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Abstract

In graph theory, the decomposition problems of graphs are very important topics, Various types of
decom positions of many graphs can be seen in the literature of gaph theory.
We show that the necessary and sufficient condition for the existence of a balanced $C_{4}arrow \mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}i1$

decomposition of the complete multi-graph $\lambda K_{n}$ is $\lambda(n-1)\equiv 0$ (mod 32) and $n\geq 13$ .
This decomposition is to be known as a balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ design.
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1. Introduction

Let $K_{n}$ denote the complete graph of $n$ vertices. The complete multi-graph $\lambda K_{n}$ is the complete graph
$K_{n}$ in which every edge is taken A times. Let $C_{4}$ be the $A$-cycle (or the cycle on 4 vertices). The
$C_{4}$ - quatrefoil is a graph of 4 edge-disjoint C4’s with a common vertex and the common vertex is
called the center of the $C_{4}$ CVquatrefoil
When $\lambda K_{n}$ is decomposed into edge-disjoint sum of $C_{4}$-quatrefoils, we say that XKn has a $C_{4^{-}}$

quatrefoil decomposition. Moreover, when every vertex of $XKn$ appears in the same number of $C_{4^{-}}$

quatrefoils, we say that $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition and this number is called the
replication number. This balanced C4-quatrefoi1 decomposition of $\lambda K_{n}$ is to be known as a balanced
$C_{4}CV$ quatrefoil design.

In this paper, it is shown that the necessary and sufficient condition for the existence of such a
balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $\lambda K_{n}$ is $\lambda(n-1)$ $\equiv 0$ (mod 32) and $n\geq 13$ .

It is a well-known result that $K_{n}$ has a $C_{3}$ decomposition if and only if $n\equiv 1$ or 3 (mod 6). This
decom position is known as a Steiner triple system. See Colbourn and Rosa[2] and Wallis[14]. Horak
and Rosa[3] proved that $K_{n}$ has a $C_{3}$-bowtie decomposition if and only if $n\equiv 1$ or 9 (mod 12). This
decom position is known as a $C_{3}$ -bowtie system.
For combinatorial designs, see [1,4,5,14]. Another type of foil-decompositions see [6-13].

2. Balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $\lambda K_{n}$

We use the following notation.

Notation. We consider the vertex set $V$ of $\lambda K_{n}$ as $V=\{1,2, \ldots,n\}$ . The vertex operations $i+x$ in
the following theorems are taken modulo $n$ with residues 1, 2, ..., $n$ . We denote a C4-quatrefoi1 with
4 $C_{4}’ \mathrm{s}1,2$, 3, 4), (1, 5, 6, 7), (1, 8, 9, 10), (1, 11, 12, 13) passing through 1-2-3-4-1-5-6-7-
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1-8-9-10-1-11-12-13-1by $\{(1, 2, 3, 4), (1, 5, 6, 7), (1, 8\backslash ’ 9,10), (1,11, 12, 13)\}$ .

We have the following theorem.

Theorem 1. If $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition, then $\lambda(n-1)\equiv 0$ (mod 32) and
$n\geq 13$ .

Proof. Suppose that $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition, Since a $C_{4}$-trefoil is a
subgraph of XKnj $n$ $\geq 13$ . Let $b$ be the number of $C_{4}$-quatrefoils and $r$ be the replication number.
Then $b=\lambda n(n-- 1)/32$ and $r=13\lambda(n-1)/32$ . Among $rC_{4}$-quatrefoils having a vertex $v$ of $\mathrm{X}\mathrm{K}\mathrm{n}$ ,
let $r_{1}$ and $r_{2}$ be the numbers of $C_{4}$-quatrefoils in which $v$ is the center and $v$ is not the center,
respectively. Then $r_{1}+r2=r$ . Counting the number of vertices adjacent to $v$ , $8r1+2r_{2}=\lambda(n-1)$ .
Prom these relations, $r_{1}=\lambda(n-1)/32$ and $r2=12\lambda(n-1)/32$ . Thus, $\lambda(n-1)\equiv 0$ (mod 32).

Note. The condition $\lambda(n-1)\equiv 0$ (mod 32) and $n\geq 13$ in Theorem 1 can be classified as follows:
(i) A $\geq 1$ , $n\equiv 1$ (mod 32), $n\geq 33$

(ii) A $\equiv 0$ (mod 2), $n\equiv 1$ (mod 16), $n\geq 17$

(iii) A $\equiv 0$ (mod 4), $n\equiv 1$ (mod 8), $n\geq 17$

(iv) $\lambda\equiv 0$ (mod 8), $n\equiv 1$ (mod 4), $n\geq 13$

(v) $\lambda\equiv 0$ (mod 16), $n\equiv 1$ (mod 2), $n\geq 13$

(vi) $\lambda\equiv 0$ (mod 32), $n\geq 13$ .

We have the following theorem.

Theorem 2. If $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition, then $(s\lambda)K_{n}$ has a balanced $C_{4^{-}}$

quatrefoil decomposition for every $\mathrm{s}$ .

Proof. Obvious. Repeat $s$ times the balanced $C_{4}$-quatrefoil decomposition of $\lambda K_{n}$ .

Definition. The $C_{4^{-}}t- fod$ is a graph of $t$ edge-disjoint $C_{4}’ \mathrm{s}$ with a common vertex and the C4-t-
foiloid is a multi-graph of $t$ C4’s with a common vertex.
For example, {(1, 2, 3, 4), (1, 5, 6, 7), (1, 8, 9, 10), (1, 11, 12, 13), (1, 14, 15, 16)} is a $C_{4^{-}}5- \mathrm{f}\mathrm{o}\mathrm{i}1$ .
{(1, 2, 32), (1, 5, 6, 7), (1, 8, 9, 16), (1, 2, 3, 5), (1, 6, 8, 10)} is a C4-5-foi1oid.
So the appearance number of each vertex in the $C_{4}- t$-foil is 1. But the appearance number of each
vertex in the $C_{4}- t$-foiloid is not always 1.

Notation. The $t$ $C_{4}’ \mathrm{s}$ in a $C_{4^{-}}t$-foil or a $C_{4^{-}}t$-foiloid are denoted in order like sequence.
For example, put a C4-3 foiloid $B=\{(1,$ 2, 3, 4), (1, 3, 5, 6), (1, 4, 6, 7) $\}$ . Then (1, 2, 3,4) is the first
$C_{4}$ , (1, 3, 5, 6) is the second $C_{4}$ , and (1, 4, 6, 7) is the third $C_{4}$ of $B$ .
Put a C4-3 foiloid $D=\{(1,3,4,5), (1,4,5,6), (1,5,6,7)\}$. Then we denote $B\cup B=\{(1,2, 3,4)$ ,
(1, 3, 5, 6), (1, 4, 6, 7), (1, 2, 3, 4), (1, 3, 5, 6), (1, 4, 6, 7) $\}$ , and $B\cup D=\{(1,2,3,4)$ , (1, 3, 5, 6), (1, 4, 6, 7),
(1, 3, 4, 5), (1, 4, 5, 6), (1, 5, 6, 7) $\}$ , and $D\cup B=\{(1,3,4,5)$ , (1, 4, 5, 6), (1, 5, 6, 7), (1, 2, 3, 4), (1, 3, 5, 6),
(1, 4, 6, 7) $\}$ .

We have the following theorems.

Theorem 3. When $n\equiv 1$ (mod 32) and $n\geq 33$ , $\lambda K_{n}$ has a balanced C4-quatrefoi1 decomposition
for every A.

Proof. Put $n=32t$ $+1$ . Construct $n$ $C_{4^{-}}4t$-foils as follows:



so

{( $\mathrm{i},$ $i+1,$ $i+12t(\mathrm{z},\mathrm{i}+4t+1),$ $(i, i+2, i+12t+4, i+4t+2)$ , $(i, i+3, i+12t+6, i+4t+3)$ , $\ldots$ , $(i,$ $i+$

$4t$ , $i+20\mathrm{t}$ $i+8t)\}(i=1,2, \ldots, n)$ .
Decompose each $C_{4}- 4t$-foil into $tC_{4}$-quatrefoils. Then they comprise a balanced $C_{4}$ quatrefoil de-
composition of $K_{n}$ . Applying Theorem 2, $\lambda K_{n}$ has a balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$decomposition.

