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Transport properties of quantum systems
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HE, C-BERVEETHEEROMERTTOLNATVS, FRETIE, I
OFSEIIC BT, RS E8T5, B, FEFEEFIREIZIITS heat
flow 7% Green-Kubo formula 273 Z &2 LOT,

1 ETETEERE

FETHIREEERTH L &, TOEXAFIT—E TR, %%ﬁ%m GIpu:
RIEEREZEZAND, NIV =T ULl THBRBRTIHRREE
ZTWAEIT TR, BEMICBICTARAEHEELEC Z LiTHRR2Y, £Z
T, R EL DL, SYFLREZMAEY, SROREEEEA
SHY T3,

AFETEZ HIETAREIZ, T X5 IcEAbN5  £7, FEMHER
53{%’)7":&)\ BBV REELD, T LT, ZOEREFREWVS ’DZPUD%MJ\
:J’JH‘ BESBEFNFNERIBELDHD L RRREEZLD, Bl t=

b5, INOOHEAREMEERAEED, SHIDOBEDENE, ;ﬁiﬂﬂﬁﬁ
\_J“ﬁ)o'Clr\é bk, BENERICER T EIT, FHERELIZZ &2

ERRENERT S, 25 LTELNLRES, FEPEETIRE L S,

ﬁ%wk I, CORREUTOL S RBMATE LR S, £, BTHE
RIZC-TTFERIEoTh LT, T7bb, C-ROTICE-THEEZ DT
Z. TOEEERY, ZO_LO strongly continuous one parameter group of
automorphisms {2 Lo THh bT, ZORHMRBREBIINT HETENREL KMS
state £ LTHZHZ LITT D,

EHARIT. I 250 C*-R (’)K & %D Lo strongly continuous one
parameter group of automorphlsms Tt teRILE-Thicrbhd C-N%¥
% Ok, ,wk), K=1,--- NIZLOdbbbahd., % 7L @ generator &
0k, wg % O £EO (TK,ﬁK)-KMS state £33,
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B, 2REHLDLT OB THD. HHRBOHEAEEMRIT O D self-adjoint
BEVICE-oTEZ S, HEEMAEEARLLRORMRER 13,

5= &g +ilV,]
K

WZEoTERENS C*-dynamics & LTEERINS,
Definition 1.1 (Ruelle 00[R]) IR#& wg}) %

wg)) = @w;{

&35,
TRAR wpy O ppBEnAIEEEERRIE, Non-Equilibrium Steady States (NESS)

f(w“’)) NN

(0)
Tfo wﬂ O’f'tdt

DT — 0o W2BIT B weak-* acclumulation point DEEDZ & THD,

OB IEELI LMD, T, W) RETRV. ¥k, EEPLDPLE)
i % (w(‘”) DT, T KL TRETH B,

5(w®) 1. RBOKE L LTERSNEDT, —RICH, TEEROR

x5 tr, Eio, AHRER O] 2 BBMTTRICRIEIZ OV TO NESS

i, w 122V TO NESS & —RICRZ2 B, TAUCK LT, uniqueness &Lk

TOEHICEET S,

Definition 1 2

NESS Ef(wg ) =R w4 BBIRY EED w( ) _normal state n \ZxF LT,
Jim 7 (r(A)) = wg+(4), VAe€O

MeirBLE, quantum dynamical system (O, T, wg) ? NESS I3 uniqueness
BT, Lo LT 5,
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EEE. uniqueness X, W OBRDRTRENTNS,
1.Asymptotic abelian 72%

T A5 asymptotic abelianness

Jim [[4,7(B)}| =0, ¥A,BeO

F7 L, wh) 28 factor state ThD & &, wf) ©GNS #H (H,7,Q) £T

oweak — lim m(t%(A)) = wéo)(A) I
t—ro0 =
INEVEED B,CeQIZxLT
lim w§) (B*rH(A)C) = w{ (AW (B*C).
t—00 fanll

FED wg’)-normal state n 1. wéﬂ)(B* .C),B,C € O OHORIPELD
BEFIZ LY J A BEP SR DT,

Jim n(7(4)) = wg” (4)
NS/ RTACH
2.Spin Fermion model (Jaksié Pillet 2002 [JP1],[JP2])

