and all dyadic rational » between O and 1.
Therefore f(x?y'~?) = f(x)?f(y)' 7 forall x, y € C*(T) and all real number p between O
and 1, and hence all real number p € R by Lemma 4. Q. E. D.

Now suppose that f is a bijection on C*(T) such that for all

6. (C'T),d) I3 BEEMIEERE THDZ L O« ZHILIEHENIEREIZEL
WHTHDHHEET S, BEHEOH B HIIE 4] 22B I,

7. EHE 3 DFERH : We need the following lemma but omit the proof.
b fx
LAY | FLN
fx H fy

|| ]- l-lis -
forall x,y € C*(T). Then f is a bijective d, -isometry on C*(T). Also as observed in the
above argument, (C*(T), d,) is a super reflective metricpoid group. Then f(yXy) = fxfy
holds for all x, y € C*(T) by Corollary 3. By the same method used in the proof of Theorem
2, we see that f(x?y'~?) = f(x)?f(y)' ~* forall x,y € C*(T) and all p € R with aid of
Lemmas 6 and 4-(ii). Q. E. D.

Lemma 6. Let f be a self-map on C*(T) such that

=E%—1M§—1B for all
x, yEC'(T). Then f is norm-continuous.

Now suppose that f is a bijection on C*(T) such that
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