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A MODIFIED HEINZ’S INEQUALITY
FHH 2 [EhkRaEgeE] Tekash Yeshine

Concerning the Heinz’s inequality, we got the following result.

Theorem. The region of v such that the operator inequality
(AYVACAYY > (ATBoA")P

holds for any operators A and B such as A > B > bl (some b > 0) and for any given
o and 8 such as o > 0 and § > 0 is as follows ;

(1) 0<a<1, 0<3<], —00 < ¥ < 400
2) 0<a<l, 1<8<2,

1 —aff . 1—af
m”{“’mﬁflf§7:”mnﬁhzﬁﬁid}

[N
P

3) 0<a<l, 2<p<

(4) 0<a<l,2<p,
20—1—-aff —of . [200—aB8 1-—0of
m“{ 2001 ’%H—D}Svgmm{ﬂﬁ-n’ﬂﬁwn}

and (5) l<a 0<@<1,

R

7=0

off—11)
e {0 517 <7

In this lecture, we constituted counter examples of A and B for the cases where

0<a<l, 1<8, min{min((), M), 51@_—?%

and

' {1 22-1-af —af3
0<a<l, 1<5, 7<mﬁ{mﬂ< 2’ zm—l))’ %B—D}

as follows.
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For any a, bandusuchas1<a<16, 0<b§§and0<ﬂ§min{a, 1—a}, let |

{a — )b # (a— 1)y (BP# +B#)

RN g i Y Ry B(1 = by - (1 - b (1)
o (a-1) [ (1—B)} +{a ~ D' +]
g (1 ppe-e oy B [EPa 1B - +{a ~ 1)piH
€= (1-Bbp* "+ TR e g (ta)
and

gz (a-Db{a—1+2b(1 - b)} y2-u
da " Hi-Bla—11b1-BY  bi-b) (8)

Since p+2 > 2—a, b2 < B and, by taking (1 —b)p#+? (< a — 1 ) sufficiently
near by a — 1, we have a — 1 < {1 ~ b)b*~* and hence we can choose b such as

(1-bFt? ca—1< (1-Bp¥ (#4)
By (f2) and (ff4), we have

a-1<(i-p <o~z

—Dp | (a— 1)

1-b {1-b)?

< (1= B)p*® 4 B3t L 3 t2e) g (a5 a0 — 1) (s}

<(-ppey e

3o (0<a___1)

because b — 0 (as a — 1} b; do< 2a} < .
e b0 (s a— D by () ando< w20y < { [ 0 T030) =

And, by (43) and by (§4), we have

e c1- d:v 2a ~ 1 H bl'“f‘
1—-b b(l—~ b{{a —1+b{1 - b)}
Aa—1)b~1# B
{187 1-b
gpl—{pta)  pi-u

For any e such as # < € < %,1&5: ”be Then 0 < § < a6 — b and

g—b~68>0. And let

4= yawr=7 W) wa 2= (5 )

where y = b — fi’:“—}- Then A and B are self-adjoint and clearly B > min(z, y) I.
Since z = 1 {as a —~> 1) by (i), we may assume that min(z, y) > § because we shall
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consider the case where ¢ — § and nextly @ — 1. Since the proper polynomial of
Vela—b—3) '

A-«Bx( a-z - )is
Va—b—8) e+6+ 88
A%~ (a-:t:+e~§—5+ W)A+{a——z}(¢+§}+(z:f—I)ﬁ(a-b—-§)

and sincea—x > a—1by (i), (a —xjfe+8) + (g—z-gz -~ 3)6(&*—5—*5) >0and A 2> B.
H (A7 AZAYYP > (A7 B*AY)P, then we have
a2 (2™ — 3* Y {a — be { 14 ﬁ;—)-}

a z*(a — b}
+ xBpY (2™ — y*)?

(@ — B)x>{a®rz> — y*b?7}

atrzpp | fol—8) -3 ofe-b)

*e [{ a-1  (a—by  Ha-1)

az’f{;tﬂ — ya)z
{a — By (a?Y 2> — yob?7)
atTphY (e — yo)te? ofe)
< b (450

x [{g(aﬂv)ﬁ - a,ab?m} + {(a + 9y)alet2NB-1 _ (2’321 ; b)

i ya ﬂ27(z“ - ya)2 .
+(“ — b)y™ N {a - By={a?7z> — yab}y)) Y Ayerh } Ae + o{e}}

9 {b(a+2'¥)ﬁ ~ azwmaﬁ} 4 {let 2~ BpetEIs 2y
a—1 a

ya — bz-y (za - ya)i

z*{a —b) {g-— bx(a?rr® — yobd7}

where o(¢) is a function of € such that lim 9—({-)- = 0.