Example 3,1. Balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $K_{33}$ .
$\{(i, i+1, i+14, i+5), (i, i+2, i+16, i+6)_{\gamma}(i, i+3, i+18, i+7), (i, i+4, i+20, i+8)\}(i=1,2, \ldots, 33)$.

Example 3.2. Balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $K_{65}$ .
$\{(i, i+1, i+26, i+9), (i, i+2, i+28, i+10), (i, i+3, i+30, i+11), (i, i+4, i+32, i+12)\}$

$\{(\mathrm{i}, i+5, i+34, i+13), (i, i+6, i+36, i+14), (i, i+7, i+38, i+15), (i, i+8, i+40,i+16)\}$

$(i=1,2, \ldots, 65)$ .

Example 3.3. Balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $K_{97}$ .
$\{(\mathrm{i}, i+1, i+38, i+13), (i, i+2, i+40, i+14), (i, i+3,i+42,i+15), (i,i+4, i+44, i+16)\}$

$\{(\mathrm{i}, i+5, i+46, i+17), (i, i+6, i+48, i+18), (i, i+7, i+50, i+19), (i, i+8, i+52, i+20)\}$

$\{(\mathrm{i}, i+9, i+54, i+21), (i, i+10,i+56, i+22), (i, i+11, i+58, i+23), (i, i+12, i+60, i+24\}\}$

$(i=1,2, \ldots, 97)$ .

Theorem 4. When $\lambda\equiv 0$ (mod 2), $n\equiv 1$ (mod 16) and $n\geq 17$ , $\lambda K_{n}$ has a balanced $C_{4}$ quatrefoil
decomposition.

Proof, We consider 2 cases.
Case 1. $n\equiv 1$ (mod 32) and $n\geq 33$ . By Theorem 3 and Theorem 2, $\lambda K_{n}$ has a balanced
$C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition.
Case 2. $n\equiv 17$ (mod 32) and $n\geq 17$ . Put $n=32t+17$. Construct $n$ C4-(8#+4)-foi1s as follows:
$\{(i, i+16t+9, i+24t+14, i+24t+13)$ , $(i, i+16t+11, i+24t+18, i+24t+15)$ , $(i,$ $i+16t+13$ , $i+24t+$

$22,$ $i+24t+17)$ , $\ldots$ , $(i, i+20t+9, i+32t+14, i+28t+13)\}\cup$ $\{(i, i+20t+11, \iota+1|, i+28t+15)_{7}(i,i+$

20#+13, $i+5$ , $i+28t+17$), $(i, i+20t+15, i+9, i+28t+19)$ , $\ldots$ , $(i, i+24t+11, i+8t+1, i+32t+15)\}$
$\cup$ $\{(i, i+16t+10, i+24t+16, i+2)$ , $(i, i+16t-|\ulcorner 12, i+24t+20, i+4)$ , $(i,$ $i+16t+14$, $i+24t+$
$24$ , $i+6)$ , $\ldots$ , $(i, i+20t+10, i+32t+16, i+4t+2)\}\cup\{(i, i+20t+12, i+3, i+4t +4)$ , $(i,$ $i+20t+$
$14$ , $i+7$, $i+4t+6)$ , $(i, i+20t+16, i+11, i+4t+8)$ , $\ldots$ , $(i, i+24t+12, i+8t+3, i+8t+4)\}$
$(i=1,2, \ldots, n)$ .
Decompose each $C_{4^{-}}(8t+4)$-foil into $(2t-\tau 1|)C_{4}$-quatrefoils. Then they comprise a balanced $C_{4}-$

quatrefoil decomposition of $2\mathrm{K}\mathrm{n}$ . Applying Theorem 2, $\lambda K_{n}$ has a balanced $C_{4}$-trefoil decom position.

Example 4.1. Balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $2K_{17}$ .
$\{(i, i+9, i+14, i+13), (i,i+11, i+1, i+15), (i, i+10, i+16, i+2), (i, i+12, i+3, i+4)\}(i=1,2, \ldots 17))$ .

Example 4.2. Balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $2K_{49}$ .
$\{(i, i+25, i+38, i+37), (i, i+27, i+42, i+39), (i, i+29, i+46, i+41), (i, i+31, i+1, i+43)\}$

$\{(i, i+33, i+5, i+45), (i, i+35, i+9, i+47), (\acute{\mathrm{z}}, i+26, i+40, i+2), (i, i+28, i+44, i+4)\}$

$\{(i, i+30, i+48, i+6), (i, i+32, i+3, i+8), (i, i+34, i+7, i+10), (i, i+38,\mathrm{i}+11, i+12)\}$

$(i=1,2, ..,, 49)$ .

Example 4.3. Balanced $C_{4}$ quatrefoil decom position of $2K_{81}$ .
$\{(i, i+41, i+62, i+61), (i, i-\mathrm{T}^{-43,i}\}+66,$ $i+63)$ , $(i, i+45, i+70, i+65),$ $(i, i+47, i+74, i+67)\}$
$\{(i, i+49, i+78, i+69), (i, i+51, i+1,i+71), (i, i+53, i+5, i+73), (i, i+55, i+9, i+75)\}$

{ ( $i$ , $i+57$, $i+13$ , $i+77$), $(i,$ $i+59$ , a +17, $i+79)$ , $(i,$ $i+42$ , $i+64$ , $i+2)$ , $(i,$ $i+44$ , $i+68$ , $i+4)$ }
$\{(i, i+46, i+72, i+6), (i, i+48, i+76, i+8), (i, i+50, i+80, i+10), (i, i+52, i+3, i+12)\}$
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$\{(i, i+54, i+7, i+14), (i, i+56, i+11, \mathrm{i}+18), (i, i+58, i+15, i+18), (i, i+60, l^{i}+19, i+20)\}$

$(i=1, 2, \ldots, 81)$ .

We use the following permutation for a $C_{4^{-}}t$-foil or a $C_{4^{-}}t- \mathrm{f}\mathrm{o}i1\mathrm{o}\mathrm{i}\mathrm{d}$.

Notation, Put $B=\{C_{4}^{(1)}, \ldots, C_{4}^{(i)}, \ldots, C_{4}^{(j)}, \ldots, C_{4}^{(t)}\}$ be a $C_{4^{-}}t$-foil or a $C_{4^{-}}t$-foiloid and $\sigma=(i,j)$ be

a permutation. Then $\sigma B=\{C_{4}^{(1)}, \ldots, C_{4}^{(j)}, \ldots, C_{4}^{(i)}, \ldots,C_{4}^{(t)}\}$ .

Theorem 5, When $\lambda\equiv 0$ (mod 4), $n\equiv 1$ (mod 8) and $n\geq 17$, $\lambda K_{n}$ has a balanced C4-quatrefoii
decomposition.

Proof, We consider 2 cases.
Case 1. $n\equiv 1$ (mod 16) and $n\geq 17$ . By Th eorem 4 and Theorem 2, $\lambda K_{n}$ has a balanced
$C_{4}$-quatrefoil decom position.
Case 2. $n\equiv 9$ (mod 16) and $n\geq 25$ . Put $n=16t+9$ . Construct $nC_{4}-(8t+4)$-foiloids as follows:
$B_{i}=\{(i, i+1, i+8t+6, i+8t+5)$ , $(i, i+2, i+8t+8, i+8t+6)$ , $(\dot{0},$ $i+3$ , $i+8t+10$, $i+8t+$
$7)$ , $\ldots$ , $(i, i+4t+2, i+16t+8, i+12t+6)\}\cup\{(i, i+4t+3, i+1, i+12t+7)$, $(i,$ $i+4t+4$, $i+3$ , $i+$

$12t+8)$ , $(i, i+4t+5, i+5, i+12t +9)$ , $\ldots$ , $(i, i+8t+4, i+8t +3, i+16t+8)\}(i=1,2, \ldots, n)$ .
Put $D_{i}=\sigma B_{i}$ and $\sigma=(2,8t+3)$ . Decompose each $D_{i}$ into $(2t +1)C_{4}$-quatrefoils. Then they
comprise a balanced $C_{4^{-}}$ quatrefoil decomposition of $4K_{n}$ . Applying Theorem 2, $\lambda K_{n}$ has a balanced
$C_{4}$-quatrefoil decomposition.

