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Correspondences between Eisenstein series of Jacobi forms and modular

forms with quadratic primitive Dirichlet character
Yoshiki Hayashi

Abstract: Let p be an odd prime and x, the quadratic primitive Dirichtlet
character modulo p. In this paper, we construct Jacobi-Eisenstein series of weight k
and index m on To(p) x Z2 with x,, and Eisenstein series of elliptic modular forms of
weight 2k —2 on I'g(mp) with character X;- Moreover, considering Fourier coefficients
of Eisenstein series we construct the correspondence between both Eisenstein series.

0. Introduction

By Shimura, Shintani, Niwa and Kohnen we know the relations between the spaces
of modular forms of half-integral weight and of integral weight. Skoruppa considered
the relation between modular forms of half-integral weight and Jacobi forms. Sko-
ruppa and Zagier constructed in their paper [SZ] a correspondence between the spaces
of Jacobi forms of weight k£ and index m and modular forms of weight 2k — 2 and
level m.

Arakawa([Ara]) and Horie([Horl], [Hor2]) defined the Jacobi forms on the Jacobi
group I'g(N) x Z? with character.

Recently, Manickam and Ramakrishnan ([MR2]) constructed a new Jacobi-Eisenstein
series of squaré level N with trivial character, and considered the correspondence be-
tween Jacobi-Eisenstein series of weight k£ and index 1 and Eisenstein series of weight
2k —2 and level N. Moreover, using the theory of new forms of Jacobi forms, they ob-
tained the correspondence between the spaces of these Eisenstein series for arbitrary
level with trivial character.

In this paper we consider correspondences between both Eisenstein series with

quadratic primitive character.

1. Preparations.

a) Fourier coefficients of Jacobi forms: Let N be an odd positive integer, p
an odd prime, xn a primitive Dirichlet character modulo N, x,, a quadratic primitive
Dirichlet character modulo p. We recall Jacobi form ¢y ., of weight & and index m

on Ig(N) x Z? with x .
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Definition. We denote I' = T'o(N). For a holomorphic function ¢ : j x C — C we

define the actions for fixed positive integers k and m

(1)

a) (DlemM)(1,2) = 1 m ( —cz? >¢(a7+b 2 )

(c7"+d)’“e cr+d er+d er+d
(with M = (§ 2) eI and e™(z) := >,

b) (Pl X)(1,2) = €™ + 2X2) (T, 2 + AT + ) (X = [\ ] € Z%)

and define an action of the semi-direct product T'x Z? with group law (M, X }(M', X")
= (MM',XM'+ X"). This group I x Z? is called Jacobi group onT'. A Jacobi form
of weight k and index m (k,m € N) on the group I' with the character xn Is a
holomorphic function ¢ : § x C — C satisfying
) BlrmM =xn(d)e (M=(],)eD)

i) flnX =¢ (X €Z?),

ili) ¢ is holomorphic at any cusp of I'¢(N), namely, for each M € SLs(Z), ¢lpmM

has a Fourier expansion of the form

Y nevgrez cm(n)gmMCT (gi=e(r), (=e(z))

4m'n,—7‘2fn,MZO
with a natural number ny depending on M and with c(n,7) = 0 unless n >

Tan/le.

(If ¢ satisfies the strong condition "c(n,r) # 0 = n > r®ny/4m”, it is called a

cusp form). The vector space of all such functions ¢ is denoted by Je,m (T, xw); if

it is not confused we write simply Ji,m,n for J (T, xn) and Ji 7y is the space of

cusp forms.

Remark. As above, the Fourier coefficients cpr(n,r) are depending on M€SLa(Z),

Das :=r2ny—4mn and v (mod 2m): Ypy, rez,py<o Ca(Dag,r)gl" mrmPa/lemmncr,
Dy=r®ny (mod 4m) .
Since the calculations in this paper are analogeous for all nys, we write down our

calculations and results simply with the form

Grm(T,2) = Z C(D’T)q(rz_D)/llmcr.
D,rcZ
D<o
D=r? (mod 4m)
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b) Operators V;, U;: We now define Operators on Jg . N-
We have operators Vi : Jxm,n — Jemin and Up @ Jgm N — Jgmiz, v defined by

a —lcz? T+b
(2a) (#Vi)(ry2) :=1"" Z (;":_( d))’“e (c:i d) ¢ (ZT -:——d’ er j_ d)

MEelo(N)\MZ(N)
det M=l

where M2(N) = {M = (g g) |det M # 0, Nlc, (a, N) = 1}, and
(2b) (PlU) (T, 2) := ¢(1,12).

r2.D .
¢) Operator T;: For ¢xmn =2, bp<o ¢(D,7)g7 (" € Jym,n and a posi-
reZ

D=r?(4m)
tive integer ! prime to mN, we define the Operator T} : Jg m v — Ji,m,n as follows:

r?2_D
SomlTi= > (D) (7
: D<o
reZ
D=r? (mod 4m)

are related to ¢(,-) by

. o P
(4) c*(D,r) = Z xn(a)ep (a)a® 2C(ED,T ).
a,r’
alt?,a?|I?D
1°D/a?=0,1 (mod 4)
r2=12D/a? (mod 4m)
ar’'=lr (mod 2m)

Here ep(-) is as [EZ] p.50, i.e. defined by
ep,(a/g?)g if (a, D) = g* with D/g* =0, 1 (mod 4),
0 otherwise.