U EDDAE M, 220 Fermion heat bath &L TWARREEZ S,
Z>® Fermion heat bath (X, Z#.F 4 Hilbert space h,hr © LD CAR-
algebra O, ©Op & LTHEZBIB, ZZ T, Hilbert 2/ § LD CAR
algebra Lid, I LHBIEE T a(f) KX > THERBE SIS C*-algebra T map

feh—a(f)c A
I% antilinear, ZZ#2384%

{a(f),a(g)} =0

{a(f),a*(9)} = (f,9) -1
EWMETOLOOZETHD, TNENORHEEEIL, quasi-free dynamics
TLs TR,

mh(@(f) =a(e®=f), K=LR



TEZDND, ZIT\ hg E—RFNINVE=T U THD, AU, 2x2
115 My TEZ bh, RHERBEIL,

Tg ( A) = ez’taz Ae-—itaz

'C“Z"DZDO ERIT, O=MRQ0LQ0r IZL>ThHbIEND, AL heat
bath %

V=Xoz®plar)®1+0,®1®p(ar)) €0

WX THEERESED, ZI T, ar €h,ag € hg & form factor & FE
s o(f) 1%

p(f) = f (a(f) +a(f)")

ZEVEZBND, N£0 B+ EL, —RFANINI=T Y hp,hg &
form facctor ar € hr,ar € hr BWVWEREETZF L &, uniqueness 23K Y
Mo Z &M, C-Liouvillean & FE{E3L 5 non-selfadjoint operator DA b
MEFTIZ LV RENTVD, |

2 Heat flow, Entropy Production

WHEDIEEE ML H Db THHEEL LT, 249 (heat flow) & entropy pro-
duction BHITHNB, FxITFEEZEREBIZEBWVT, T 52 non-zero TH
B LEHHT S, C-BOBEIRIZEBWT, heat flow LA TFO X S IZESR
X3,

Definition 2.1
V e D(6k) ERET D, 2D L&, K EEBD reservoir 12H D heat flow Ok
z.

Sy =dx(V)

LREET D,

TEOEERE ¢ I2BWT, 2TORLRLINH S heat flow DTz E
285, EROEERE 7 A generator § = Y, g +i[V,], KLV EXD
N, o BT ICRHLTARETHD I DD,

Y e(@k) = (Z JK(V)) @ (6(V) =iV, V]) = o(8(V)) =
K
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LB, Tibhb, @TOWHSFRALIHES heat flow DL 0 TH B,
Z iU, Energy DRGEEHODLTNS, #iT, NESS z,(w_g N peToR

xR LT, = RAF—REFRIZER Y 320,

¥IZ. entropy production #E#ET 5, entropy production I, relative
entropy NEALE L LTEHEEN S, £7. relative entropy DERZ BN
LTHI I,

Definition 2.2 (Relative Entropy [Araki][A1])

w % C*-algebra O LDREL L, (H,7,Q) % w ® GNSEHLTDH, Qi3
m(0)" VWL T cyclic and separating THD LLET D, ZDEE P &
QO 1ZH B natural positive cone &35 L, EED w-normal state n (XL
T, P DT Qy s.t.

() = (&, 7(-) )
WEET B, deP ekt support of ® in n(O)", 7(0) %
5(®) = inf{P € n(0)", orthogonal projection P® = &}
§'(®) = inf{P’ € 7(O), orthogonal projection P'® = &}

WXV EFET B,
D EE, FED w-normal state £,n IR LT, H LD operator

S0 e (AQe + (1 - ()W) = s(Qe) A"y, Aem(0), veH

iX closable TH D, €D closure & Sy, &M<, S BIT Positive Operator
Ape %
' Dng = Spe5ng

LEDDH, ZHUK LT, Relative entropy Ent(n|w) ZUATOL S IZERS
s,

(Qp, In Ag ), 5(Qy) < ()
—o0 otherwise

Ent(nl€) = {

Relative entropy 1X, AT OHE % H D,
Proposition 2.3 £E® w-normal state £, 2R LT,

Ent(nl§) < 0.

