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A survey of real transverse sections of
holomorphic foliations

Toshikazu Ito and Bruno Scirdua

Introduction

Let M be a closed, connected, smooth submanifold of real dimension 2n-1 in the complex
space C™ of dimension n > 2. Given a holomorphic one form w in C *, for each p € C™ with
w{p) # 0 we define a (n-1)-dimensional linear subspace P, (p) = {v € ,C ™ | w(p) - v = 0}.

If w(p) = 0, we set P, (p) = {0} and we shall say that the distribution P,, defined by w is singular
at p. We denote by Sing(w) = {p € C™ | w(p) = 0} the singular set of w. We have the following

definition of transversality.
Definition We shall say that M is transverse to P,, if for every p € M we have T,M + P, (p) =
T,R?" as real linear spaces.

In particular, since P,,(p) = {0} for any singular point p, we conclude that Sing(w) N M = g.

In this note, we survey an existence or a non- existence of M such that M is transverse to Fj,.

1  Facts and Known results

In this section, we review the case of holomorphic vecter field Z in C*, n > 2.
Given complex numbers A, -+, A, € C*, we denote by H(A1,---,A,) the convex hull of the
subset {A1,--+,An} in C. Let Z = ZAjzjﬁfazj be a linear vector field on C*, n > 2. We
j=1 .
dencte by §2"~1(1) = {z € C"| || 2z {|?>= 1} the (2n-1)-dimensional sphere. We have a well-known
fact.

Fact (1) If the origin 0 € C does not belong to H(A1,+-+,As), then $"~1(1) is transverse to
Z. '

(2) If the origin 0 belongs to H(A1,-+-,A,), then §27~1(1) is not transverse to Z.
This Fact suggests to us the following properties.

Theorem ([4]) If the origin 0 belongs to H(Ay,---,An), then there is no smooth embedding ¢
of a closed connected smooth manifold M of dimension 2n-1 to C™ such that ¢(M) is transverse
n
to Z = ZA7Z78/6ZJ
j=1

We have a Poincaré-Bendixson type theorem for holomorphic vector fields.



Theorem (A. Douady and T. Ito [3]) Let N denote a subset of C™ holomorphic and diffeomor-
phic to the 2n-dimensional closed disc D?7(1) consisting of all z in C" with || 2z || <1.
Let Z be a holomorphic vector field in some neighborhood of N. If the boundary M = 8N of N
is transverse to Z, then

' {1)Z has only one singular point, say p, in N.
(2) the index of Z at p is equal to one.
(3)each solution L of Z which crosses M tends to p, that is, p is in the closure of L. Further,
the restriction F(Z) ‘N_{p} of the foliation F(Z) defined by the solutions of Z to N—{p} is

C¥— diffeomorphic to the foliation F (Z) > (0,1} of N—{p}, where F (Z) u denotes
the restriction of F(Z) to M. ‘

Theorem (M. Brunellaf1]} Soit 2 € C™, n > 2, un ouvert borné avec frontiére lisse et fortement
convexe, et soit v un champ de vecteurs holomorphe défini au voisinage de Q et transverse a OQ.
Il existe un difféomorphisme @ : Q@ — m qui envoie le feuilletage holomorphe singulier
engendré par v dans un feuilletage G singulier & Porigine et transverse aux sphéres 2n=1()),

A e (0,1].

Theorem (M. Brunella and P. Sad[2]) Let Q C C? be a generalized bidisc and let F be a
holomorphic foliation defined in a neighborhood of 2 and transverse to 8Q. Then there exists a
locally injective holomorphic map ¢ which sends a neighborhood of 0 to a neighborhood of 0 in
C" such that F= ¢*(L,) for some A € C\ R, where L is a linear hyperbolic foliation in c?
defined by zdy + Aydz = 0.

2 Existence or non-existence of real transverse sections

k£
Let w = Z fi(2)dz; be a holomorphic one form on C?, n > 2. We denote by F,
i=1
the distribution defined by w in TC™.
Theorem 1 ([5]) Let M be a real 2-dimensional closed, connected, smooth manifold.

If a smooth embedding ¢ of M to C” is transverse to P, then M is a torus.

