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§1. BHiE

EANL MR H _LOFERBUERRELESE B(H) &<, KIIESFEAR
(88* = $*S) DA HikIZE T 5 BE R FE T Fuglede-Putnam EE L IFIEN T
Wa,

[Fuglede-Putnam theorem [3, 12](1950)]

(1) Se B(H) BEHRETH, T0LE SX = XS (X € B(H)) RbiES*X =
X8 &%,

(2) S € B(H), T* € B(K) XEHRL TS, k¥ SX =XT (X € B(K,H))
BB SX = XT* Thd, EbiT S OEHEOKAE [ran X] £ § @ reducing
subspace, (ker X)* 12 T @ reducing subspace T S|jan x7 & T |(ker Xy E=z=7Y
FERERAERRTH S,

EREZERIBVWTTHEERKELRBEETHLZ EIXE<HMbNTEY, <D
HREERZ OCEDIREIT>TE L, FIXIX

(1) Furuta [5](1979): S, T* subnormal (S has a normal extension)

(2) K. Takahashi [13](1981): S,T* hyponormal (SS* < §*5)

(3) Moore, Rogers and Trent [10](1981): S,T* M-hyponormal

(5= 2)(S — 2 < MYS — (S ~ 2)
(4) Yoshino [17](1985), Duggal [1](1986): S dominant, T* M-hyponormal
(S—2)(S—2)" < MHS—2)(S—2)
(5) S.M. Patel [11](1996), Duggal [2](1996) S,T* p-hyponormal
(SST)P < (S*S)P
(6) LH. Jeon, K. Takahashi and A. Uchiyama [14](2002), [9](2004) :
S, T* p-hyponormal or log-hyponormal (S invertible and log §5* < log S*S)

EWRHD, T T class A(s, t) tERREE 2 3,
[FER] W% T = U|T| & LT generalized Aluthge transform %

T(s,t) = [TFUITI (0 < s,t)
EREBHD, T A class A(s,t) TERZETHB LI1T
IT(s,8)[=% > TP,



Eix, ACETHDH,
(1T*ItIT12slT*lt)$ 2 'T*f%

-t & & &5, p-hyponormal, log-hyponormal fEfBZIX class A(s,t) 1EM
# (V0 < 5,1) TH B, class A(s,t) FFREDZ 7 X130 <5, t IKBLTHARLTW
K ZeREBRLTWS, BT class A(L, 1) TERARITRIT class A fERAZ L Wb

T2 > TP

THEBSTLOND, (4,7, 8, 16])
T DFHXD B #IE class A(s,t) 1EAR (s + ¢ < 1) 78 reducing kernel (ker T C
ker T*) % b TiE Fuglede-Putnam BEEMIZT I L ZRTILTH D,

(FEE]

S € B(H),T* € B(K) 1% class A(s,t) fEFZE (s +t < 1) T reducing kernel %
Lok T B, TOEE SX =XT (X € BK,H) 2biESX =XT* THD. &
BIZ [ran X] 1% § @ reducing subspace, (ker X)* i& T @ reducing subspace T
Si{ra.n X] & Ti(kerX)J- iTz=F VEMERERIERZETH D,

§2. tHA

[ 1([16])]

A,B,C € B(H) 1% non-negative TO0<p,0<r <1 35, bL.

(BiAPB3)# > B",B >C
7biE .
(C3APCE)w > C7

iy A ASN

[+ 2]

T i class A(s, t) 16 (s+t<1) TM I T ORERIZEFETH, Z0L
& restriction T|u b class A(s,t) (ERARTH D,
Proof.

[Ty S _ 1
T—(O Tg),on?—t~M€BM

ML, PEMANDERFRET D,

7 0
Ty=TP =

129
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&< & Hansen OAR%ER 6] 225
Ty = (P|T*P)* > P|T|*P
50T
|T* > =TT* > TPT* = |T; "
ThHbH, £oT
T is a class A(s,t) operator
= (T[T |7 )7 > T
= (Tg[11TP (T3 )= = | T3 (A 1)
= (TP (T 2 |15 Gince T3] = T3P = PITE[)
&= T is a class A(s,t) operator .
1

h ol 3

#E%E 3] T c B(H) X class ATEAIR T M X T ORERZER LTS5, T2

Tl S 1
T—_— =
(0 Tz) onH=MaeM

LETEE, b L Ty =Ty 7 quasinormal 72 5i¥ran S C ket Ty THD, &b
2, b L, kerT CkerT* TTy = T|p BDERRLIE M X T % reduce 5.