Example 5.1. Balanced $C_{4}$-quatrefoil decomposition of $4K_{25}$ .
$\{(i, i+1, i+14, i+13), (i, i+11, i+9, i+23), (i, i+8, i+18, i+15), (i, i+4, i+20, i+16)\}$

$\{(i, i+5, i+22, i+17), (i, i[perp]_{\mathrm{I}}6, i+24, i+18), (i, i+7, i+1, i+19), (i, i+8, i+3,i+20)\}$

$\{(i, i+9, i+5, i+21), (i, i+10, i+7, i+22), (i, i+2, i\mathrm{f}16, i+14), (i, i+12, i+11, i+24)\}$

$(\prime i =1,2, \ldots, 25)$ .

Example 5.1. Balanced $C_{4}$-quatrefoil decomposition of $4K_{41}$ .
$\{(i, i+1, i+22, i+21), (i, i+19, i+17, i+39), (i, i+3, i+26, i+23), (i, i+4, i+28, i+24)\}$

$\{(i, i+5, i+30, i+25), (i, i+6, i+32, i+26), (i, i+7,i+34, i+27), (i, i+8, i+36, i+28)\}$

{ ( $i$ , $i+9$ , $i+38$ , $i+29$), $(i,$ $i+10$, $i+40$ , $i+30)$ , $(i,$ $i+$ Il , $i$ $+1$ , $i+31)$ , $(i,$ $i+12$ , $i$ $+3$ , $i+32)$ }
$\{(i, i+13, i+5, i+33), (i, i+14,i+7, i+34), (i,i+15, i +9, i+35), (i, i+16, i+11, i+36)\}$

$\{(i, i+17, i+13, i+37), (i, i+18, i+15, i+38), (i, i+2, i+24, i+22), (i, i+20, i+ \mathrm{I}9, i+40)\}$

$(i=1,2, \ldots, 41)$ .

Example 5.3. Balanced $C_{4}$-quatrefoil decomposition of $4K_{57}$ .
$\{(i, i+1, i+30, i+29), (i, i+27, i+25, i+55), (i, i+3,i+34, i+31), (i, i+4, i+36, i+32)\}$

$\{(i, i+5, i+38, i+33), (i, i+6,i+40, i+34), (i, i+7, i+42, i+35), (i, i+8, i+44, i+36)\}$

$\{(i, i+9, i+46, i+37), (i, i+10, i+48, i+38), (i, i+11,i+50, i+39), (i, i+12, i+52, i+40)\}$

$\{(ii+\}13$ , $i+54$ , $i+41)$ , $(i, i+14, i+56, i+42)$ , $(i, i+15, i+1, i+43)$ , $(i,i+16, i+3,i+44)\}$
$\{(i, i+17, i+5, i+45), (i, i+18, i+7, i+46), (i, i+19, i+9,i+47), (i, i+20, i+11, i+48)\}$

$\{(i, i+21, i+13, i+49), (i, i+22, i+15, i+50), (i,i+23, i+17, i+51), (i, i+24,i+19,i+52)\}$

$\{(i, i+25, i+21, i+53), (i, i+26, i+23, i+54), (i, i+2, i+32, i +30), (i, i+28, i+27, i+56)\}$

$(i=1,2, \ldots, 57)$ .

Theorem 6. When $\lambda\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} 8)$ , $n\equiv 1$ (mod 4) and $n\geq 13$ , $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil
decomposition.

Proof, We consider 3 cases.
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Case 1. $n\equiv 1$ (mod 8) and $n\geq 17$ . By Theorem 5 and Theorem 2, $\lambda K_{n}$ has a balanced $C_{4^{-}}$

quatrefoil decomposition.
Case 2.1. $n=13$. (Example 6.1. Balanced $C_{4}$-quatrefoil decomposition of $8K_{13}.$ )
Construct a balanced $C_{4}$-quatrefoil decomposition of $8K_{13}$ as follows:
$\{(i, i+1, i+2, i+4)_{7}(i, i+5, i+10, i+7), (i, i+8, i+3, i+6), (i, i+12, i+11,i+9)\}$

$\{(\mathrm{i}, i+2, i+4, i+8), (i, i+3, i+6, i+12), (i, i+10, i+7, i+1), (i, i+11, i+9, i+5)\}$

$\{(i, i+4, i+8, i+3), (i, i+6, i+12, i+11), (i, i+7, i+1, i+2), (i, i+9, i+5, i+10)\}$

$(i=1, 2, \ldots, 13)$ .
Applying Theorem 2, XK13 has a balanced $C_{4}$ quatrefoil decomposition.
Case 2.2. $n\equiv 5$ (mod 8) and $n\geq 21$ . Put $n=8t$ $+5$ . Construct $n$ C4-(4t+2)-foi1oids as follows:
$B_{i}=\{(i, i+1, i+4t+4, i+4t+3)$ , $(i, i+2, i+4t+6,i+4t+4)$ , $(i, i+3, i+4t+8, i+4t+5),$ $\ldots$ , $(i,$ $i+$

$2t+1$ , $i+8t+4$, $i+6t+3)\}\cup\{(i, i+2t+2, i+1_{7}i+6t+4)$ , $(i, i+2t+3, i+3, i+6t+5)$ , $(i,$ $i+$

$2t+4$ , $i+5$ , $i+6t+6)$ , $\ldots$ , $(i, i+4t+2, i+4t+1, i+8t+4)\}(i=1,2, \ldots, n)$ .
Put $D_{i}=B_{i}\cup B_{\dot{\mathrm{z}}}$ . Then each $D_{i}$ is a $C_{4^{-}}(8t+4)$ -foiloid. Put $E_{i}=\sigma_{1}\sigma_{23}\sigma\sigma_{4}D_{i}$ , where $\sigma_{1}=(2,5)$ ,
$\sigma_{2}=(4t, 4t+2)$ , $\sigma_{3}=(4t+3,4t+5)$ , $\sigma_{4}=(8t, 8t+3)$ . Decompose each $E_{i}$ into $(2t+1)C_{4}$-quatrefoils.
Then they comprise a balanced $C_{4}$-quatrefoil decomposition of $8K_{n}$ . Applying Theorem 2, $\lambda K_{n}$ has
a balanced $C_{4}$ quatrefoil decomposition.

Example 6.2. Balanced $C_{4}$-quatrefoil decomposition of $8K_{21}$ .
$\{(\mathrm{i}, i+1, i+12, i+11), (i, i+5,i+20, i+15), (i, i+3, i+16,i+13), (i, i+4, i+18, i+14)\}$

$\{(\mathrm{i}, i+2, i+14, i +12), (i, i+6, i+1, i+16), (i, i+7, i+3, i+17), (i, i+10, i+9, i+20)\}$

$\{(i, i+9, i+7, i+19), (i, i+8, i+5, i+18), (i, i+3, i+16, i+13), (i, i+2, i+14, i+12)\}$

$\{(i, i+1, i+12, i+11), (i, i+4, i+18, i+14), (i, i+5, i+20, i+15), (i, i+9, i+7, i+19)\}$

$\{(i, i+7, i+3, i+17), (i, i+8, i+5, i+18), (i, i+6, i+1, i+16), (i, i+10, i+9, i+20)\}$

$(i=1, 2, \ldots, 21)$ .

