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1 Introduction

In what follows, a capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive (denoted by T > 0) if (T'z, z) > 0 for all
z € H, and also T is said to be strictly positive (denoted by T' > 0) if T is positive and
invertible. '

Furuta-Ito-Yamazaki [12] introduced the following class of non-normal operators.

Definition ([12]). T € class A < |T?| > |T|%.

An operator T is said to be paranormal if |72z > ||Tz||* for every unit vector r € H
(9][14]). Ando (3] showed that T is paranormal if and only if

T2*T2 _ 9NT*T + M°1 > 0 for all A > 0,

and that if 7' is p-hyponormal (i.e., (T*T)? > (T'T*)?) for some p > 0 or log-hyponormal
(i.e., T is invertible and logT*T > log T'T"), then T'is paranormal. It was shown in [12]
that class A includes the class of p-hyponormal and log-hyponormal operators, and is
included in that of paranormal operators.

M. Fujii-D. Jung-S. H. Lee-M. Y. Lee-Nakamoto [8] introduced a generalization of
class A. In fact, class A coincides with class A(1, 1) ([24]).

Definition ([8]). For s,t > 0,
T ¢ class A(s, t) <= (|T*[T|#|T )= > [T**.

On the other hand, Aluthge-Wang [1][2] introduced w-hyponormality. An operator T'is
said to be w-hyponormal if \T| >1T| > |(T')*| where T = U|T| is the polar decomposition
and T =|T I%U [T{% (Aluthge transformation), or equivalently,

(T HITIT™ 9} 2 177 and [T] > (TEIT7ITIS)?
Ito-Yamazaki [17] showed that

(BiAPB3)# > BT = A" > (ABBrAB)e+
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for A,B > 0 and p,7 > 0, so that the class of w-hyponormal operators coincides with
class A(3, 3).

As parallel concept to class A(s,t), we introduced a generalization of paranormality
in [26]. In fact, paranormality coincides with absolute-(1, 1)-paranormality.

Definition ([26]). For s, > 0,

T is absolute-(s, t)-paranormal
= |||TP|IT*fx|* > |||T*| z||**" for every unit vector = € H
e T T | T = (s + )N + sA*T*T = 0 for all X > 0.

We remark that class A(k) and absolute-k-paranormality introduced in [12] coincide
with class A(k,1) and absolute-(k, 1)-paranormality for each k£ > 0, respectively, and
p-paranormality introduced in [7] coincides with absolute-(p, p)-paranormality for each
p > 0.

2 Generalizations of class A and paranormality
We introduce further generalizations of class A and paranormality.
Definition 2.1. Let f be a non-negative continuous function on [0, 00).
(i) T € class A-f <= f(IT*|TPIT*]) = [T,
(ii) T is A-f-paranormal <= AT € class A-f for all A > 0.

When f is a representing function of an operator connection o (see [20]), we also call class
A-f and A-f-paranormal class A-o and A-g-paranormal, respectively.

In fact, class A and paranormality coincide with class A-f and A-V-parancrmality,
where V and f are the arithmetic and geometric means, that is,

AVBz-;—(A-i-B) and AﬁBzA%(A?BA?)%A% for A, B > 0,

and their representing functions are fy(t) = 2(1 +1¢) and fy(t) = t3, respectively, We
remark that “T" € class A = T is paranormal” can be shown as follows:

T € class A-ff <= T is A-§-paranormal since fy(A*t) = A fy(t)
= T is A-V-paranormal  since fy(t) < fo(f).

Moreover, we introduce further generalizations of class A(s,t) and absolute-(s,)-

paranormality.
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Definition 2.2. Let f be a non-negative continuous function on [0, 0c), and s,¢ > 0.
(i) T € class A(s, t)-f < f(|T*["|T|*|T*[") > |T**.
(ii) T is A(s,t)-f-paranormal <= AT € class A(s,t)-f for all A > 0.

When f is a representing function of an operator connection o, we also call class A(s, t)-f
and A(s,t)-f-paranormal class A(s,t)-o and A(s,t)-o-paranormal, respectively.

In fact, for each s,¢ > 0, class A(s,t) and absolute-(s, t)-paranormality coincide with
class A(s, t)”us—fq and A(s,t)—Vgﬁ—paranormality, where V,, and {, are generalized arith-

metic and geometric means for o € [0, 1], that is,
AV, B=(1—a)A+aB and Af,B=ANATBAT)?A? for A, B >0,

and their representing functions are fy, (t) = (1 —a) + af and fi, (¢) = &%, respectively.

3 Properties of class A-f and A-f-paranormality

The following results have been shown on class A(s,?) and absolute-(s, t)-paranormal

operators.