Proof. P % M ~DERFHELTD L

'y 0
( 10 1 . ) — PT*TP < P|T?|P (since T is class 4)

T *2T 2y2
< ( (T1 01 )2 g ) (by Hansen’s inequality)

1T
= ( 10 ! g ) (since T} is quasinormal).

b5, ST = ;‘ ’; LB ECORERND X =TTy L85, %

o T2 = TT2 Ch B b
X24+YY* XY +YZ
ZY*+Y*X Y'Y 4+ 72
_ T*°T,? T*2(T,S + STy)
(S** + TSHTE (S*Ty* + T3 8*)(T1S + STy) + Ty T2
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720, ko7 ‘
X24+YY* =T*T? = (TiT)? = X?

Thd, -TY=0Thd, £k
72 = "I, 0 > T = ' 1i*S
0 Z S*Ty S*S+ 1T,
Ehrb 'S =0ThHD, %>7T
ran S C ker T¢

L%,
EhitkerT CkerT* TTy PERET D, ZDLZX

S(M) Cker Ty =kerTy C kerT C kerT™
THDHND r € MHIZHLT
¢ 0 Sz TSz
0=T"Sz=| ! =1
’ (S* T;) (0) (S*Sm)

LRE, 5T SS=08R0 S=008E0n3, £>TMIXT % reduce

5.
-

X% 4] T|am 7 quasinormal 2 TR M B T % reduce $5Z & [ QUGN
v, #%iE T % bilateral shift on £*(Z)
Tep, = eny1

EUM=VocnCe, EB<, T5E& T 1% unitary T T'|p & isometry THodH, L
ML M X T % reduce LRV,

TORBE I AV TRBIDRS,
[#58 5] T € B(H) i class A {EFIRC ker T C ket T* &5 2o TorE
T=T,6T, onH=H,DH

L ETE T Ty WXER, ker Ty = {0} TTh i% pure class A TH D, 2EY Tofum
DIEH L RBRERAEMIIFERIZTTD D,



132

[#8%8 6] T = U|T| € B(H) i class A(s,t) /BRI (s+t=1) TkerT C ker 7™
ET%5, bl

T(s,t) = |TPUITE=N®T on H=Mad M"
LML E N BERZLIE
T=N&T
LHBEND, TITU =Uy @ U, Th 1% class A(s, 1) fFHZE T ker Ty C kerI7 T
»B, Efo N=Uy|N| & N OB TH 5,
Proof. ETREE [8] 25

[T (s, )% > [T > |T(s,1)*]" for r € (0, min{s, t}]

ERB, £oT
‘N|27 e ]TI;ZT 2 !TW 2 lNl2r @ }T/*izr
ERDLPD
T|=|N|eL0<L
tRIh2, &T

Uy U n
U= onH=MeM
( Us Us )

TERT L T(s,t) = |[TIPUIT)F &P
(r) =% o) () (W 2)
o) \ 0o Lt Uni Un 0o L
L72%, W~ T
N = |NJ*U|NT, N[ ULt = 0, L*Usy | NJt = 0
THD, TZTkerT CkerT* THLH»H
[ran U] = [ran T| = (ker T*)* C (ker T)* = [ran |T]

E72D,
STzeckerN &35, ZDe&E zeker|T|=kerU T

Un Ui z Unzx
U{I,‘ = = = O
(UZI UZZ) (O) (Uglll’,')



ThHHID
ker N C ker Uy Nker Uy

%, Wz e MIZHLT
U (g) = (Uum) € [ran |T|] = [ran (|N| & L)]

Ugll'
THHDPDL
ran Uy C [ran|N]], ran Uy C [ranL]