We can construct a torus 72 which is transverse to a holomorphic vector field Z. Let Z =
210/8z1 + A\220/8z be a linear vector field on C? and T?(ry,73) = S (r1) x S*(r2) = {lz1| =
1} % {|z2] = r2} a torus in C2.

Proposition 1([6]) The 2-dimensional torus T2(r1,7) is transverse to Z if and only if the
imaginary part of A is different from zero.

We have the following non-existence theorems of transverse sections.

Theorem 2 ([6]) Let Z = 2,8/821 + A220/8z, X € R be a linear vector field or Z = z10/021+
(nzq + 22)8/8z, n € N & holomorphic vector field of Dulac’s normal form and M a closed,
connected 2-dimensional smooth manifold. Then there is no smooth embedding ¢ of M to C?
such that @(M) is transverse to Z.

Theorem 3 ([5]) There exists no holomorphic foliation F of codimension one in a neighborhood
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of the polydisc A* in C* with the property that F is transverse to the product of spheres
S3(1) x S$3(1) = {(21, 22, 23, 24) € C¥|z[* + |za]® = 1, [z3]° + |2s® =1} € C? x C2.

" Theorem 4 ([5]) Let w = Z hi(z)dz; be a homogeneous integrable one form on C*, n > 3.

J==1
The sphere $2*~1(1) of dimension 2n-1 is not-transverse to the foliation F(w) defined by w = 0.

We are very interested in the following properties.
3
dzs

Proposition 2([5]) Take w = zlzgzg(z A ?) on C3, where the non-zero complex numbers

i=1 7
A1, Az, Az are satisfied with the following properties: A;/A; € R, (i # §) and A1 + Ag + Az # 0.
We get the following statements( i )~(iii).
(1)8ing(w) = | J{z =0, z =0},

i

(i)8°(1) \ (Sing(w) N S°(1)) is transverse to F(w).
(ii)Let P = {az; + Bz + vz3 = 0}, o,8,7 € C* be a hyperplane through the origin. The
restriction F; of F(w) to P has only the origin as singularity. P is transverse to JF(w) outside

Sing(w). F1 is not transverse to P N S°(1) though Sing(F1) N (PN S°(1)) = ¢.

Example 1(T.Ito and M. Yoshino) Take complex numbers Ay,-+«, An, p1,---,tn € C* and
assume that the origin 0 belongs to H{A1, -+, An) and H(g,- -, in). We make the following
assumption: There exist real numbers ¢y and cp such that ’H(cl)\l +eopin, -y C1An+Capn) F 0.
Consider linear vector fields X = Z Ajz;0/0z; and ¥V = Z p;%;8/8z;. Then it is clear that

j=1 =1
[X,¥] = 0 so that X and Y span a foliation F of complex dimension two on C®. Also F has

as singular set Sing(F) the union of the coordinate axis. Denote by Y (X) the set of tangency
points of X with the spheres $2"~*(r) C C", 7 > 0, then we have ) (X) given by the equation

Z Ajlz;1* = 0. This is a real cone. Analogously we define ¥,(Y") and describe it by the equation
_7 =1

Z,ujfzj]? = 0. Under the assumption, we have > (X)) N > (Y) = {0}. F is transverse to
f;ziq(r) \ (Sing(F)NS?*=1(r)), r > 0. Moreover each leaf of F accumulates the origin.
Theorem 5 ([5]) Let w = 2§j1 fi(2)dz; be a holomorphic one form on C?**1, Then the sphere
S4mt1(p), » > 0 is not tra.ns;:/__;se to P,.

By this theorem 5 or Proposition 2, the sphere $°(1) of dimension 5 is not transverse to F(wy)
dzg

Zj

where wy = z12923 E Aj
Ji=1

), Aj # 0 is a linear logarithmic one form on C3,

Example 2([5]) (1)If X;/)\;, i # j, are not positive real, then we can construct a smooth

‘embedding ¢ : ST x §% x S —s C? such that (S x §% x S1) is transverse to F(wy).

(2)If A/ X, © # 7, are not real, then there exists a smooth embeddin & : 7% = St xT3xS* — C3
such that ®(7®) is transverse to F(wy).
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