Example 6.1. Balanced $C_{4}$-quatrefoil decomposition of $8K_{29}$ .
$\{(i, i+1, i+16, i+15), (i, i+5, i+24, i+19), (i, i+3, i+20, i+17), (i, i+4, i+22, i+18)\}$

$\{(i, i+2, i+18, i+16), (i, i+6, i+26, i+20), (i, i+7, i+28, i+21), (i, i+8, i+1, i+22)\}$

$\{(i, i+9, i+3, i+23), (i, i\neg^{1_{-}}10, i+5, i+24), (i, i+11, i+7, i+25), (i, i+14, i+13, i+28)\}$

$\{(i, i+13, i+11, i+27), (i, i+12, i+9, i+25), (i, i+3, i+20, i[perp] 17), (i, i+2, i+18, i+16)\}$

$\{(i, x’ +1, i+16, i+15), (i, i+4, i+22_{7}i+18), (i, i+5, i+24, i+19), (i, i+6, i+26, i+20)\}$

$\{(i, i+7, i+28, i+21), (i, i+8,i+1, i+22), (i, i+9, i+3, i+23), (i, i+13, i+11, i+27)\}$

{ ( $i$ , $i+11$ , $i+7$, $i+25$), $(i,$ $i+12$ , $i+9$, i-t 26), $(i,$ $i+10$ , $i+5$ , $i+24)$ , $(i,$ $i+14$ , $i+13$ , $i+28)$ }
$(i=1,2, \ldots, 29)$ .

Theorem 7. When $\lambda\equiv 0$ (mod 16), $n\equiv 1$ (mod 2) and $n\geq 13$ , $\lambda K_{n}$ has a balanced $C_{4}$ quatrefoil
decomposition.

Proof. We consider 7 cases.
Case 1. $n\equiv 1$ (mod 4) and $n\geq 13$ . By Theorem 6 and Theorem 2, $\lambda K_{n}$ has a balanced C4-
quatrefoil decomposition.
Case 2.1. $n=15$. (Example 7.1. Balanced $C_{4}$-quatrefoil decomposition of $16K_{15}.$ )
Construct a balanced $C_{4}$-quatrefoil decomposition of $16K_{15}$ as follows:
$\{(i, i+1, i+2,i+9), (i, i+4, i+10, i+7), (i, i+11, i+5, i+8), (i, i+14, i+13, i+6)\}$

$\{(i, i+1, i+14, i+8), (l, ir+2, i+9, i+4), (i, i+10, i+7, i+3), (i, i+5, i+11, i+12)\}$

$\{(i, i+3, i+1, i+2), (i, i+5, i+8, i+12), (i, i+13, i+6, i+11), (i, i+9, i+4, i+10)\}$

$\{(i, i+13, i+1, i+14), (i, i+6, i+11, i+5), (i, i+4, i+3, i+10), (i, i+12,i+7, i+2)\}$

$\{(i, i+7, i+3,i+\urcorner[perp]), (i, i+8, i+12, i+14), (i, i+2, i+9, i+13), (i, i+10, i+6, i+4)\}$

$\{(i, i+9, i+13, i+1), (i,\acute{\iota}+3, i+10, \mathrm{i}+6), (i, i+14, i+8, i+5), (i, i+11., i+12, \mathrm{i}+7)\}$
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$\{(i, i+6, i+4, i+3), (i, i+12, \mathrm{i}+14, i+13), (i, i+8, i+5, i+11), (i,i+7, i+2, i+9)\}$

$(i=1, 2, \ldots, 15)$ .
Applying Theorem 2, $\lambda K_{15}$ has a balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition.
Case 2.2. $n$ $=19$. (Example 7.2. Balanced $C_{4}\mathrm{t}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $16K_{19}.$ )
Construct a balanced $C_{4}\mathrm{t}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $16K_{19}$ as follows:
$\{(i, i+1, i+2, i+4), (i, i+8, i+16, i+13), (i, i+7, i+14, i+9), (i, i+18, i+17, i+15)\}$

$\{(i, i+11, i+3, i+6), (i, i+12, i+5, i+10), (i, i+1, i+2, i+4), (i, i+8, i+16, i+13)\}$

$\{(\mathrm{i}, i+7, i+14, i+9), (i, i+18, \mathrm{i}+17, i+15), (i, i+11, i+3, i+6), (i, i+12, i+5, i+10)\}$

$\{(\mathrm{i}, \mathrm{i}+2, i+4, i+8), (i, i+16, i+13, i+7), (i, i+14, i+9, i+18), (i,i+17, i+15, i+11)\}$

$\{(i, i+3, i+6, i+12), (i, i+5, i+10, i+1), (i, i+2, i+4, i+8)_{7}(i, i+16, i+13, i+7)\}$

$\{(i, \mathrm{i}+14, i+9, i+18), (i, i+17, i+15, i+11), (i, i+3, i+6, i+12), (i, i+5, i+10, i+1)\}$

$\{(i, i+4, i+8, i+16), (i, i+13, i+7, i+14), (i, i+9, i+18, i+17), (i, i+15,i+11,\mathrm{i}+3)\}$

$\{(i, i+6, i+12, i+5), (i, i+10, i+1, i+2), (i, i+4, i+8, i+16), (i, i+13, i+7, i+14)\}$

$\{(\mathrm{i}, i+9, i+18, i+11), (i, i+15, i+11,\mathrm{i}+3), (i, i+6, i+12, i+5), (i, i+10, i+1, i+2)\}$

$(i=1,2, \ldots, 19)$ .
Applying Theorem 2, $\lambda K_{19}$ has a balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition.
Case 2.2. $n=23$. (Example 7.3. Balanced $C_{4}\mathrm{t}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $16K_{23}.$ )
Construct a balanced $C_{4}\mathrm{t}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition of $16K_{23}$ as follows:
$\{(i, i+1, i+2, i+4), (i, i+8, i+16, i+9), (i_{7}i+18, i+13, i+3), (i, i+7, i\mathrm{t}^{\iota}14, i+5)\}$

$\{(\mathrm{i}, i+5, i+10, i+20), (i, i+17, i+11, i+22), (i, i+21, i+19, i+15), (i, i+6, i+12, i+1)\}$

$\{(\mathrm{i}, i+1, i+2, i+4), (i, i+8, i+16, i+9), (i, i+18, i+13, i+3), (i, i+7, i+14, i+5)\}$

$\{(\mathrm{i}, i+5, i+10, i+20), (i, i+17, i+11, i+22), (i, i +21, i+19, i+15), (i, i+6, i+12, i+1)\}$

$\{(\mathrm{i}, i+2, i+4, i+8), (i, i+16, i+9, i+18), (i, i+13, i+3, i+6), (i, i+14, \mathrm{i}+5, i+10)\}$

$\{(\mathrm{i}, i+10, i+20, i+11), (i,\acute{\mathrm{q}}+11, i+22, i+21), (i, i+19, i+15, i+7), (i, i+12, i+1, i+2)\}$

$\{(\mathrm{i}, i+2, i+4, i+8), (i, i+16, i +9, i+18), (i, i+13, i+3, i+6), (i, i+14, i+5, i+10)\}$

$\{(\mathrm{i}, i+10, i+20, i+11), (i, i+11, i+22, i+21), (i, i+19, i+15, i+7), (i, i+12, i+1, i+2\rangle\}$

$\{(\mathrm{i}, i+4, i+8, i+16), (i, i+9, i+18, i+13), (\mathrm{i},\mathrm{i}+3, i+6, i+12), (i, i+20, i+17, i+11)\}$

$\{(\mathrm{i}, i+22, i+21, i+19), (i, i+15, i+7, i+11), (i, i+4, i+8, i+16), (i, i+9, i+18, i+13)\}$

$\{(\mathrm{i}, i+3, i+6,i+12)_{7}(i, i+20, i+17, i+11), (i, i+22, i+21, i+19), (i, i+15, i+7, i+14)\}$

$(i=1,2, \ldots, 23)$ .
Applying Theorem 2, $\lambda K_{23}$ has a balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ decomposition.
Case 2.4.1. $n\equiv 3$ (mod 12) and $n\geq 27$ . Put $n=12t+3$. Construct $n$ $C_{4}- 2t$-foiloids $X_{i}$ , $n$