€0

bd [{a?yﬁxaﬁ _ a(a+27)g3} + o218 {2’1{3;05 — aﬂ} + z"‘ﬁ(y"‘ - z@ )

~ a1} pe +ofc)|

} Be + 0(6)]

+ az“’ﬁ:z"‘ﬂ} Be + 0{€)} ()

By multiplying {a?"(+8527{2% — y*)42}~1 to the both side of the inequality )
and by putting ¢ — 0, we have
Bla*? — g B \plat2Nf-27 (g _ pa _ofa—b)ae~-b) &Mz - by :
(x> — b*x)2 b ba—-1) br{a?1x® — p>t27)

27(1~B]
< {bwg:-t— a:’::ga)’o’ { aletans _ b{a+2’?}ﬁ} {b(a«mqa)ﬂ - a?mﬁxaﬂ} (i)
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and, by multiplying b~2(«+27{F-1) 15 the both side of (i}, we have

ﬁ(aaﬁ — aﬁ)bz'y{l—ﬁ)—aﬁ+2a P a(q . b2)(a _ ﬁ)
(zx —b=)? { e bla—1)
B a?{x® — b)? }
o (ahze — boto)

{a(aﬁLﬂ“f}ﬁb*(aJP?'Y)ﬁ — 1} {1 —_ a2*ﬂ3$aﬁb—(a+2’¥).3} . (i)

ad1(1—8)
<
- -{I — a2y pop—{et2y) }2

Since 0 < a — z < 3b by (f5), we have

[a®P~1 — z*P~11 < Kb for some constant X > 0 (h1)

(case 1) Let0<a<1, 1<f, mn{mn(0, 279}, J59%} <+(#0)

In this case

¢ (a+2y)8 — 2y — o — min{min{a(8 - 1}, @), 1 —a}

= 2v(8 — 1) + af — o — min{min{a{3 - 1}, a}, 1 —a} >0

{ and (a+27M)(B-V=(a+2¥)B-2y—« {b1)
> min{min{caf{f — 1), a), 1 —a} >0

{ and hence a+27>0 because G>1

Let a — 1. Then b — 0 by {fi) and z — 1 by (}5) and hence we have

a27(1"f3)

I e ey

{a(a+27)ﬁ —_ b(a+27)£3} {b(a+’2*r)ﬁ - 2’76:50![3} = -1

because a + 2y > 0 by (k1)
Since 0 < min{min{a(8 ~ 1}, &), 1 — a} < min{e, 1 - o}, let
p = min{min{a(f - 1}, @), 1 —o}.
Then (o + 27)3 — 27y ~a -~y > 0 by {(b;) and since b = 0 {(as & — 1) by (§4) and
z— 1 {as a — 1) by (f5), we have
a®f — gof

lim __________'_b(a+2fy)ﬁ——2*1~1 = lim aﬁ aaﬁ—-l - maﬁ-—-lf‘_if b(a+2'y)ﬂ-—2'y-—1
a1 -1 a1 da

dz
= i - 2 plot2vif-2v-1 _ g
af lmé (1 da)b by (52)
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I- 1~ (g ) 1~
because %:g— <l 2 1:; + "1,_;; by (#s) and hence we have

B(aF — gPAHETINE2Y (4= bt ofa—$)(a—b)
> b{a - 1)
az-y{ma — ba):z
"ba(aqua — bxt+27)

lim (= — b°)2

= {.

This contradicts (ii).

(case 2) Let @< <1, 1<3, 7<m{mx(__%y 2?25'51:53)’ 2(%%}‘

In this ecase
2B~ 1)+ 0B +1~a—max{max(ef+2—~F—a, a}, 1 —a} <0
and (e + 23— 1) < ~1 +max{max{af+2~F—a, a), 1 —a}
= ~min{{l — e)min(f -1, 1}, a} <0
and hence a+2y <0 because (3>1

{b2)

Let a — 1. Then b — 0 by (#;) and z — 1 by {#5) and hence we have
lim e a;:;:j im}z { glet2By—{a+2M8 _ 1} {1 - azwﬁxaﬁb—(amm}
=1
because e + 2y < 0 by (b2).
Since 0 < min{{1 — a)min{8 — 1, 1), o} < min{a, 1—a}, let
p=min{{l —a)min{3 -1, 1), a}.

Then 2v(1 — B) ~af +a — u > 0 by {b;) and since b — 0 (as a — 1) by {}4) and
¢ — 1 (as & — 1) by (§5), we have

Hm o’ — 227 p2v(i-g)-cft+2a~1
a1 a —
=tim af { a1 - m‘*ﬂ““lii.f pRr{i-pr—af+za-1

~a8 1 42\ 1 orv(1-p)—aptza—1 _
~ap i (1- %) =0y ()

1p R
because 4 <1 -8 <« 20+ B by {fs) and hence we have

ﬁ(aaﬁ _ waﬁ)b2*y(1—5}~aﬁ+2a % — b _ a(a — b?)(a —b)
b bla—1)

N a?y(za - ba)2 -0
br{a?rze —potr) [

IIEi—‘irrni (z& e ba')?

This contradicts (iii).



