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1. INTRODUCTION

Let  be a bounded open subset of RY with smooth boundary 92
and p > max{1, 2N/(IN +2)} so that the embedding W,*(Q) C L*(Q2)
is compact. We shall consider the long time behavior of solutions to
the following equation (E):

%1;: — Dput f(u) = g(z), (z,t) € Qx (0,00),
(B) Ju(z,t)=0, z € 80 x (0, 0),
u(z,0) = up(z), ‘ z € Q,

where A, denotes the p-Laplacian defined by Ayu = div(|Vu[P~*Vu).

The equation (E) is one of the possible extentions of the semilin-
ear reaction-diffusion equation, which corresponds to the case where
p = 2. Semiliear reaction-diffusion equations have clear meanings as
models for physical phenomena. On the contrary, in general, the equa-
tion (E) for the case p # 2 is a theoretical extention of semilenear
reaction-diffusion equations. However, it seems important to study
such equations for better understanding of the phenomena described by
semilinear reaction-diffusion equations. Although many authors have
been studied the equation (E) when p = 2 (see [6], [7]), the degenerate
case (p > 2) and the singular case (p < 2) seem to have not been pur-
sued yet. There are, however, some important results closely related
to ours. Temam [14] treated the case where f(u) = —u. Babin and
Vishik [1] considered more general equations than (E). In the book
of Cholewa and Dlotko [2] they assumed that f; is globally Lipschitz.
Takeuchi and Yokota [13] constructed the global attractor and studied
its structure in the L2-setting. L. Dung, in [4] and [5], studied the rate
of convergence and the “dissipativity” properties of solutions (E), i.e.,
to derive the existence of an absorbing set bounded in L™ from the
existence of L"-bounded absorbing set for some 7 > 1. Resently, Nakao
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and Aris [9] showed the “dissipativity” of solutions to more general
quisilinear equations governed by p-Laplacian-like operators.

In the papers mentioned above, it is more or less assumed that the
nonlinearity f is subject to some growth conditions, say, polynomial
growth. Roughly speaking, these restrictions mainly arises from the fol-
lowing observation: if one consider the equation (E) in certain phase
space L9((2), then it should be hold that f(u) € L(€2). This require-
ment needs the good regularity properties of solutions and the restric-
tions for the growth of f due to the Sobolev embedding theorem. On

_the other hand, if f(-) is bounded on any bounded interval and L*(£2) is

the phase space, then f(u) lies in the same phase space for u € L®(2).
As motivated by the above simple obsevation, in the present note we
are going to work in the L™-framework in order to get rid of some
restrictions on the growth condltlon of f. In this connection, see also
[7] and [6, Section 5.6].

Assume that f : R — R can be represented as a sum of two functions
f1, f2 which satisfy the following conditions:

(A1): f is a nondecreasing continuous function with f1(0) =

(A2): f, is locally Lipschitz continuous.

(A3): There exist constants k € [0,1) and ¢ > 0 such that for
every u € R the following holds:

| f2(w)| < Elf1(u)] + co.
(A4): There exists a positive constant K; such that

lim inf Hi{w) > K.

ju}—o0 U
Remark 1. These conditions allow us to take the nonlinearity f as
fu) = |ul®u + |u]Pusiny,

where 0 < B < a < f+1. On the other hand, the case where fi(u) =0
and fa(u) = —u is out of our scope since it violates (A3).

Now we state our main results.

Theorem 1. Assume f = fi1+f satisfies (A1) - (A4). Let g € L°(Q).
Then for each ug € L*(2) there exists a unique solution to (E) such
that

u € L*(0,00; L(2)) N LE.(0, 00; Wy P (2)) N W2(0, 00; L(2)).

loc

By Theorem 1 we can consider a family of operators (S(t))s>o defined
by S(t)ug = u(t) for t > 0, where u denotes the solution to (E) with



initial value ug. Then the pair {{(S())i>0, L°(€2)) becomes a dynamical
system associated with (E). It follows from the uniqueness of solutions
that (S(t))s>0 enjoys the semigroup property. Moreover, for each fixed
t > 0, S(t) is a continuous mapping from L*>(£2) into itself.

Here we recall the notion of the global attractor. Let & be a met-
ric space and (S(t))>0 a semigroup acting on X'. A set A C X' is
called the global attractor of the dynamical system ((S(t))i»0, &) if it is
nonempty, compact and invariant under (S(t)):>0, that is, S(t)A = A
for every t > 0, and it attracts each bounded subset B, that is the
following holds:

lim sup inof distx(S(t)B, .A) = 0.

t00 pep a€A
Tt is well known that if the mapping S(¢) : X — X is continuous for
each fixed t > 0 and there is a compact absorbing set for ((S(t)):>0, &),
then its w-limit set becomes the global attractor (see [14]).