$C_{4^{-}}(2t+1)$-foils $Y_{i}$ , $n$ $C_{4}- 2t$-foiloids $Z_{i}$ as follows:
$X_{i}=\{(\mathrm{i}, i+4, i+7, i+3), (i, i+7,4-13, i+6), (i, i+10, i+19, i[perp] 9), \ldots, (i, i+6t-2, i+12t-5, i+6t-3)\}$

$\cup$ $\{(\mathrm{i}, i+6t, i \% 12\#- 1, i+6t-1)\}$

$Y_{\mathrm{i}}=$ $\{(\mathrm{i}, i+2, i+3,1 1), (i, i+5, i+9,i+4), (i, i+8, i+15,\dot{?}+7), \ldots, (i, i+6t-1, i+12t-3, i+6t-2)\}$

$\cup\{(\mathrm{i}, i+6t+1, i+12t+1, i+6t)\}$

$Z_{i}=\{(i, i+1, i+6t+2,\acute{\iota}+6t+1)\}\cup\{(i, i+3, i+5, i+2)$, $(i, i+6, i+11, i+5)$ , $(i,$ $i+9$ , $i+17,$ $i+$

$8)$ , $\ldots$ , $(i, i+6t-3, i+\mathrm{i}2t-7, i+6t-4)\}$

$(i=1,2, \ldots, n)$ .
Put $B_{i}=X_{i}\cup X_{\mathrm{i}}\cup X_{i}\cup X_{\dot{\mathfrak{g}}}\cup Y_{i}\cup Y_{i}\cup Y_{i}\cup Y_{i}\cup Z_{i}\cup Z_{i}\mathrm{U}Zi\cup Z_{i}$ , Then each $B_{i}$ is a $C_{4^{-}}(24t+4)$-foiloid.
When $n=27$, put $D_{i}=\sigma_{1}\sigma 2\sigma_{3}\sigma 4B_{i}$ , where a $1=(2,39)$ , $\sigma 2=(6,43)$ , $\sigma \mathrm{s}=(10,47)$ , $\sigma 4=(14,51)$ .
When $n=39$ , put $D_{i}=\sigma 1\sigma_{2}\sigma 3\sigma_{4}B_{i}$ , where $\sigma_{1}=(2,55)$ , $\sigma_{2}=(8,61)$ , $\sigma 3=(\mathrm{i}, 67),$ $\sigma 4=(20, 73)$ .
When $n=12t+3$ and $n\geq 51$ , put $D_{i}=\sigma_{1}\sigma_{2}\sigma_{3}\sigma_{4}\sigma_{56}\sigma\sigma_{7}\sigma_{8}B_{i_{7}}$ where $\sigma_{1}=$ $(2, 16t+7)$ , a2 $=$

$(2t+2,18t+7)$ , $\sigma_{3}=(4t+2,20t+7)$ , $\sigma_{4}=(6t+2,22t+7)$ , $\sigma_{5}=(6,16t+11)$ , $\sigma_{6}=(2t+6,18t+11)$ ,
a $7=(4t+6,20t+11)$ , $\sigma_{8}=(6t+6,22t+11)$ .
Decompose each $D_{i}$ into $(6t+1)C_{4}$-quatrefoils. Then they comprise a balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$ de-
composition of $16K_{n}$ . Applying Theorem 2, $\lambda K_{n}$ has a balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{i}1$decomposition.
Case 2.4.2. $n\equiv 7$ (mod 12) and $n\geq 31$ . Put $n=12t+7$. Construct $nC_{4^{-}}(2t+1)$-foiloids $X_{i}$ , $n$

$C_{4^{-}}(2t+1)$-foils $Y_{i}$ , $n$ $C_{4}arrow(2t+1)$-foiloids $Z_{i}$ as follows:
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$X_{i}=$ $\{(i, i+1, i+6t+4, i+6t+3)\}\cup\{(i, i+4, i+7,i+3)$ , $(i, i+7, i+13, i+6)$ , $(i,$ $i+10$ , $i+$

$19$ , $i+9)$ , $\ldots$ , $(i, i+6t+1, i+12t+1, i+6t)\}$
$Y_{i}=\{(i, i+2, i+3, i+1), (i, i+5, i+9,i+4), (i,i+8, i+15, i+7), \ldots, (i, i+6t+2, i+12t+3, i+6t+1)\}$

$Z_{i}=\{(i, i+3, i+5, i+2), (i, i+6,i+11, i+5), (i, i+9, i+17, i+8), \ldots, (i,i+6t+3, i+12t+5, i+6t+2)\}$

$(i=1,2, ..,, n)$ .
Put $B_{i}=X_{i}\cup X_{i}\cup X_{i}\cup X_{\dot{f}}\cup Y_{i}\cup Y_{i}\cup Yi\cup Y_{i}\cup Z_{i}\cup Z_{i}\mathrm{U}Z_{i}\cup Z_{i}$ . Then each $B_{i}$ is a $C_{4}-(24t+12)- \mathrm{f}\mathrm{o}i1\mathrm{o}i\mathrm{d}$ .
When $n=31$ , put $D_{l}=\sigma 1\sigma 2\sigma 3\sigma_{4}B_{i}$ , where $\sigma 1$ $=$ $(3, 42)$ , $\sigma 2=(8,47)$ , $\sigma_{3}=(13, 52)$ , $\sigma_{4}=(18, 57)$ .
When $n=12t$ $+7$ and $n\geq 43$ , put $D_{i}=\sigma_{12}\sigma\sigma_{3}\sigma_{4}\sigma_{5}\sigma_{6}\sigma_{7}\sigma 8Bi$ , where $\sigma_{1}=(3,16t+10)$ , $\sigma_{2}=$

$(2t+4,18t+11)$ , $\sigma_{3}=(4t+5,20t+12)$ , $\sigma_{4}=(6t+6,22\#+13)$ , $\sigma_{5}=(7,16t+14)$ , $\sigma_{6}=(2t+8,18t+15)$ ,
$\sigma_{7}=$ $(4t+9,20t +16)$ , $\sigma_{8}=(6t +10, 22t+17)$ .
Decompose each $D_{i}$ into $(6t+3)C_{4}$ -quatrefoils. Then they comprise a balanced $C_{4}$ quatrefoil de-
composition of $16K_{n}$ . Applying Theorem 2, $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition.

Case 2,4.3. $n\equiv 11$ (mod 12) and $n\geq 35$ . Put $n=12t+11$ . Construct $n$ $C_{4^{-}}(2t+2)$-foiloids $X_{i}$ ,
$nC_{4^{-}}(2t+2)$ -foils $Y_{i}$ , $nC_{4}-(2t+1)$-foiloids $Z_{i}$ as follows:
$X_{i}=\{(i, i+1, i+6t+6, i+6t+5)\}\cup\{(i, i+4, i+7, i+3)$ , $(i, i+7, i+13, \mathrm{i}+6)$ , $(i,$ $i+10$ , $i+$

$19$ , $i+9)$ , $\ldots$ , $(i,$ $i+6t+4$, $i+12t+7$, $i+6t+3\rangle\}$

$\mathrm{Y}_{i}=\{(i, i+2, i+3, i+1), (i, i+5, i+9, i+4), (i, i+8, i+15,\cdot i+7), \ldots, (i, i+6t+5, i+12t+9, i+6t+4)\}$

$Z_{\mathrm{i}}=\{(i, i+3, i+5,i+2), (i, i+6, i.+11, i+5), (i, i+9,i+17, i+8), ,.., (i,i+6t+3, i+12t+5, i+6t+2)\}$