BIE% D 3o,



WICEEEIBRE 2 b/ & &2, relative entropy 3 ED X S ITELT B 5
#%E25%, THIZONWTIR, UTOBRBFLEN TS,

Theorem 2.4 (Ojima, Jaksié and Pillet)
FTRTCD K =1,--- NIZHLT, VeD(lkg) &T5, ZDL&, F£ED
(0)-normal state 1 k.xfr LT,

T
Ent(no Tle(O)) Ent(nlwg))) - / nott(o)dt,
= 0

N
g=—Y Bréx(V)

K=1
SRV AL,
Thbh, BE t =0 25 t =T relative entropy OFEEIZE(LIZ. no (o)

OEBESICE-TE2BRD, DI &b, entropy production . EA
TOLIIEET 5,

Definition 2.5 (Jaksié and Pillet[JP3])
TRTO K IZH LT, VeD(g) LIRET S,

N N
o=-Y Brék(V)=- Kz_lﬁK‘I’K

K=1
% entropy production L EET D,
Theorem 2.4 & . relative entropy 7% non-positive ThH 5 Z &42o. NESS
Zf(wg))) DEEDTE ¢, 123 LT, entropy production 7% non-negative T&®
BZERDPD
kO)
wy(o) = hm T / ot (0)ds

. a_'m

=~ lim —-—-Ent w9 o TT“}w(O)) >0
T, 8 g

Ta'—’CQ o

“DZ Epb. NESS 1281t 5 heat flow IZOWTROEARREESZDL
N5 BRI ODESBNLRBEEEELLY, ThENDORE L RICZK
D& 5T, NESS oy (22T, Energy REFRING

¢+ (®1) = —p+(®r)
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B Y L2, THEMAWT, entropy production @ positivity ZEEET &,

0< p4(0) = (B — Br)P+(PR)-

NELNE, RLOBET, AR ROEE T LV bENVETSE, #R
BBtk Br LV BREV, LiRoT, EoXEY,

0 < ¢4 (®Pr)

MRV D, T35, heat flow 1, ?EEEG)EW% R nHiBEQCEWVWR L
~NEWND,

Z M & 31z, entropy production /¥ non-negative T2 Z & IZ—RENIV
5T LAHEBRB, —F T, Fh strictly positive 2iE, FRIZOVWTEZ
2 TIHEWFRWHETH D, EENDHAL R K 51T, entropy production
7% non-zero T % Z &L, heat flow #% non-zero THDZ L EZEBHT D,
NESS @ heat flow, entropy production %% non-zero {272 5#1& LT, ELF
DEIRLEOBIMBENTUND,

1.Spin Fermion model (Jaksi¢ Pillet 2002 [JP1],[JP2])
Sz BT 7= spin fermion model IZIVYTiX, entropy production 2% strictly
positive THAZ BB TN, ‘

2. One dimensional lattice free-fermion Model

(Dirren 98, Ho Araki 00[HA], Aschbacher Pillet 02[AP])

Ogr % CAR-algebra over I?(Z,). O % CAR-algebra over [2(Z_) &3 5,
2%, 1*(Z) £® CAR-algebra & L., ZORHEESR

i (a(f) = o ()

TEHEXD, ZZT, —RLF I/ b=7T > hiX, Fourier representation {233
W '

hf (k) = coskf (k)
LEZBND, FE 0 T, BoR¥ENEh, HRER
h(a(f) =a (),
tha(f) =a(ef),



IZ2WT, (ﬁL,TL), (ﬂR,TR) KMS REIZHD 45D, TZT, PrL %z Z._,
pr B 2Ly ~DFEL UT, hy =prhpr,hr = prhpr THB, ZHIIHTD
NESS i%. EGRICHETZ2Z 3R T, UTOL 52BN,

- E(wf) = {wps0m}
ZI T, wg, g, (SHREIRIE

wgr .Br (a(fn)* e a/(fl)*a(gl) e a(gm)) = Opm det((fi;ﬂgj)),
TE %2 b quasi-free state Th D, p ik, 7— Y =RRT, #HITEEAR

. (14 eProsk) T ke
(1+ eﬁﬂcm)—1 ke l-m,0)

L%,

3 Transport Property of NESS

NESS i23F 5 heat flow, & 5V iZ entropy production i, FIHIREIZEIT
BERS R DYRE (B, ,0n) KERFTIETTHD, 2l LoLIR
WEEERRTIN, RICEKOHZ L ZATHD, I TIIHIC, NESS 28
—R w4 MDD & &, Reference inverse temperature 3 {Zxf LT, NESS
Wg,+ 2317 % J FH D reservoir 725D heat flow