For [ and !’ both prime to mN we have an equation
(6) T Ty= Y d* Ty e,
aie’)

d) Atkin-Lehner Involution on Jg ., y(cf. [EZ]p.60,[MRI1]p.2613, [SZ]): For

n|jmN(i.e. n|mN, and n and mN/n are coprime), we have W,, with

(7 SWe =S (D, Mar)g T ("
D,r
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where ), is the modulo mN uniquely determined integer which satisfies A, = —1

(mod 2n) and A\, = +1 (mod 2mN/n). Thus the W, form a group of involutions.

Finally, note that the W, and T; commute, as is easily seen by (4) and (7).
Remark: 1) T; and W, are hermitian.

2) U,V commute with all T} ((I',ImN) = 1), and we have

(7&) UyoW, = W(n,mN) ol (n”leg)
Vio Wy = Wnmwy o Vi (nmNI).

2. Construction of Eisenstein series: Let be k£ > 4. In this paragraph we
construct Jacobi-Eisenstein series, and define their spaces. From now on we consider
the case N =p.

a) Eisenstein series Ef . (7,2): Using the condition dnm — 72 > 0 and the

decomposition m = mim3 (my : squarefree) we can construct my Jacobi-Eisenstein

series ER7, o (s =0,1,...,mg — 1) of the cusp co given by

(8) Ef:?m,s,xp(q_’ 2) = Z qmlszc2mlmzst’7 (S — 0’ 1, . T — 1)
yerZ\r7

with

T7={(M, [\ p))| MeT, A p € L}
and its subgroup
I = {y e 7| Uumy =1} = {(£[ 71,10, ul)|n, pp € Z}

where 1 denotes the constant function.

Using (1a) and (1b) this is rewritten explicitly

(8a)
1 Xp(d> m U 9 % z cz?
le’s} e __AP\NT - —_— _
B s (r,2) = Q;Z (cT + d)F AEEZZ e\ (A + zm) M7 +2(A+ Qm) er+d  er+d
(z:d)ézl u=2mimas
¢=0 (mod p) (mod 2m)
1 2 /4m, e e
35 Z qu/4 (<u+(_1)kg u>+ ----- 3 (320,1,...,771/2—1)-

uCZ c#Opart
u=2mimss #0p

(mod 2m)

)
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For the cusp 0 we define E,c S (r,2z) by

(Sb EO v kM —z* X 1 z)

) k,m,5,Xp ('T, Z) =T e —7__ k’m,S’XP ('";’ ; .

b) Eisenstein series E f,’fi X For the greatest integer whose square divides mp,
ie. for Q(mp) = ][ Hmpp[ /2] we set

(9) E”:gixp (1,2) = Z X(S)ER m.ts,x, (T 2)

s (mod Q(mp)/t)

where t are divisors of Q(mp), and x is a primitive Dirichlet character modulo F
with Fi-@%nﬂ and x(—-1) = (=1)%.

Then we can show

(92) EXD) =0y, MESY,  if (I, mp) =1

k9m=t7Xp = 0’2]11 3 X m,t

BN 1w =y (A, )Eka) if n||mp

kamataXp

where Ug(gx_)l,xg(l) = o 4 xp 1/ d)x x(d)x(1/d), and X, denotes any integer as
above.
¢) Eisenstein series ngjg) (r): (cf. [Miy]). We define Eisenstein series in the
Ap

space of My(mp,x2) by

(10)
EE(r) =300, (0 with 09, ()= 3 &30/ @x(1/d) (1#0)
1>0 0<d|l

» 0 (m>1)

and o L {0):=1¢ 1 1
k-1xg 5 (1_pk_l) C(l _k) = '2'L(1"‘k>X32o) (mz 1)’

0, (x) R P (x) ~1
and E ’Xp ( ) T E ,xp (p’l')

d) The space of cuspforms, Eisenstein series and new forms: We define

Eis,new

Thmy o= Jos, o (To(p), xp) as the span of the functions E,fqu)lxp (k = 0,00} if

mp=F? (F ¢ N) and 0 otherwise, i.e.