Due to the regularity results in [3], there is an absorbing set which is
bounded in some Holder space. We have then the following theorem.

Theorem 2. The dynamical system associated with (E) admits the
global attractor.

9. QUTLINE OF PROOF OF THEOREM 1

The proof of the existence result is devided into several steps. Each
step is based on the standard arguments. The similar arguments are
found in [6, Section 5.6], [10], [11] and [15, Theorem 3.10.1].

Here we give some notation. (-,-)z2 denotes the inner product of
L*(2) and || - || represents the L7 (£2)-norm.

2.1. Uniqueness. We begin with proving the uniqueness of solutions.

Let u, v be two solutions for (E) with u(0) = uo, v(0) = vy for uo,
vg € L®(R). Then the difference w = u — v satisfies

%% — Agu+ Apv + fi(u) — fa(u) + folu) — fo(v) =0

For each fixed r > 2, multiplying this by |w|""?w and then using the
monotonicity of the p-Laplacian, i.e., (—Apu— (—Apw), w|?w)2 2 0
and by (A1) we get

22wl < (1fa(w) — falo), el

Since u, v € L*(0, c0; L=(£2)) and f; is locally Lipschitz by (A2), there
is a constant L > 0 such that | fz(z) — fa(v)] < Ljw| almost everywhere
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in O x [0, 00). Therefore we arrive at
d
2wl < Lijwl,-
2 |l < Ljw|

Then by Gronwall’s lemma

lw®ll- < e*lluo — voll--

For each fixed t > 0, passing to the limit 7 — oo, we then have
lu(t) = v(B)llo < € [luo — volico-

Hence the uniqueness and the continuous dependence on initial data of
solutions immediately follows.

2.2. Existence.

2.2.1. Stepl. We proceed by the truncation technique. For o > 0 and
a continuous function h, the cutoff function A? is defined by

h(o), ifs=o,
h?(s) := ¢ h(s), if —o<s<a,
h(—o), ifs < —o.

It is easy to see that if f; and f, satisfy the conditions (Al), (A2) and
(A3), so do f¥ and fJ. Let f, := f{ + f§ and M, = maxy<s | fo(5)]-
For an arbitrary T > 0 and u € C([0, T}; L*(f2)), the composite func-
tion f,(u(-)) also belongs to C([0, T1; L*(R2)) and || fo (u(-))lleqomiz2@) =
M,|Q|*/2. Then the abstract theory developed in [12] says that for all
o > 0 the following auxiliary problem

%ﬁ—” _ A () = g(), (1) €2 x (0,00),
(E) w(z,t) = 0, x € 09 x (0, 00),
w (2, 0) = u(z), zeQ,

permits a solution u® which belongs to C([0, T]; L2(Q))NLA(0, T; Wy ()N
W20, T; L*(9)) (see also [15, Theorem 3.10.1]).

loc

The uniqueness follows from much the same argument as above.

2.2.2. Step2. Our aim in this step is to show the boundedness of the

solution u” of (E)?. We employ here the comparison theorem. Observe

that v := u® — Me*, where M > 0 is a constant fixed later, satisfies
ov

E — BV + fo(ua) = g(z) - Met'
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‘Multiplying this by [v]*(z,1) := max(v(z,t),0) and using the fact that

(80, 1) = [ [V1I7F > 0,
Q
we have

Mu[ﬁnz_(Mnguw M) / W]t (z, t)dz.

Choose M large enough so that M > max(||ug||ee, Mo + ||g]les) holds.
Then the function ¢ + [|[v]*(¢)]| becomes decreasing and ||[v]*(0)|l2 =
0. Therefore u”(z, t) < Meét for almost every (z,t). We get another
estimate u® > —Me® analogously. Thus v € L*(0,T; L>(£2)) for any
T>0.

2.2.3. Step3. We next show that if ¢ is chosen in a suitable way, then
u’ also solves the original equation (E) locally in time.

To this end, first we notice that f,(s) = f(s) for |s| < o and it
follows from (A1) and (A3) that

|75 ($)1s[" < EfT (5)]s7 ™28 + ol

holds for all 7 > 2 and s € R. Multiply (F)” by |u’|""?u’ and use the
above 1nequahty to get

TS+ - [ TPl 2z < (o + lglloo) a1
Then we have

1l < (eo+ lglloe) YT

ge® lir = (o T liGleo 1381

The integration of this over (0, ) leads us to
[ @)l < lluolly + (co + llglloa) UYL

Passing to the limit r — oo, we arrive at

47 (EMleo < lluolleo + (co + llglloo)t-
Therefore, for o > |Jugl|oo there is a t, > 0 satisfying [[u°(t)]jc < o On
[0,%,]. It turns out that « is just a solution of (E) on [0,1,].

