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Lieb skew entropy & # » &1 - RILOFFER

KIR#E RS B H—  (Jun Ichi Fujii )

B, Ml 5 - EILO 3 AOEEF 1] BROFEREZZSL TN NI L E
REERICa Y . Bk EE o (FL—RERoLEARARERE LCIRE L2V [5]) -

W - B - BEUOFRERX. If A and B are positive-definite contractive matrices, then
Tt (A + B)*{A(log A)* + B(log B)?} > Tr [(A + B)**(Alog A + Blog B)’]

holds for any real number s € [0, 1].
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ERETH Y, TRIZESHVIORE T TOEEEREEK L VWS 222 bb, BROZNEN
fEFEBEbha, 22T, BIZOWEOM Lieb @ skew information TH 5 [10]

Sp(p, X) = Tr pPXpPX — Tr pX*
for positive numbers p € (0, 1), a density matrix p > 0 and an observable X = X*.

CTHEEIZAOBRTHEN, BHLUTHEDOT, 2Oy ba —2 i8R THITEITE
PrEZ ROBFEALTHE (RIT Lieb skew entropy & THHATEL) !

Ste(A, X) = Tr F(A)Xg(A)X ~Tr f(A)g(A)X*
for selfadjoint matrices A and X.

T5L, ROEENELNS (f,¢9 2 0 DHAIE Bourin[2, 3] BEEICR L TWeD T
MEELTEL, ERLROFEREZRTOIIE f,g2 00BETHITHE) -

Bourin’s theorem. If (f, g) is a monotone (resp. antimonotone) pair, then Sz,¢(A4, X) £

0 (resp. Syg(4,X)20).
ZZT. (f,g) ' amonotone (resp. antimonotone) pair on D &I,
(f(a) = F(0) (9(a) — g(b)) 20 (resp. (f(a) — F(b)) (9(b) — g(a)) 2 0)
for any a,b € D C dom fNdom g
BROESTETHD, SHHEMNLTEL,
Proof. It suffices to consider the monotone case, that is,
F(a)g(b) + f(b)g(a) < f(a)gla) + f(b)g(b).

We may assume that A is diagonal; A = diag(ty, ..., t,). Since z;;z;; = |z45|? for selfadjoint

X = (z;;), we have
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ft)zn - ft)Tim gtz -+ g(t)zn
Tr f(A)Xg(A)X =Tr : : 5
f(t )Tnl f(t )«Tnn g(tn)xnl g(tn)xrm
= Zf te)g(te)lzenl” + Y (F(t)g(ts) + £(E)g(te)) lws
k<j
< Zf (te)g(te)lose? + Y, (F(te)g(t) + F(2)9(t)) lzes
kE<j
= Z FtR)g(tn)|ze]®
k=1
ft)g(t1) Yol o *
=Tr - .
f(ta)g(tn) * D 1T

=Tr f(A)g(A)X”
 Thus S;4(4,X) £0. O

¥12 f(z) = 2°, g(z) = 1/z i% antimonotone pair 2D T, S7g(A,X) 20 &2V, RO
HbEAF KB ED 12 OEBRMEICE SO Jensen REREH S Z & T, KOXHK
U T, RERERTIERTED -

Theorem. If A and B are n x n positive-definite matrices whose spectra are contained

in an interval [m, M], then the following inequalities hold for any s 20

(log 1%)*
4

Sgs/z(A+ B,Alog A+ Blog B) + Tr (A + B)**
> Tr [(A + B)*{A(log A)* + B(log B)*}]
—Tr [(A+ B)*}(Alog A+ Blog B)’]

2 Spe/a(A+ B,Alog A+ Blog B) 2 0.

FRROFIZArTHBEH, Wb D Mond-Petari¢ method :
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Lemma. If X and Y are Hermitian with £ < X,Y < L for real numbers £ and L and
if C*C + D*D =1, then

(L-28°
TR

C*X%C + D*Y?D < (C*XC + D*YD)* +
X TH<hRnd

Proof. Putting C = AV2(A + B)™Y/2 and D = BY/?(A + B)™"/?, we can apply the above

Jensen’s inequality:
C*(log A)*C + D*(log B)*D > [C*(log A)C + D" (log B)D}?,
and hence

(A + B)/*{A(log A)* + B(log B)*}(A + B)*?
> (A + B)HD2{C*(log A)C + D*(log B)D}*(A + B)¢+)/2,

Put F = Alog A + Blog B. Then it follows that

Tr (A + B)*{A(log A)* + B(log B)*}
> Tr [(A + B)+D/2{C*(log A)C + D*(log B)D}*(A + B)t/?]
=Tr [(A+ B)’E(A+ B)"'El.
Since (z*,1/z) is a antimonotone pair of functions, we have by Bourin’s Theorem
Tr [(A+ B)*{A(log A)* + B(log B)*}] — Tr [(4 + B)**(Alog A + Blog B)’]
>Tr [(A+B)'E(A+B)'E] - Tx [(A+ B)* ' E?|

= Spo1/z(A+ B, E) 2 0.

This proves the second inequality of Theorem. Applying Lemma for £ = logm and
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L =log M, we also have

Tr (A + B)*{A(log A)® + B(log B)*}

— Tr (A + B)"5{C*(log A)*C + D*(log B)>D}(A + B)'%"
M

s+1 I - 2 s4+1
<Tr (A+ B) |{C*(log A)C + D*(log B)D}* + E—Og—4m—)—- (A+B)%

log 2)?
]+(Og4m) TY(A+B)S+1

=Tr [(A+ B)E(A+B)'E

and hence

log 2432
Sge/e{A+ B, E) + &54’“—)% (A+B)*t!

(log )2
4

=Tr (A+B)*E(A+B) 'E+ Tr (A+ B)**' — Tr [(A+ B)* ' E?]

> Tr [(A + B)*{A(log A)® + B{log B)*}]
—Tr [(A+ B)* !(Alog A+ Blog B)?]

This proves the first inequality of Theorem.

MR, SRR BN BRI, o (1) BRLT B LBk, Th
X, [6] IKEEDTRETTH S,
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