é = (ﬁl’ e )ﬁN) - W_IB_’.{,.((PJ)
DB, ,0) BT RMEEERD
Definition 3.1
we,+(8s) B B = (B, ,B) KBV TRMATRRL & wp(Bs) P fx I
LBRMS%E Lig £H<:

Lix = 03, wa.+(P .
JK = O5,05.4(2)) P

1% Kinetic coefficient & X5,

BR2% BIE—MRIC O DRRBZERZEX DD, £F.\ wp(B) BHELT
HTHEPE DI BRETARN. LsioT, wyy(dy) BERATETSHS &
5 RAMEE AT, SHICEDLE L REDLESICEALNBNEHS
DL NEETHD, AETIE, £ time reversal & LITNBHFMEEZ oL
%, Kinetic coefficient Ljx #% Green-Kubo formula {IZX»>THX HBNB T
EERT,
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(9, (REZEATS, UTOEER., BERERFMES 77, normal
RJBEEEZD X, WEMNIIBERRDOTH S,

Assumption 3.1

(A1) %& reservoir K iZxt LT, wg T unique 72 (7x, Bk)-KMS state T
»B,

(A2) £T0 K Iz LT, V€ D(0g) TH%,
(A3) Anti-linear *-automorphism © : O — O s.t.
Qoth =700, VK, O(V)=

BIFEET D,
(A4) &2TD w( ) normal state 7 ZXT LT

Jim n(7(A4)) = wg +(4), A€O.

PR LD & 5 72RTE w4 BIFET B
(AB) wg : (1,8)-KMS state £T5&, EED A, Be O ITRHLT

ttlllm wg(T*(A)B) = ws(A)ws(B).

(A3) @ © % time-reversal £VVH, (A2) DREIZL Y. heat flow BEE
T& %, (A4) iZ, Definition 1.2 TEZE &7z uniqueness TH 5, (A5) IX
mixing property T 5,

WiZ, 77 =HNVIRERIC X 50)22‘5"%%)\’;‘60 LUF @ notation VW5,
(A1) Z{RET 5, Generator dﬂo = 3 B it X VA &I 3 C*-dynamics

z 0(0) e, T5&, (A1) b, wf(g) i% unique (0 ,,3)-KMS state on

01%6 éBHOf%%—%WH[]Tém&uwﬁ@mmaaf
%, ZHIZX L. unique (og, B)-KMS state wg BIFET B,

T wg IT2WT, EAF O regular & EPREEITD, ZOMER, EICHE

BEREF BT Y 5 & AR &N [JOPS],[JOPP],
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Definition 3.2
(A1), (Ad) DRV Lo LRET B,
2T t>0,K=1,..- NIZ®LT,
,61{ — w(g,... ”@K,...jg)(Tt(A))

BBy =BV THOTRETHIEIRACO 225,
TDEEXBLIZ
B = w(g, B, )+ (A)

B Br = B TS FIRET,
t_lf_rgloo 8ﬂx“"_ﬂ_(7t(A)) ]£=(ﬁ,"‘ B = Oprewp,+(4) lgz(ﬁ,... 8)

