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1 Complete Metric Space of
Fuzzy Numbers
Denote I = [0,1]. The following definition means

that a fuzzy mmmber can be identified with a mem-
hership function.

Definition 1 Denote a set of fuszy nembers with
bounded supports and strict fussy converity by

F&t = {u: R — 1 satisfying (1)-(iv) below},

We introduce the following parametric represen-
tation of i € F5 as

min L, {u),
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max L, (N)

for 0 < o < 1and

z1(0) = nunsupp(p),
22(0) = max supp(u).

Denote by C'{1) the set ol all the continuous func-

(i) p has a unique nunber m € R such that p{(m) = tions on I to R. The following theorem shows a

1 {normality);

(1) supp(e) = d({€ € R : p(&) > 0}) is bounded
in R (bounded support);

1 4s strictly fussy conver on supp{p) as fol-
lows:

(a) if supp{p) = {m}, then

(A& 4 {1 — X&) > minfpl&r), p(é2)]

(i)

for &.,& € supp(p) with & # & and
0< A<l

(b if supp(p) = {m}, then u(m) = 1 and
WEY =10 for & #Fm;
iv) g 4s upper semi-continuous on R (upper semi-
£

continuity).

It follows that R € Ft. Because m has a member-
ship [unction as follows:

wm)=1; (&) =0 (& # m) (1.1)

Then p satisfies the above (1)-(iv).
In usual case a fuzzy number = satisfies fuzzy
convex on R, f.e.,

BOEL+ (1= Né) 2 minfu(€), (&) (12)
for 0 < A <1 and &, € € R. Denote a—cut sets by
Lo(p)={£€R: ) > 0}

for a € 1.

membership function is characterized by x4, 22.

Theorem 1 Denote the left-. right-end points of

the ao—cut set of p € FEE by mi(a),wa(a), respec-
tively. Here oy, 25 : I ~— R. The following proper-
ties (1)-(iil) hold.

(i) .2 € CUY;

(i) 1112\.?;3:1(\0:) =x(l)=m= J'l,}gllif‘g(()j) = uwa(1);
o

iz
(iil) 1,270 are non-decreasing, non-increasing on

I, respectively, as follows :

(a) there exists o positive number ¢ <1 sueh
that zy(a) < z2{a) for a € [0,¢) and
that a1(@) = m = @a{a) for a € e, 1];

(b} zy{a) = mala) =m for o € {;

Conversely, under the above conditions (3) -(iii), 4f

we denote

w8 =supfa el z(a) <& Sm(a)}  (13)

for & € R, then p € FE.

Remark 1 From the above Condition (i) a fuzzy
number © = (w1, z2) means a bounded continuous

curve over R and z(a) < 22(a) for a € L

n what follows we denote p = (2, 22) for u € F3h
The parametric representation of p Is very useful in
calculating binary operations of fuzzy numbers and
analyzing qualitative behaviors of fuzzy diffevential
equations.
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Let g : R x R — R be an R—valued function.
The corresponding binary operation of two fuzzy
numbers 2,y € Ft to glz,y) « Fet x FEF— Fglis
calculated by the extension principle of Zadeh. The
membership function pys ) of g is as follows:

sup nﬁn(#r (‘Sl)uu’g(scl))

Hglr,y) (g) =
§=g(£1.82)

Here £,£1,& € R and p,, oy are membership func-
tions of z, y, respectively. From the extension prin-
ciple, it follows that, in case where g{z,y) =z + ¥,

ﬂm+g<£)

= max min{u;(&))
f=E1tes i:l,zw’(g‘))

=max{a €l :&€=¢& +&, & € Lo(pi) i =12}
=max{a € I : ¢ € {z1(a) + 1i{), z2{e) + v2(Q)]} Ae,y] =

Thus we get 24y = (w1 +y1, L2+ ¥2). In the similar

way @ —y = (T3 =¥, %2 — Y1)
Denote a metric by

Jzala)=ya(a)l)

dool2, y) = supmax(|z: (o) —11{a)
acl

for & = (zy,22), 9 = (1, 92) € FS".