Eis,new __ <EZ:72<,)1,XP{ x mod F> if mp= Fz’

']Ic m,p
{0} otherwise.



rz,(x) ,(x)

Analogeous to [EZ] we can estimate B’ Xo

from E;g , by Uy and Vi operators:

1( _ —k4+1 — _ ,
Bty = IO+ 077 3 w@ B, UaVinyao
qlm dzlm '
Moreover we can show:
(1) T = D Jope Ve
Ly

12l \mp
1 1=l

We define the space of Eisenstein series of modular forms. M, Eis’new(mp, X2) is

defined to be zero if mp is not a square, while if mp is a square then M, ™" (mp, X2)
is defined to be the span of the series E, ’;X)( ) and E, );(ZX)(T). For d > 1 we define

an operator By by

(f|Ba)(7) = f(dr).

Using this operator we obtain

M (mp,x;) = €D M (r,x3)|Ba.

rdlmp

3. Main Theorem: In this paragraph we construct the mapping between Eisen-

stein series, and gain the main theorem of this paper:

Definition. M, ,(mp, x2) denote the space of all forms f € Mop—2(mp, x32)

satisfying the functional equation
—1 k k—1, 2k—2
Fmm) = (DM )1 (),

(Here the minus-sign means that the L-series of such an f satisfies a functional
equation under s — 2k — 2 — s with root number —1 and, in particular, vanishes at

=k —1). Let be
ME (mp, x2) = ME 5 (mp, x2) N Mg, o (mp, X3)-

Now we have followings:

18
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Theorem. Let k,m be integers with k > 4 even and m > 0. Let x,x, be as
above. For any fixed fundamental discriminant dy < 0 and any fixed integer rs with

do = r% mod 4m there is a map
. in% Fig —
Sdo,rs JEis (Fo(p), Xp) =3 Mzkm 2 (mp, Xp)

given by

12 [
S GO o T et e (o )
r
D=r? (mod 4m)

with the convention
a2y (@ea @ (0,0) = 50 200,0) L2~ kX 2a0).
al0
The maps Sy, 5 commute with all Hecke operators T; ({I, mp) = 1) and Atkin-Lehner

involutions W,, (n|mp), and map Eisenstein series to Eisenstein series.

Remark: 1) For integers I,n > 0 with (I, mp) = 1 and n|jmp we denote by T} and
W, the I-th Hecke operator and the n-th Atkin-Lehner involution on My (mp, Xg),
respectively. Thus, for any f € My (mp, X;) one has

fiti= 3 3 ) g

r>0d|(l,r)
ant +b

FIW () = n®2(empr + nd) ™% f( ).

empt + dn
Here af(7) denote the r-th Fourier coefficients of f and a,b,c,d are any integers

satisfying adn? — bemp = n.

Let be
My™y (mp, x) == MEg¥o(mip, x2) O My, _o(mp, X3)-
Comparing 9a) with the description of Eisenstein series Ez,c’%‘) 2 € Mo (mp, x2)
with mp = F2, we gain
By ol =0l o s (OER
By e Wa = XOW)ER™ s



where (I, F2) = 1,n||F? and A\, = —1 (mod 2n) and A, = +1 (mod 2mp/n).
2) For the proof we need the explicit form of Fourier coefficients of Jacobi-Eisenstein

series g% |, which are calculated in [Hay2] analogeous to [EZ] pl7, where

Elcmxp (r,2) = Z (Ue,mY)(7, 2)

yer \1’
1 ( ar +b 2 cz?
S Ll PP N S ) |
s D DL
2 Ry cr+d v er+d ctr+d cer+d
(e, d)=1
¢=0 (mod N}

For the Fourier coefficients we have

Proposition. Assume xp(—1) = (=1)¥. Then the series EfS,, . (k> 4: even) for

the cusp k = oo converges and defines a non-zero element of Jy 1, p. For

r2—D
B2 = 3, m(Dir)e ™ L
r,DEZ
D<o
D=r? (mod 4m)

we have the constant terms €35, (0,7) equals 1 if r =0 (mod 2m) and 0 otherwise.

For D < 0 we have

Lp(2~k,xp) ¢(2k—3,D)

ith _ Xp(““‘l)l/2
ek Lixp (D T) Ak,P,Xp : L(3 . 2]4:, X%) 1 — pz_zk wit )‘fﬁ,P,Xp -

pF—1/2

and c,(2k — 3, D) elementary representation with p?*~3 and D.

Using Vi, U; operators we can determine the Fourier coefficients with m > 1 (see;2).
The L-functions L(s, x2) and L(s,ep, - Xp) are given by L(s, X2) =30 Xa(m)n ™
and convolution L(s,ep, - Xp) = 2 EDe(M)xp(n)n~%, respectively. For D = Do f?
with f € Z and fundamental discriminant Dy we define
0if D # 0,1 (mod 4),
Lp(s,xp) = { L(2s—1,xp) if D=0,

L(8,8D, * Xp) * Yo, () f D=0,1 (mod 4),D #0

where 'Y%O;Xp (f) = EdIf M(d)%o (d)Xp(d)d_sgl—2s,x§ (f/d)
with osxa(d) = X g4 Xa(d')d"”.

21
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Proof: [Hay2].
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