Theorem 3.A ([8][15][17]{25][26])-
(i) T is p-hyponormal for some p >0 or log-hyponormal = T € class A(s,t) for all 5,2 > 0.
(ii) For each s,t >0, T € class A(s,t) == T is absolute-(s, t)-paranormal

(iii) T is absolute-(s,t)-paranormal for some s,t > 0 = T is normaloid (i.e., [T} = r(T)),
where (T is the spectral radius of T'.

(iv) For each 0 < 81 < 82 and 0 < t; < g,

T € class A(sy,t;) => T € class A(sg,ta),

T is absolute-(s1,t)-paranormal => T is absolute-(sy, t2)-paranormal.

(v) T is invertible and absolute-(p, p)-paranormal for all p > 0 == T is log-hyponormal.
Theorem 3.B ([17][27]). Let s,t € (0,1]. Then
T € class A(s,t) = T" € class A(Z, LY for every positive integer n.

These were obtained as applications of the following result.
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Theorem F (Furuta inequality [10]). »
If A> B >0, then for each T > 0,
()  (BIABE) > (BEBPBY):

and 1,1)
(i) (AFAPAR)S 2 (ABBPAR)G 7o ;
hold forp >0 and ¢ > 1 with (1 +7r)g=>p+r. (=) FIGURE

We remark that Theorem F yields Lowner-Heinz theorem “A > B > 0 ensures A% >
B® for any a € [0,1]" when we put 7 = 0 in (i) or (ii) stated above. Alternative proofs of
Theorem F are given in [5][19] and also an elementary one-page proof in [11]. It is shown
in [22] that the domain of p, ¢ and r drawn in Figure is the best possible for Theorem F.

First, we show monotonicity of class A(s,t)-fs. for s and ¢ as a generalization of (iv)
in Theorem 3.A.

Theorem 3.1. Let so,tg > 0 and {fs: | $ > s0, t = to} be a family of non-negative oper-
ator monotone functions on [0,00) satisfying fs(ztg(x)®) = zt, where g is a continuous

increasing function. Then

T is invertible and T € class A(sg,t0)-fsorto
=T € class A(s,t)-fs; for all s > 5o and t 2 ty.

We use the following result in order to give a proof of Theorem 3.1.

Theorem 3.C ([23]). Let A and B be positive operators, and let {¢, | r > a} (a > 0) be a
family of non-negative operator monotone functions on [0, 00) satisfying ¥, (2" g(z)) = ",
i.e., 277 oy, g(z) = 1, where g is a continuous increasing function. Then the following
hold:

(i) If Aoy, B > 1, then A" oy, B is increasing for r 2 a.
(it} If A and B are invertible and if A°0y, B < I, then A" oy, B is decreasing forr 2 a.
We also use the following result which is an extension of a result in {17].

Theorem 3.D {[16)). Let A and B be positive operators, and let f and g be non-negative
continuous functions on [0, 00) satisfying f(z)g(z) = z. Then the following hold:

(i) f(B%AB%) > B ensures A — g(A%BA%) > ATEpAb — g(O)EA%BA%,

(i) B> f(BYAB?) ensures g(A1BA3) — A2 g(0)E,; 3 — A3EpAs.

Here Ep and E ;1 are the orthoprojections to N(B) and N (A BA?), respectively.
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Proof of Theorem 3.1. T belongs to class A(sg, tg)- fso.4 if and only if
Froto(T*[PIT[P0|T[) = |T*[*.
Since fy, 4(ztg(2)%) = z* and g(z)™ is a continuous increasing function,
T faoa (T ITPIT VT 2 T 7 fooo (1T TP I T ) [T 7
holds for t >ty by (i) of Theorem 3.C. Hence
Faod (T I P\ T%) 2 1T,
By (i) of Theorem 3.D, this implies
TP > fo (TIITPITI),

where f;(z) = oy Since

1 8 -1 iy — xsg——l(x)t = z°
Fila's @) = T T

and g~ '(z) is a continuous increasing function,
(T FR (T PATI)T~ < (T fog (TP T TP
holds for s > s¢ by (ii) of Theorem 3.C. Hence
TP > f(TPIT* T
By (ii) of Theorem 3.D, this implies
Fat(ITHTPIT) 2 1T,
that is, T belongs to class A(s,t)-fsz- O

Secondly, we show a sufficient condition for log-hyponormality in terms of class A(s, t)-

f as a generalization of (v) in Theorem 3A

Theorem 3.2. Let f be a non-negative, continuously differentiable and concave (or con-
vex) function on [0,00) satisfying F(1)<1and0< f'(1) <1, and po > 0. Then

