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The transitivity of Conway’s M3
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1 Introduction

Mathieu groups Mi1, M12, Mas and May are the only nontrivial 4-transitive per-
mutation groups, and Mz, Mz, are the only nontrivial 5-transitive permutation
groups. Conway introduced a set of permutations M3 on 13 letters, which con-
tains Mathieu group M2, and he claims that M3 is 6-transitive in some sense.

Martin and Sagan [2] generalized the concept of transitivity for a set of
permutations. For a partition A of a positive integer n, a subset D of the
symmetric group S, is said to be A-transitive if there exists r > 0 such that for
any partitions P, Q of shape A\, {7 € D | P™ = @} = r. In particular, D is
(n —t,1,...,1)-transitive if and only if D is t-transitive.

Conway’s Mys is not (7,1,1,1,1,1, 1)-transitive according to this definition,
so Martin and Sagan raised a question to determine the full transitivity of M.

In this paper, we give a recursive definition of the elements of M;3, and
answer the question of Martin and Sagan.

2 Construction of M3

Let Q :={0,1,...,11, 00} be the set of points of a projective plane P of order
3, and Q12 := Q — {o0}. For a € Q13 we define a permutation on Q by o(a) :=
(00 a)(b c) where {c0, a, b, ¢} is the line of P, determined by a, 0o, and set o(0) =
o(o0) = idg. Recursively, for an integer &k such that £ > 2 and a1, as,...,ar € Q
such that a; # as # - - - # ag, define

o(a1,a9,...,ax) :=7(0c0al)(b” ")
where 7 = o(a1,...,ak—1) and {ax-1, ag, b, c} is the line determined by ax_1, ax.
Note that o(a) is the move albe, and a triangular permutation in the sense of

[1] is of the form o(a, b, 00). The sets Mz, M1 are defined as

M3 1={0(a1,...,ak)lkEN, G,Z'EQ, a¢¢a¢+1 (].giik—l)},
Mg = {TEMlg ‘ " =OO}.

The next proposition is useful to describe the elements of M;s.



Proposition 1. Letay,...,ax,b1,...,b; € Q be such that ay # ... # ai # 0o #
bl 7& #bg Then

o(1,...,05,00,b1,...,0) =0c(by,..., b)) -olay,...,ag,00).
Proof. We prove by induction on [. Let

P U(bia cee 7bl—1))
= a'(al:' .. ,ak,oo),

soolay,...,ak,00,b1,...,b1_1) = pmw by the inductive hypothesis. Suppose that
the line determined by b;1,b; is {b;—1,8;,¢,d}. Then

olay,...,ax,00,b1,...,b;) = pr(oo b )(cP™ dT)
= o(by,...,b;) (00 b)) (c” d°)m(c0 BYT)(cP™ dP™)
= o (b1,...,b)m(cc™ B (™ dPT ) (oo b)) (" d°T)

=o(by,...,b) - olay,...,ak 00).
1

The following propositions are obvious.

Proposition 2. Ifi is an integer such that 1 <i <k and z € Q — {a;}, then
olar,...,ax) = 0(a1,...,a;, T, 0, Qg1 - -0k )
Proposition 3. For a,b € Q2 such that {a,b, 00} is contained in a line,
o(a, ) = o(a, b, c0) = idg.
With these propositions, we prove the following theorem.

Theorem 4. Mo is the group generated by triangular permutations, and

M13 = H O’(@)Mlg.
acl

Proof. Let a = d(al,...,ak). Then o € M, if and only if ax = oo. For

iin {1,...,k — 1}, if a; % oo then we insert co,a; between a; and a;11 by
Proposition 2. So by Propositions 1 and 3, o is written as a product of triangular
permutations.

If a; = 00, then a € M1,. Otherwise, Proposition 2 implies
a=o(ay,.. ., 0,ak)

so a € o(ag)Miz by Proposition 1. O
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3 Transitivity of M3

An integer tuple A = {A1,...,Ag) is called a partition of a positive integer n
if A > Aig1 > 0 and Y5 A = n. A partition P = (P,..., P) of the set
Q, :={1,...,n} is said to have shape A = (Ar,...,Ag) of n, if |55l = A

Definition 5. Let n be an integer and D be a set of permutations on £l,. For
a partition X of n, we say that D is A-transitive if there exists 7 > 0 such that
for any partitions P,@Q of shape A, f{r € D | P" =Q} =r.

For example, a permutation group G is ¢-transitive on £, if and only if G
is (n — t, 1*)-transitive, where 1* means 1,...,1. We first prove the following
S e’

' ¢
general result.

Lemma 6. For each i € Q1 = {1,...,n + 1}, let a; be a permutation on
Q11 such that i% =n+1, and G be a permutation group on Q, = {1,...,n}.
If G is (n — t,1%)-transitive on ., and

D= ) aG

iEQn+1

then D is a (n —t + 1,1")-transitive set on Qpy1.

Proof. For t-tuples X = (z1,...,%:),Y = (y1,...,y:) of distinct elements of

41, we define
DY ={reD|X =Y}

First, we suppose that Y contains n + 1, for example, y; = n+ 1. Then
D¥ C a; G, and {:c:” P2 <k <th{w |2 <k <t} CQy By the
(n — (t — 1), 1¥~1)-transitivity of G on Q,,

IDFl =g e G| (@) =yr 2<k <)}
) el
n-(n—1)--(n—(t—2))

Next, we assume that n -1 does not appear in Y. For an integer ¢ such that
1<i<t ifa;g € DF Ua;G then i ¢ X and {z¥,...,2{*},Y C Q,, so by the
(n —t,1%)-transitivity of G on £,

DFl= > teeG| (X =Y}

i€y —~X
G|
n—1)-(n-(t-1))

= [Qni1 — X -
n.

_ G|
no(n=1)--(n—(t-2)




By this lemma, we see that M3 is (8, 15)-transitive. We will show that M
is not (7, 6)-transitive.
If M3 is (7,6)-transitive, then for any 6-element sets P, Q of O3,
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(s)
It is known that M2 leaves the set of hexads invariant (see [1] for details). We
define H := {h°@ | a € Q, h: hexad}. If h = {1,2,3,4,5,6} then h*(D = po®)

and )
H| < [0 132 = (;),

so there is a 6-element set P that is not contained in H. Taking @} as a hexad,
we obtain

f{r € M3 | PT =Q}= = 720.

ﬁ{TEMlngT:Q}:O.

Therefore M3 is not (7, 6)-transitive.

‘We need to introduce the dominance order on partitions of n, in order to state
a result of Martin and Sagan [2]. For two integer partitions A = (A1,..., Ag), u =
(1. .., 1), we define

J J
Adp &= Z A < Z s, for any positive integer j
i=1 =1
where \; =0 for ¢ >k and p; =0 for 7z > [.

Theorem 7 (Martin and Sagan [2]). If a set D is A-transitive and A < p,
then D s p-transitive.

Using this theorem, we can determine the transitivity of M;s.
Theorem 8. Let A= (A1, ..., \x) be a partition of 13. Then Mys is A-transitive
if and only if Ay > 8.

Proof. If Ay > 8 then X > (8,1%). Since M3 is (8,1%)-transitive, M:3 is also
A-transitive by Theorem 7. Suppose M3 is A-transitive for some A with Ay < 7.
Then M3 is (7,6)-transitive by Theorem 7 again since A < (7,6). This is a
contradiction. ‘ O
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