$(i=1, 2, \ldots, n)$ .
Put $B_{i}=X_{i}\cup X_{i}UX_{i}\cup X_{i}\cup Y_{i}\cup Y_{i}\cup Y_{i}\cup Y_{i}\cup Z_{i}\cup Z_{i}\cup Z_{i}\cup Z_{i}$ . Then each $B_{i}$ is a $C_{4^{-}}(24t+20)$ -foiloid.
When $n=35$ , put $D_{i}=\sigma_{1}\sigma_{2}\sigma 3\sigma_{4}B_{i}$ , where $\sigma_{1}=(3,50)$ , $\sigma 2=(9,55)$ , $\sigma 3=(15, 60)$ , $\sigma 4=(21, 65)$ .
When $n=12t+11$ and $n\geq 47$ , put $D_{i}=\sigma_{1}\sigma_{2345}\sigma\sigma\sigma\sigma_{6}\sigma_{7}\sigma \mathrm{s}^{B_{i}}$ , where $\sigma_{1}=$ $(3, 16t+18)$ ,
$\sigma_{2}=$ $(2t+5, 18t+19)$ , $\sigma_{8}=(4t+7, 20t+20)$ , $\sigma_{4}=(6t+9, 22t+21)$ , a5 $=(7, 16t+22)$ ,
$\sigma_{6}=(2t+9,18t+23)$ , $\sigma_{7}=(4t+11, 20t+24)$ , $\sigma_{8}=(6t+13_{7}22t+25)$ .
Decompose each $D_{i}$ into $(6t+5)C_{4}’$-quatrefoils. Then they comprise a balanced $C_{4}$ quatrefoil de-
composition of $16K_{n}$ . Applying Theorem 2, $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition.

Theorem 8. When $\lambda\equiv 0$ (mod 32) and $n$ $\geq 13$ , $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition.

Proof. We consider 5 cases.
Case 1. $n\equiv 1$ (mod 2) and $n\geq 13$ . By Theorem 7 and Theorem 2, $\lambda K_{n}$ has a balanced $C_{4}-$

quatrefoil decomposition.
Case 2.1. $n=14$. (Example 8,1. Balanced $C_{4}$-quatrefoil decomposition of $32K_{14\prime}$ )
Construct a balanced $C_{4}$ -quatrefoil decomposition of $32K_{14}$ as follows:
{( $i$ , a +1, $i+8$ , $i+2$), $(i,$ $i+4$, $i+7$, $i+6))(i$ , $i+5$ , $i+9$, $i+11)$ , $(i,$ $i+10$, $i+13$ , $i+12)$ }
$\{(i, i+1, i+8, i+2), (i, i+5, i+9, i+11), (i, i+10), +6, i+4), (i, i+13, i+12, i+3)\}$

$\{(i, i+1, i+8, i+9), (i, i+3, i+5, i+2), (i, i+6, i+4, i+7), (i,i+10, i+13, i+12)\}$

$\{(i, i+1, i+8, i+9), (i, i+3, i+5, i+2), (i, i+7, i+6, i+11), (ii\}+12,$ $i+10$ , $i+13)\}$

$\{(i, i+2, i+3, i+12), (i, i+4, i+7, i+6), (i, i+11, i+1, i+8), (i, i+13, i+5, i+9)\}$

$\{(i, i+2, i+3, i+12), (i, i+6, i+4, i+7), (i, i+11, i+1, i+8), (i, i+13, i+5, i+9)\}$

$\{(i, i\mathrm{H}2, i+10, i+6), (i,i+9, i+4, i+7), (i, i+11, i+1, i+8)_{7}(i, i+12, i+3,i+5)\}$

$\{(i, i+2, i+10, i+6), (i, i+9, i+4, i +7)\}(i, i+11,i+1, i[perp] 8)$ , ( $i,$ $i+13\mathrm{J}$ i $+12,$ $i+3$) $\}$

$\{(i, i+3, i+12, i+10), (i, i+4,i+7, i+13), (i, i+8, i+2, i+6), (i, i+9, i+11, i+1)\}$

$\{(i, i+3, i+12, i+10), (i, i+6, i+11, i+1), (i,i +7, i+13, i+5), (i, i+8, i+9, i+4)\}$

$\{(i, i+4, i+7, i+13), (i, i+6,i+11, i+1), (i, i+8, i+2, i+10), (i, i+12, i+3, i+5)\}$

$\{(i, i+5, i+2, i+3), (i, i+7, i+6, i+11), (i, i+8, i+9, i+4), \langle i, i+12, i+10, i+13)\}$

$\{(i, i+5, i+2, i +3), (i, i+7, i+13, i+8), (i, i+9, i+11,i+1)_{7}(i, i+10, i+6,i+4)\}$

$(i=1,2, \ldots, 14)$ .
Applying Theorem 2, $\lambda K_{14}$ has a balanced $C_{4}$-quatrefoil decomposition.
Case 2.1. $n=16$. (Exam ple 8.2. Balanced $C_{4}$-quatrefoil decomposition of $32K_{16}.$ )



95

Construct a balanced $C_{4}$-quatrefoii decomposition of $32K_{16}$ as follows:
$\{(i, i+1, i+2, i+9), (i, i+3, i+6, i+11), (i, i+4, i+8, i+12), (i,i+5, i+10, i+13)\}$

$\{(i, i+1, i+2, i+9), (i, i+3,i+6, i+11), (i, i+4, i+8, i+12), (i, i+7, i+14, \mathrm{i}+15)\}$

$\{(i, i+1, i+2, i+9), (i, i+3, i+6, i+11), (i, i+5, i+10, i+13), (i, i+7, i+14, i+15)\}$

$\{(i, i+1, i+2,i+9), (i, i+4, i+8, i+12), (i, i+5, i+10, i+13), (i, i+7,i+14, i+15)\}$

$\{(i, i+2, i+4, i+10), (i, i+9, i+1, i+8), (i, i+12, i+7, i+3), (i, i+14, i+11, i+5)\}$

$\{(i, \prime i +2, i+4, i+10), (i, i+9, i+1, i +8), (i,i+12, i+7, i+3), (i_{7}i+15, i+13, i+6)\}$

$\{(i, i+2, i+4, i+10), (i, i+9, i+1, i+8), (i, i+14, \mathrm{i}+11, i+5), (i, i+15, i+13, i+6)\}$

$\{(i, i+2, i+4, i+10), (i, i+12, i+7, i+3), (i, i+14, i+11,\mathrm{i}+5), (i, i+15, i+13, i+6)\}$

$\{(i, i+3, i+6, i+11), (i, i+4, i+8, i+12), (i, i+5, i+10, i+13), (i, i+7, i+14, i+15)\}$

$\{(i, i+6, i+12, i+14), (i, i+8, i+7, i+15), (i, i+10, i+3, i+1), (i, i+11, i+5, i+2)\}$

$\{(i, i+6, i+12, i+14), (i, i+8, i+7, i+11), (i, i+10, i+3,i+1), (i, i+13, i+9, i+4)\}$

$\{(i, i+6, i+12, i+11), (i, i\mathit{4}\mathit{7} 8, i+7, i+ 11), (ii\}+11$ , $i+5,i+2)$ , $(i, i+13, i+9, i+4)\}$
$\{(i, i+6, i+12, i+14), (i, i+10, i+3, i+1), (i, i+11,\dot{\mathrm{z}}+5, i+2), (i, i+13, i+9, i+4)\}$

$\{(i, i +8, i+7, i+15), (i, i+10, i+3, i+1), (i, i+11, i+5_{j}i+2), (i, i+13, i+9, i+4)\}$

$\{(i, i+9, i+1, i+8), (i, i+12, i+7, i+3), (i, i+14,i+11, i+5), (i, i+15, i+13,i+6)\}$

$(i=1,2, \ldots, 16)$ .
Applying Theorem 2, XKiq has a balanced $C_{4}$-quatrefoil decomposition.
Case 2,3. $n=18$. (Example 8.3. Balanced $C_{4}$-quatrefoil decomposition of $32K_{18}.$)

Construct a balanced $C_{4}$-quatrefoil decomposition of $32K_{18}$ as follows:
$\{(\acute{\mathrm{z}}, i+10, i+1, i+9), (i, i+2, i+4, i+11), (i_{\dagger}i+3,\acute{\iota}+6, i+12), (i, i+8, i+16, i+17)\}$