T is invertible and T € class A(0'p,0p)-f for allp € (0, po)
= T is log-hyponormal,

where § = f'(1) and 64+ 6" = 1.
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Proof. There exists a continuous function g on [0, 00) such that f'(g(z)) = f-(i;—:—{—(—ll for
z # 1 by the mean value theorem and concavity (or convexity) of f. Then we have -
T~ T pUT TR ) — )
v N p
= f(g(T* 1"\ T*?|T"|))

:T*IHP[T{%IP‘T*‘GP —7
P
lleglp -1 ‘T*[(?p + IT*PBP - I)
p P

= ool Py (1
for 0 < p < po. By tending p — 40, we have
log 1" < 9 (log 72" +log [T["")
hence T is log-hyponormal. O

Thirdly, we show a result on powers of class A(s,t)-f operators as a generalization of
Theorem 3.B.

Theorem 3.3. Let f be a non-negative operator monotone function on [0,00) satisfying
f(0) =0, and s,t € (0,1]. Then

T & class A(s,t)-f and T € class A
= T™ € class A(2, £)-f for every positive integer n.
We use the following result in order to give a proof of Theorem 3.3.
Theorem 3.E ([17][27]). If T belongs to class A, then
T > (TP and [T > (T
for every positive integer n.
We also use the following which is an extension of results in [18}[27].

Lemma 3.4. Let A, B and C be positive operators, and f be an operator monotone
function on [0, 00) satisfying f(0) < 0. Then

F(BAB%) > B and B > C = f(C3AC?) > C.
Proof. There exists an operator X such that
BiX=X"Bi=C: and [X| <1
by Douglas’ theorem [4]. Then we have
FICYACH) = f(X*BABYX) > X" f(B1AB3)X > X*BX =C

by Hansen’s inequality [13]. O
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Proof of Theorem 8.3. By Lowner-Heinz theorem and Theorem 3.E,
T % > |7 and (T > |17
Hence f(|T**|T|%|T*|*) > |T*|* implies
FUT™ TP 7) 2 (T

by Lemma 3.4, and
FUT™ % (T 7 |T™]) > 7|+

since f is operator monotone. O

The following can be obtained similarly by using Lemma 3.4, which is an extension of
a result on class A(s,t) operators in [21].

Proposition 3.5. Let f be a non-negative operator monotone function on [0, 00) satisfy-
ing £(0) =0, and s,t € (0,1]. Then

T € class A(s,t)-f = T|m € class A(s,t)-f,
where M is an invariant subspace of T and T|p ts the restriction of T' onto M.
Proof. Let P be the orthogonal projection onto M, and Ty = TP. Then
|Ty|? = (P|T|*P)* > P|T|*P
by Hansen’s inequality [13], so that |T51*|To|*|Tg|* 2 |T3 8| T1*|Tg]*. And also,
Ty = (TPT*) < (TT)! = [T
by Lowner-Heinz theorem. Hence f(|T*[{|T**|T"") = IT*|? implies
FUT T T > T

by Lemma 3.4, and
FUT T\ T5 ) = (T

since f is operator monotone. O

Lastly, we show a result on Aluthge transformation of class A(s,t)-f operators. We
min{s,t}

remark that for each s,t > 0, if T belongs to class A(s,t), then Ts ¢ is = 5 -hyponormal
([15][17]). An operator T is said to be f- hyponormal if f(7T*T") > f(I'T*) for a continuous

function f ([6]).
Theorem 3.6. Let f and g be non-negative continuous increasing functions on [0, 00)

satisfying f(z)g(z) = « and g(0) = 0, and s,t > 0. If T € class A(s,t)-f, then the
following hold, where T = U|T| is the polar decomposition and Ty, = |T|°U|T|":
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(1) Ts,t is f-hyponormal if f o g™t is operator monotone and z* > (f o g ) (z*).
(ii) Tss is g-hyponormal if g o f~* is operator monotone and (go f~')(z') = °.
We use the following result in order to give a proof of Theorem 3.6.

Lemma 3.F ([16]). Let A be a positive operator and U be a partial isometry such that
N(U) C N(A), and let f be a continuous function on [0,00). Then

Uf(AU* = f(UAU™) = fF(0)(I — UUT).
Proof of Theorem 3.6. Noting that N(U*) = N(|T*|) € N(|T*]"|T|*|T*|*),
§ (T Tey) = FUTIO T PUITY)
= f(U*|T*|T1*|T*'U)
= U f(|T* T T* U + f(0)(I = U*U) by Lemma 3.F
Z U*}T*IztU
= [T*.