2.2.4. Step4. The last part of the proof is devoted to the continuation
argument. We need an a priori estimate for solutions to (E).

Let u € L*°(0,T; L>=(£2)) be a solution to (E) with u(0) = ug. Mul-
tlplymg (E) by |u]’ 2y, we have

Sl + [ 15 < [ 1l + el
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Since the inequality

IF2()ls" < kfa(s)lsl ™25 + cols|™

is valid for r > 2 and s € R by (A1) and (A3), it holds that

1d o —
L2 1+ =B [ 1A < (ot Nloluli
Notice that from the condition (A4) there is a constant K» such that
K
lf1(s)| > —zi|s¢ — K, forals€eR.

Therefore,

(1- kK

D jug, + E2DK o, < {0 - D+ o+ gl

Then we have
(1) () lloo < lluolleoe™* + c2,

where ¢; := (1 — k)K1/2 and ¢ := (1 — k)Ka + g + [|9]lco-

Let £ = ||ug)leo + 2c2 + 1. Then by Step3, there exists a ¢ >
0 such that there is a unique solution u to (E) on [0,2t] satisfying
le®)lloo < Jtofloo + c1 a-€. on (0,2t). Choose T € (t¢,2t¢) so that
lu(T)]loo < lluolleo + €1 Since fju(r)|leo < &, there exists a solution v to
(E) on [0,2t] with v(0) = u(r). Thus by the uniqueness of solutions
of (E), u can be continued to the interval [2i¢,3%] as a solution to
(E). In addition, the estimate (1) holds on [0,3t¢]. By repeating this
procedure, the solution to (E) can be continued to the interval [0, 00).

3. OUTLINE OF PROOF OF THEOREM 2

Now it is sufficient to prove the existence of a compact absorbing set
of ((S(£))ez0, L=(£2))-
Let R > 0 and ug € L®(f2) satisfy ||ugllcc < R. Let u be the solution
to (E) with u(0) = ug. Multiplying (¥) by u, we have
1d

2 1 P 2 1/2
(2) 5 g llulla + SIVulz +e lul < cal*2fulla.

Neglect the positive term _||Vul[? on the left-hand side and then inte-
grate the resulting inequality over (0,t) to have

Ju®)]l2 < Jluollze™ + e2lQY? < (Re™* + c2) Q2.



Then there exists a t(R) > 0 such that ||[u(t)|l2 < 2¢2|Qf/? for t > t(R).
On the other hand, for s > t(R), integrating (2) over (s, s +1) we have

1 s+1
- / | Vu(t)|pdt < 25| 2(1 + 2| Q).

According to the regularity result of {3, Chapter X, Theorem 1.1}, the
solution u to (E) belongs to C*/2(€) on (0, co) and there exists a con-

stant y(p, N, €, fET | Vul[bdt) such that
lu®llcro@ <7 fort €le, T].

For a nonnegative integer n, let v be the solution of (E) with v™(0)
u(t(R) +n). Then

2
Ol <7 (N1 | uwngdt)
holds for t € [1,2]. Since |

2 t(R)+n+2
/ Vo |[Zdt = f IVulizds < 2pe,|QI2(1 + e2|Q?),
1 t(R)+n+1

we have, for any n,
lu®llcre@ < 7P, N,1,¢3) fort € f(R) +n+1,4R) +n+2,

where ¢ = 2pca|QY2(1 + ¢|9/2). Therefore it follows that there
exists an absorbing set which is bounded in C¥2(Q). Since CV/2(Q) is
compactly embedded in L>(€?), the proof is completed.

4. COMMENTS

In the last two decades, there has been an open problem: wheather
the Hausdorff dimension or the fractal dimension of the global attractor
for (E) is finite or infinite. Concerning this question the construction
of exponential attractors for (E) is also still open. If f is monotone, the
dynamical system associated with (E) admits single point equilibrium
which corresponds to the global attractor. In this case, the fractal
or the Hausdorff dimension of the global attractor is of course finite.
However, the attracting rate is expected as polynomial order like ti/p,
By [6, Proposition 7.2], we can construct an exponentially attracting
set whose Hausdorff dimension is finite. However we say nothing about
the fractal dimension of such a set.

Quite resently, the author heard the news that Professors M. Efendiev
and M. Otani [8] succeeded to estimate the fractal dimension of the
global attractor for (E) with f(u) = —u and g = 0. Their showed
that the fractal dimension is infinite. This situation never occurs for

(&



12

the semilinear case, i.e., when p = 2. The author believes that this
result brings us a new aspect of the study of the degenerate or singular
nonlinear evolution equations.
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