&%, FRRIC
ran Uy C [ran|N|], ran Uy C [ranl]

Thb, WiZzckerL 55, ZDLE gcker|T|=kerU T
0 U]_Q.’L'
. = =0

ker . C ker Ui N ker Uss
Thb, ET N=V|N| 2BOMBETDH, DL

ERDBMPD

(VIN|]® = |N|*Upn)IN[* =0

THHH
VIN|® — |N|*Uy; = 0 on [ran | N}

B, ZZTkerN CkerUy ThHBHERD
0=VIN]®— |N["Uy = [NF*(V —U)
THD. #-T
ran (V — Uy1) C ker [N|n[ran [N|] = {0}

ﬁiffgfgh%)o J:‘O’C V - U11 'C“ N = DrlllN‘ }i*ﬁ%ﬁ@ﬁ?)éo if: INtsUlth = 0
ThoaNb
ran UipL! C ker |[N| N [ran |N{] = {0}

87250 J:"D'C Ulth:(J'C“Uu:O &f:éc ﬁ%a: U21:073§ LSUgllNlt———O
noEbNS, XoTU=U;®Un THD, £2T

T = U]Tl = Uu‘N‘ S U22L

R BDT Ty =UypL ERITIEIV, O
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[(EEEDILEAR]

[8, Theorem 4] 7*b s+t=1 & LTEV, 5,7 Z#RE5 LS IHBELT
S:SléBSZOn%“—‘%l@Hz
T"=TreT,on K=K, &K,

X Xio
X1 Xoo

LB L& S, T XER Sy, Ty X injective, pure TH D, STX = (
ERETHE SX = XT b

Sl-Xll SlX12 — XU.TI XIZTZ
So X9 SaXo X Tv XooTh
LB, TITTS8, =U|S,Ts = ViTy| LT 5, 8T
Sy(s,t) = | S| Us|Se[', T5 (s,t) = |T; VS| T5 [/, W = |Sa|* Xao| T3 °
B &
Sz(S,t)W = !SQISSZX22|T2*]S
= |G| Xoa To|T5 |° = W(T5 (s, 1))

LB, TIZT S, Ty ik class A(s,t) ERETH DB Si(s, 1), T5 (s,t) idmin{s, t}-
hyponormal & 725, LT [2] 725 [ran W] i Sa(s,t) @ reducing subspace,
(ker W)+ 1Z T3 (s,t) @ reducing subspace T Sa(s, t)|ran w)s Ts (8, 1) |kerwys 1T
=F Y RMERIERERAZETHS, LnL Sy, T 13 pure RO THE 6 b W =0
LB, £ S, Ty IX injective BDT X =0 &%, £ 5X0 = X017 T
51X = X12To THBEPBERRIE XTIt =0,51 X1 =0¢,2%, £oTSX =XT

»H A
51 Xn 0) _ [XuTh X212
S2Xo; 0 0 0

ERY X1y =0, X0 =088Bohd, LoTX = (Ji)u g) <

ran X =ran X1, & {0}
(ker X)* = (ker X1;)* @ {0}

PRB. DITHXy = XuTy Bh5 S Xy = XuT? 229 §*X = XT* 7348
bha, ¥z [ran Xy1] X S; @ reducing subspace, (ker X1;)* 1% Ty @ reducing
subspace T Sifran xu] & Tilgerxy)t 32 =F UV FHERESMFERARTH D, =
T Sl[ran Xx] ™ Sll[ran Xu1)» T1|(kerxu)_L ot TI(kerX)—L THHEPH [ran X} xS o



reducing subspace, (ker X)* X T @ reducing subspace T Sljran x] & T(xerx)t
=& VEERERERARTH S,

[i£% 7] [15, Example 13] i< class A(1/2,1/2) fEA% A TkerA ¢ A* £ 725
PR s, 22TS=T"=A&BE, X =P % ker§ = ker A ~OEXHE
EBL SX =0=XT THAMNS*X # XT* TsH5, &2 7T kernel condition
(ker S C ker §*) 372V & EEH D Fuglede-Putnam FEEILAL L2V,
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