$\{(i, i +5, i+10_{1}i+14), (i, i+6, i+12, i+15), (i, i+13, i+7, i+3), (i, i+9, i+8, i+17)\}$

$\{(i, i+4,\dot{\iota}+8, i+13), (i, i+7, i+14, i+16), (i, i+11, i+3,i+1), (i, i+12, i+5, i+2)\}$

$\{(i, i+1, i+2, i+10), (i, i+14, i+9, i+4), (i, i+15, i+11,\mathrm{i}+5), (i,i+16, i+13, i+6)\}$

$\{(i, i+17, i+15, i+7), (i, i+5,i+10, i+11), (i, i+2, i+4, i+11), (i, i+3, i+6, i+12)\}$

$\acute{\{}(i, i+4, i+8_{2}i+13)$ , $(i, i+1, i+2, i+10)$ , $(i, i+6,i+12, i+15)$ , $(i, i+7, i+14, i+16)\}$
$\{(i, i+8, i+16, i+17), (i, i+14, i+9, i+4), (i, i+12_{7}i+5,i+2), (i, i+11, i+3, i+1)\}$

$\{(i, i+1, i+2, i+10), (i, i+13, i+7, i+3), (i, i+9, i+8, i+17), (i, i+15, i+11, i+5)\}$

{ ( $i$ , $i+16$ , $i+13,i+6$), $(i,$ $i+$ IT,, $i+15,$ $i+7)$ , $(i,$ $i+5,i+10$, $i+14)$ , $(i,$ $i+2$ , $i+4$, $i+11)$ }
$\{(i, i+3, i+6, i+12), (i, i+4, i+8, i+13), (\mathrm{i},\mathrm{i}+10, i+1, i+9), (i, i+7, i+14, i+16)\}$

$\{(i, i+8, i+16, i+11), (i, i+6,i+12_{7}i+15), (i_{7}i+13, i+7, i+3), (i, i+10, i+1, i+9)\}$

$\{(i, i+11, i+3, i+1), (i, i+12, i+5, i+2), (i, i+17, i+15, i+7), (i, i+14, i+9, i+4)\}$

$\{(i, i+15, i+11, i+5), (i, i+16, i+13,i+6), (i, i+9, i+8, i+17), (i, i+1, i+2, i+10)\}$

$\{(i, i+2, i+4, i+11), (i, i+3, i+6, i+12), (i, i+9, i+8, i+17), (i, i+5, i+10, i+14)\}$

$\{_{\mathrm{t}}^{(}i, i+6, i+12, i+15), (i, i+7,i+14, i+16), (i, i+11, i+3, i+1), (i, i+4, i+8, i+13)\}$

$\{(i, i+10, i+1, i+9), (i, i+8, i+16, i+17), (i, i+15,i+11, i+5), (i, i+13, i+7, i+3)\}$

$\{(i, i+14, i+9, i+4), (i, i+12, i+5, i+2), (i, i+16, i+13, i+6), (i, i+17, i+15, i+7)\}$

$(i=1,2, \ldots, 18)$ .
Applying Theorem 2, $\lambda K_{18}$ has a balanced $C_{4}$-quatrefoil decomposition.
Case 2.4. $n\equiv 0$ (mod 2) and $n\geq 20$ . Put $n=2t$ . Construct $n$ $C_{4^{-}}(2t-1)$ -foiloids as follows;

$B_{\dot{\tau}}=\{(i, i+1, i+2, i+t+1), (i, i+2,i+4, i+t+2), (i, i+3, i+6, i+t+3), \ldots, (i, i+t-1, \sim i+2t-2, i+2t-1)\}$

$\mathrm{U}\{(i, i+t, i+t-1, i+2t-1)\}\cup\{(i, i+t+1i+1, i+t)\}\}\cup\{(i, i+t+2, i +3, i+1)$, $(i,$ $i+$

$t$ $+3$ , $i+5$ , $i+2)$ , $(i, i+t+4, i+7, i+3)$ , $\ldots$ , $(i, i+2t -1, i+2t -3, i+t-2)\}$
$(i=1, 2, \ldots, n)$ .
Put $D_{i}=B_{i}\cup B_{\dot{\mathrm{t}}}\cup B_{i}\cup$ $B_{i}$ . Then each $D_{i}$ is a $C_{4}-(8t-4)$-foiloid.
When $n=20$ , put $E_{\dot{n}}=\sigma D_{i}$ and $\sigma=\sigma 1\sigma 2\sigma 3\sigma 4\sigma 5\sigma 6\sigma\tau\sigma 8\sigma 9\sigma 10\sigma 11\sigma 12$ , where $\sigma_{1}=(1,5)$ , $\sigma_{2}=(4,76)$ ,
$\sigma_{3}=(8,9)$ , $\sigma_{4}=(11, 13)$ , $\sigma_{5}=(16,19)$ , $\sigma_{6}=(20,21)$ , $\sigma_{7}=(27,30)$ , $\sigma_{8}=(39,41)$ , $\sigma_{9}=(47,50)$ ,
$\mathrm{a}10=(53,59)_{1}$ all $=(64, 66)$ , $\sigma_{12}=(68,69)$ .
When $n=22$, first put $E_{i}’=\sigma D_{i}$ and cr $=\sigma_{123456789}\sigma\sigma\sigma\sigma\sigma\sigma\sigma\sigma\sigma_{1011}\sigma\sigma_{12}\sigma_{13}$, where $\sigma_{1}=(1,84)$ ,
$\sigma_{2}=$

$(2, 5)$ , $\sigma_{3}=(8,10)$ , $\sigma_{4}=(11,15)$ , $\sigma_{5}=(16,20)$ , $\sigma_{6}=(23, 25)$ , $\sigma_{7}=(31,34)$ , $\sigma_{8}=(51,54)$ ,



as
$\sigma_{9}=(57,61)$ , $\sigma_{10}=(64 65)$ , $\sigma_{11}=(72,73)_{7}\sigma_{12}=(75,77)$ , $\sigma_{13}=(80,83)$ . Next, put $E_{i}’=\sigma_{14}E_{i}’$