On the other hand, f({T**|T|%|T*[") > |T*|* implies
TP 2 g(TPIT T = oI VITPUITI) = ¢ (Toal D))
by (i) of Theorem 3.D. If f o g7* is operator monotone and z* > (f o g~ H(z*),
£ () Do) 2 (TP 2 (£ 0 g™)T) 2 £ (TualTr)')
hence Ty, is f-hyponormal. If g o f=* is operator monotone and (g o fH(zt) > =8,
0 (T Toe) 2 (g0 £H(TE) 2 111 2 ¢ (TunlTin)")

hence Ts,t is g-hyponormal. O

References

[1] A. Aluthge and D. Wang, w-Hyponormal operators, Integral Equations Operator
Theory 36 (2000), 1-10.

[2] A. Aluthge and D. Wang, w-Hyponormal operators II, Integral Equations Operator
Theory 37 (2000), 324-331. '

(3] T. Ando, Operators with a norm condition, Acta Sci. Math. (Szeged) 33 (1972),
169-178.



29

[4] R. G. Douglas, On majorization, factorization, and range inclusion of operators on
Hilbert space, Proc. Amer. Math. Soc. 17 (1966), 413-415.

[5] M. Fujii, Furuta’s inequality and its mean theoretic approach, J. Operator Theory 23
(1990), 67-72.

(6] M. Fujii, C. Himeji and A. Matsumoto, Theorems of Ando and Saito for p-hyponormal
operators, Math. Japon. 39 (1994), 595-598.

[7] M. Fujii, S. Izumino and R. Nakamoto, Class of operators determined by the Heinz-
Kato-Furuta inequality and the Holder-McCarthy inequality, Nihonkai Math. J. 5
(1994), 61-67.

'8] M. Fujii, D. Jung, S. H. Lee, M. Y. Lee and R. Nakamoto, Some classes of operators
related to paranormal and log-hyponormal operators, Math. Japon. 51 {2000), 395~
402.

[9] T. Furuta, On the class of paranormal operators, Proc. Japan Acad. 43 (1967), 594~
598.

[10] T. Furuta, A > B > 0 assures (BTAPB’")U‘? > B@+2)/4 forr >0, p >0, ¢ > 1 with
(1+42r)q > p+ 2r, Proc. Amer. Math. Soc. 101 (1987), 85-88.

(11] T. Furuta, An elementary proof of an order preserving inequality, Proc. Japan Acad.
Ser. A Math. Sci. 65 (1989), 126.

[12] T. Furuta, M. Ito and T. Yamazaki, A subclass of paranormal operators including
class of log-hyponormal and several related classes, Sci. Math. 1 (1998), 389-403.

[13] F. Hansen, An operator inequality, Math. Ann. 246 (1979/80), 249-250.

[14] V. Istrétescu, T. Saito and T. Yoshino, On a class of operators, Tohoku Math. J. 18
(1966), 410-413. '

(15] M. Tto, Some classes of operators associated with generalized Aluthge transformation,
SUT J. Math. 35 (1999), 149-165.

[16] M. Ito, Relations between two operator inequalities via operator means, to appear in

Integral Equations Operator Theory.

[17] M. Ito and T. Yamazaki, Relations between two inequalities (BgA”B%)FTr_T > B" and
AP > (AgBTAg)Fi? and their applications, Integral Equations Operator Theory 44

(2002), 442-450.



30

(18] M. Ito, T. Yamazaki and M. Yanagida, Generalizations of results on relations between
Puruta-type inequalities, Acta Sci. Math. (Szeged) 69 (2003), 853-862.

[19] E. Kamei, A satellite to Furuta’s inequalily, Math. Japon. 33 (1988), 883-886.

[20] F. Kubo and T. Ando, Means of positive linear operators, Math. Ann. 246 (1979/80),
205-224.

21] S. M. Patel, K. Tanahashi, A. Uchiyama and M. Yanagida, Aluthge transform of
class A(s,t) operators, preprint.

[22] K. Tanahashi, Best possibility of the Furuta inequality, Proc. Amer. Math. Soc. 124
(1996), 141-146.

(23] M. Uchiyama, Criteria for monotonicity of operator means, J. Math. Soc. Japan 55
(2003), 197-207.

[24] T. Yamazaki, On powers of class A(k) operators including p-hyponormal and log-
hyponormal operators, Math. Inequal. Appl. 3 (2000), 97-104.

[25] T. Yamazaki and M. Yanagida, A characterization of log-hyponormal operators via
p-paranormality, Sci. Math. 3 (2000), 19-21.

[26] T. Yamazaki and M. Yanagida, A further generalization of paranormal operators,
Sci. Math. 3 (2000), 23-32.

(27] M. Yanagida, Powers of class wA(s,t) operators associated with generalized Aluthge
transformation, J. Inequal. Appl. 7 (2002), 143-168.