Theorem 2 F3f 4s a complete metric space in
Gy

2 Induced Linear Spaces of Fuzzy

Numbers

According to the extension principle of Zadeh, for
respective membership functions j,,uy of z,y €
Fgtand X € R, the following addition and a scalar
product are given as follows :

Denote an equivalence class by [z.y] = {{v,v) €
FEEx FEE e (u,v) ~ (z,y)} for 2,y € FZ and the
set of equivalence classes by
Fit) ro={lz.y] s 2y € F'}
such that one of the following cases (i) and {it) hold:
(i) if (=,y) ~ (w,v), then [2,y] = [u,v};
(i) if (2,y) # (u,v), then [z, y] Nfu, v} =0

Then F5'/ ~ is a linear space with the following
addition and scalar product

9] + [u,v) = {z+ u,y + v} (2.5)

(Az0)

(A2, Ay)] o @
{ (h<o 9

[((=X)y, (=N)=)]
for A € R and [z,9], [u,v] € F&t/ ~ . They denote
a norm in FEf/ ~ by

“ ‘:‘E» y} ”: SEI? dH(L'a(/'f':s)a Ln(“y})

Here dy is the Hausdorff metric is as follows:

A (Lalpe), Lafy))

sup inf  [€—nl,
€€ Lo (pa) N Lality)

& =)

= max({

sup inf
0ELo(pa) §€Lalry)

It can be easily seen that || [z, 4] |= doo (7, ).
Note that §| [2,9] ||= 0 s F&/ ~ if and only if
z =y in F.

3 Fixed Point Theorem in Com-
plete Metric Spaces

E=86 16, & € L), 6 € Lalp y‘)};In the following theorem we show that the complete

pety(§) = sup{a€(0.1]:
22 (5/’\) ()\ # 0)
e = L0 0loero

sup uz () (A=0, £=0)
neR

In [5] they introduced the following equivalence
relation (x,3) ~ (u,v) for (z,9),(u,v) € F x
st
St e,

{(r,y) ~ (u,v) = ztv=u+y. (2.4)
Putting z = (21,22),¥ = (¥1,42), 4 = (U1, u2},v =
(v1,v9) by the parametric representation, the rela-
tion (2.4) means that the following equations hold.

2+ v = w4y (i = 1,2)

metric space Fi' has an induced Banach space.

Theorem 3 Let 9 be a bounded closed subset in
FEL. Assume that S contains any segments of x,y €
S.te Az+{(1-ANye 8 Jor Ael. LetV be an into
continuous mapping on S. Assume that the closure
c(V(8)) is compact in FEE. Then V has at least one
fized point x in Si.e.,V{z) =«

In the following theorem complete metric spaces
have at least one fixed point of the induced Banach
space.

Theorem 4 Let F be a complete metric space
with a metric d. Assune that F is closed under
addition and scalar product, end that d{Az,0) =



|Ald(z, 0} for the scalar product Az and A € R,z €
F. Denote X = {[x,0] : z,0 € F}. Here |z,y] for
w,y € F ore equivalence classes of (2.4} and 0 is
the origin. Then X is o Banach space concern-
ing addition (2.5), scalar product (2.6) and norm
Il {z, 0] |= d{=,0) for [z,0] € X.

Moreover let S be a bounded closed subset in F.
Assume that S coniains any segments of z,y € S in
the same meaning of Theorern 3. Let V' be an into
continuous mapping on S. Assume that the closure
c(V(8)) is compact in F. Then V has at least one
fized point in S.

4 FBVP on Infinite Intervals

In this section we deal with the following FBVP on
an infinite interval:

P

% g+ f(6,2), 2loo) = c

o 4.7

Here p: Ry — F&E f: Ry x FEH — FE are con-
tinuous functions. Let denote Ry = [0,00) and
¢ € Fi*. The following assumptions play impor-
tant roles in considering the existence of solutions
of (4.7).

Assumption,
(A1) Assume that there exists a K > 0 such that

[ o), ot = i < o,
Pas)

(A2) There exist positive real numbers a,r, R
and integrable function m : R4y — Ry such that

d(f(t,2),0) < mft) for (f,2) € Ry x 53
'{E’ﬂt Ny(e+ || L || R)K < 1.

Here
$1 = {z € F¥ : d(z,0) < min{ar,7)}

and N, is independent on the function p.
L : Cim — F$tis a linear operator as L{z} = x(00)
and

Cim = L e C(Ry 1 FEY) 1 Jo(00), d(2,0) < 1.
(A3) There exists no solution of

da
i p(tyz, L{z) =0

except for the zero solution.

We expect the following existence theorem for
solutions of FBVP on the infinite interval.

Under assuniptions {Al) - (A3) we expect that
there exists at least one solution of (4.7) in CI™ for
any ¢ € 8§y by applying the Schauder’s fixed point
theorem in €1,
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