and $\sigma_{14}=$ $(48, 51)$ . Last, put $E_{i}=\sigma_{15}E_{i}’$ and $\sigma_{15}=(43, 48)$ .
When $n=24$, put $E_{i}=\sigma D_{i}$ and $\sigma=\sigma_{1}\sigma_{2}\sigma_{3}\sigma_{4}\sigma_{5}\sigma_{6}\sigma_{7}\sigma_{8}\sigma_{9}\sigma_{10}\sigma_{11}\sigma_{12}\sigma_{13}$ , where $\sigma_{1}=(1,92)$ ,
$\sigma_{2}=$ $(2, 7)$ , O3 $=(11, 1)$ , $\sigma_{4}=(20, 23)$ , $\mathrm{a}_{5}=(24,25)$ , a $6=(32, 34)$ , $\sigma_{7}=(35,39)$ , $\sigma 8=(47,49)$ ,
$\sigma_{9}=(56,57)$ , $\sigma_{10}=(59,61)$ , $\sigma_{11}=(64, 65)$ , $\sigma_{12}=(70,73)$ , $\sigma_{13}=(79,82)$ .
When $n=26$, put $E_{i}=\sigma D_{i}$ and $\sigma=\sigma_{1}\sigma_{2}\sigma_{3}\sigma_{4}\sigma_{5}\sigma_{6}\sigma_{7}\sigma_{8}\sigma_{9}\sigma_{10}\sigma_{11}\sigma_{12}\sigma_{13}$ , where $\sigma_{1}=(1,100)$ ,
a $2=$ $(2, 5)$ , $\sigma_{3}=(11,14)$ , $\sigma_{4}=(20, 24)$ , $\sigma_{5}=(27, 29)$ , $\sigma_{6}=(36,37)$ , $\mathrm{a}7=(39,41)$ , $\sigma \mathrm{s}=(51,53)$ ,
og $=(60,62)$ , $\sigma_{10}=(63, 6\mathcal{T})$ , $\sigma_{11}=(70,73)$ , $\sigma_{12}=(76,77)$ , $\sigma_{13}=(87,90)$ .
When $n\equiv 4$ (mod 8) and $n\geq 28$ , put $E_{i}=\sigma D_{i}$ and a $=\sigma_{1}\sigma 2\sigma_{3}\sigma 4\sigma_{5}\sigma_{6}\sigma_{7}\sigma_{8}\sigma \mathfrak{g}\sigma_{10}\sigma_{1112}\sigma$, where
$\sigma_{1}=$ $(2, 8t-4)$ , $\sigma_{2}=(t-2, t-1)$ , $\sigma_{3}=(t +1, t+3)$ , $\sigma_{4}=(2t-4,2t-1)$ , $\mathrm{a}5=(2t, 2t+1)$ ,
$\sigma_{6}=$ $(3t-3,3)$ , $\sigma_{7}=(4t-1,4t+1)$ , $\sigma_{8}=(5t -3,5)$ , $\sigma_{9}=(6t-8,6t-7)$ , $\sigma_{10}=(6t-1,6t+1)$ ,
$\sigma_{11}=$ $(7t-6, 7t-4)$ , $\sigma_{12}=(7\mathrm{f} -2,7t -1)$ .
When $n\equiv 6$ (mod 8) and $n\geq 30$ , put $E_{i}=\sigma D_{i}$ and $\sigma=\sigma_{1}\sigma_{2}\sigma_{3}\sigma_{4}\sigma_{5}\sigma_{6}\sigma_{7}\sigma_{8}\sigma_{9}\sigma_{10}\sigma_{11}\sigma_{12}$, where
$\sigma_{1}=$ $(2, 8t -4)$ , $\sigma_{2}=(t-3, i-1)$ , $\sigma_{3}=(t, t+4)$ , $\sigma_{4}=(2t-6,2t-5)$ , $\sigma_{5}=(2t+1,2t+3)$ ,
$\sigma_{6}=(3t-2,3t+1)$ , a7 $=(4t-1,4t+1)$ , $\sigma_{8}=(5t-4,5t-1)$ , $\sigma_{9}=(6t-6,6t-3)_{7}\sigma_{1}0=(6t-2,6t-1)$ ,
$\sigma_{11}=(7t-5,7t-4)$ , a $12=(7t-2, 7t)$ .
When $n\equiv 0$ (mod 8) and $n\geq 32$ , put $E_{i}=\sigma D_{\tilde{l}}$ and a $=\sigma_{1}\sigma 2\sigma_{3}\sigma_{4}\sigma_{5}\sigma_{6}\sigma_{7}\sigma_{8}\sigma_{9}\sigma_{10}\sigma_{11}\sigma_{12}$, where
$\sigma_{1}=$ $(2, 8t-4)$ , $\sigma_{2}=(t-1,t+2)$ , $\sigma_{3}=(2t-4,2t-1)$ , $\sigma_{4}=(2t, 2t+1)$ , $\sigma_{5}=(3t-4,3t-2)$ ,
$\sigma_{6}=$ (3t–l, $3t+3$), $\sigma_{7}=(4t-1,4t+1)$ , $\sigma 8=(5t-4_{7}5t-3)$ , ug $=(5t-1, 5t+1)$ , $\sigma_{10}=$ ($6t-8,$ 6t–7),
$\sigma_{11}=(6t-1,6t+1)$ , $\sigma_{12}=(7t-5,7t-2)$ .
When $n\equiv 2$ (mod 8) and $n\geq 34$ , put $E_{i}=\sigma D_{i}$ and a $=\sigma_{123}\sigma\sigma\sigma_{4}\sigma_{5}\sigma\epsilon\sigma_{7}\sigma_{89}\sigma\sigma_{10}\sigma_{11}\sigma_{12}$ , where
$\sigma_{1}=(2,8t-4)$ , $a2=(t-2, t+1)$ , $\sigma_{3}=(2t-6,2t-5)$ , $\sigma_{4}=(2t+1, 2t+3)$ , ff5 $=(3t-3,3t-2)$,
$\sigma 6=(3\mathrm{t}3t+2)$ , a $7=(4t-1, 4t+1)$ , $\sigma_{8}=(5t-5, 5t-3)$ , $\sigma_{9}=(5t-2,5t+2)$ , $\sigma_{10}=(6t-6,6t-3)$ ,
$\sigma_{11}=$ $(6t-2,6t-1)$ , a $12=(7t-4,7t-1)$ .
Decompose each $E_{l}$ into $(2t$ – 1 $)$ C4-quatrefoi1s. Then they comprise a balanced $C_{4}$-quatrefoil de-
composition of $32\mathrm{K}\mathrm{n}$ . Applying Theorem 2, $\lambda K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition.

Therefore, we have the following main theorem and its corollary.

Main Theorem. $\lambda K_{n}$ has a balanced ($7_{4}$-quatrefoil decomposition if and only if $\lambda(n-1)\equiv 0$ (mod
32) and $n\geq 13$ .

Corollary. $K_{n}$ has a balanced $C_{4}$-quatrefoil decomposition if and only if $n\equiv 1$ (mod 32), $n\geq 33$ .

References
[ $1^{1}\rfloor$ C. J. Colbourn, CRC Handbook of Combinatorial Designs, CRC Press, 1996.
[2] C. J. Colbourn and A. Rosa, Triple Systems, Clarendom Press, Oxford, 1999.
[3] P. Horak and A. Rosa, Decomposing Steiner triple systems into small configurations, Ars Com-
binatoria, Vol. 26, pp. 91-105, 1988.
[4] C. C. Lindner, Design Theory, CRC Press, 1997.
[5] K. Ushio, $\mathrm{G}$-designs and related designs, Discrete Math,, Vo1.116, pp. 299-311, 1993.
[6] K. Ushio, Bowtie-decomposition and trefoil-decomposition of the complete tripartite graph and
the symmetric complete tripartite digraph, J. School Sci. Eng. Kinki Univ., Vol. 36, pp. 161-164,
2000.
[7] K. Ushio, Balanced bowtie and trefoil decomposition of symmetric complete tripartite digraphs,
Information and Communication Studies of The Faculty of Information and Communication Bunkyo
University, Vol. 25, pp. 19-24, 2000,
[8] K. Ushio and H. Pujimoto, Balanced bowtie and trefoil decomposition of complete tripartite
multigraphs, IEICE Trans. Fundamentals, Vol.E84-A, No.3, pp. 839-844, March 2000.



S $7$

[9] K. Ushio and H. Fujimoto, Balanced foil decomposition of complete graphs, IEIGE Trans, FUn-
damentals, Vol.E84 A, No.12, pp. 3132-3137, December 2001.
[10] K. Ushio and H. Fujimoto, Balanced bowtie decomposition of complete multigraphs, IEICE
Trans. Fundamentals, VoI.E86-A, No.9, pp. 2360-2365, September 2003.
[11] K. Ushio and H. Fujimoto, Balanced bowtie decomposition of symm etric complete multi-digraphs,
IEICE Trans. Fundamentals, Vol.E87-A, No.12, pp. 2769-2773, October 2004.
[I2] K. Ushio and H. Fujimoto, Balanced quatrefoil decomposition of complete multigraphs, IEICE
Trans, Inf. & Syst.) Special Section on Foundations of Computer Science, VOLE88-D, No.l, pp.
17-22, January 2005.
[13] K. Ushio and H. Fujimoto, Balanced $C_{4}\mathrm{C}\mathrm{V}\mathrm{b}\mathrm{o}\mathrm{w}\mathrm{t}\mathrm{i}\mathrm{e}$ decomposition of complete multi-graphs, IEICE
Trans. Fundamentals, Special Section on Discrete Mathematics and Its Applications, Voi.E88-A,
No.5, pp. 1148-1154, May 2005.
[14] W. D. Wallis, Combinatorial Designs, Marcel Dekker, New York and Basel, 1988