Rl e &, Al regular THDEWVI,

ULDREDT, ROEBENPRKILT B,

Theorem 3.3 ( V. Jaksié, Y.O., C.-A. Pillet [JOP1)})
(A1)-(A3) D 320 L RET B,

A= A" € D(dg), VK, O(A)=-A L¥5,

THE, ETDteR, VK =1,--- ,N{ZF LT,

)BK = w(ﬁ)"' Bx s ,ﬂ) (Tt (A))
X, Bg =B THHOWRET,

Bﬁxwp_('rt(A))ié:(ﬂ,,,,’m = —5% /_tt (/Oﬂ wﬁ(A7-5+iu((I)K))du) ds

XHIT, A B regular T, (A4), (A5) RV IHETBH L,

1 oC
R P Y I e

-0

12, Current ®; 2% regular Thd & X,

1 oC
Lk = 8a,05,+(20) | gos, ) = —3 / wp(Bu*(2k))dt.
s o0

%, Green-Kubo formula &£V>9,

Remark 3.4 wg 1% (7,8)-KMS state 72D T, VA, B € O IZXHLTDg =
{2;2 € C,0 < Imz < B} L analytic. Ds L bounded 7> continuous /2K
B Fap(z) TFapB(t) = w,Q(ATt(B)), Fa p(t+iB) = wa(t*(B)A) VtER.
BT HOREETS, LREOCERUVTORR TIX, ED7® Fy p(z)
DT &% wg(Ar*(B)) &<,
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Proof ¥, (A1), (A3) XY, wpg % time reversal invariant T 5 = &ITE
ET%: (A3) LV, MBI A € O — wgoO(4*) iE. (op, B)-KMS state
ThBHTLRbNB, TRIHL, (A1) £V, (05 B8)-KMS state ix—ET
HBDT, -

wg o O(4A*) =ws(4), VAeO (1)
MRV LD, T, O(4) = -4, A=A THLT
wp(A) = ~wg(4) =0

THD,
Wiz, 8= (8, Bk, ,B) LT, o5’ orH(A) Bt ILOVWTHANT

6:&‘(“‘\

(4 =) = =P [ ob st (s

/b, wg_oag =wg &0, wg W EORXEBRALT

_ t
g (71(A)) g (4) = ELE /0 wg (B (7°(A))) ds

Li25%, O(A) = -A, A=A £V, wg(A) = ws(4) = wp (r9(4)) =0 72
DT,

ap (4(4)) —wg () = EP% fe ws (Gx((A))ds  (2)

LB, TIT, RE (A1) &V

weak * — lim wg = wg

Br—B
B MODT, (2) b, EBD t T LT, w_@('rt(A)) I, PO FTEET,

0T (A gy = = | a6 (r(4)) ds

ROz B, S5z (1) & (A3) 25

wp(dx (7°(A))) = wp (O (dx (T°(A4)))) = wp(bx (T7°(4)))



Ripyih, ThERATBZLIZLY,

1 0
O wp(TH(A)) | gymp = ~3 /_ t wp(dx (T°(A4))) ds.

= ~35 | walbx(r () ds

25, |
—. wp B Tk FERRE W OBBICEIBLNE T LMD,

8 .
wax(A) = [ wp(Ari* (@) du.

MEEY SIDZ L 2FRT T LAHES, ThERALT, EEOX

1 fBrr :
Oas(r Al ma =5 [ ([ starr(@nis ) au
BELND,
WIZ. A 7 regular REEEEZ D, B 2 — wg(Ar*(B)) 23 analytic
ThBD ML, Huell,fliKHLT

/t wg(AT*T(®K)) ds

~t

= [ walr(@i) ds [ (aldrt*@x) - (4~ @) dy

Y L0, RE (A5) £V, B, FZHI t - 00 TORRDDT,
t ) 00
lim | wg(AT°T(®k)) ds = / wg(AT5(Pk)) ds

t—00 —t —00

REBID, £oT, A regular ET5&.

o<

. 1
aﬁxw_ﬂ;-!-(A)l,aK:ﬁ = t_lfﬂm aﬂxwg(Tt(A))}gK-.:ﬁ =73 /_oo wﬁ(ATt((I)K)) dt
B Y S22, O

Green-Kubo formula 7» 5. AT Ot %‘F$ﬁ§§ﬁ>ﬂ5°

Corollary 3.5 (Onsager reciprocity relation)
(A1)-(A5) BELY ZH, Current {x}i_, » regular THD L E.

Lix =Lky, VK,J.

25



Proof Green-Kubo formula & 9. Ljg &

1 oo 1 o]
Lik= —-2-/ wg(@ 7 (PK))dt = —5/ wa(TH(® )Pk )dt

— 00 —

EEzeENB, T L. KMS-condition &Y,

1 [ :
Lik=~73 / wg(DxTT(®))dt

2 /-0
-~ lm = i wg(®xH(®s))dt
T—o00 2 -7

8 , .
+ f (wp(@xTTT™(2)) — wg(@rr TT(@,)) du  (3)
0
AR I, RE (A5) V. B, ZHIET —00 TO LRDDT,
1 (o o]
@ =3 [ wal@xr' @)t = Lics

-0

L2y, RODLIAFMERF LN, O
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