goooboooobgon
1480 0 2006 O 166-178

Form factors, correlation functions and vertex operators

in the eight-vertex model at reflectionless points*
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Department of Clinical Engineering, Suzuka University of Medical Science
Kishioka-cho 1001-1, Suzuka 510-0298, Japan

Abstract

The eight-vertex model at the reflectionless points is considered on the basis of Smirnov’s
axiomatic approach. Integral formulae for form factors of the eight-vertex model can be
obtained in terms of those of the eight-vertex SOS model, by using vertex-face transforma-
tion. The resulting formulae have very simple forms at the reflectionless points, and suggest

us the free field representation of type II vertex operators in the eight-vertex model.

1 Introduction

In this paper we wish to construct form factors in the eight-vertex model at the reflectionless
points. Form factors are originally defined as matrix elements of local operators. Through the
study of form factors in the sine-Gordon model, Smirnov [1] found three axioms as sufficient
conditions for the local commutativity of local fields in the model. Thus, following Smirnov,
any objects that satisfy Smirnov’s three axioms are referred to as ‘form factors’.

For fixed a local operator O, let

F,(,:)(O; Cl"" 1C27Tl) = Z v;1 ® "‘®”;sz1(1f)(C1:"' )CQm)Ml'"#zm’ (11)
K1 42m

Then Smirov’s axioms are as follows [1]:

1. S-matrix symmetry:

F(C GGy Pisn = FRC GG )Siia1(us — uj), (1.2)
*Based on a talk givexi in the conference ‘Solvable Lattice Models 2004 — Recent Progress in Solvable Lattice

Models ~’, RIMS, Kyoto University, 23 July 2004.
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where {; = 2%, and P is the permutation operator (z ® y)P =y @ z.
2. cyclicity:
F (¢, 2 2Com) = F ™ (Gomy ¢)Pr2 - Pom-12m.- (13)
where ¢! = ({1, , Com—1)-

3. annihilation pole condition

Res  Fi)(¢)m

Cm=cz" (2m~1 Com

= ei (F,(,f)_l(C") ® 'Ur: - Fg:;) (C”) ® 'U';Szm——l 1(u2m-—1 - U1) ce Szm_1 2m_2(u2m_1 - ’U:2m_2)) ,

(1.4)

Here, ¢ = (1, ,¢2m), and ¢ = (1, -+ , (am—2); and uf = v} @ v* +ev: @ v].

The first two axioms imply the ¢-KZ equation [2] of level 0:

F(G, @Gy 1 Gom) = FR(Q)Sj541(u5 = uja) -+ Som(uj — uzm)

X Sj(uy —u1—2) -+ Sj-1(uj — uj-1 —2). (1.5)

Lashkevich and Pugai [3, 4] used the vertex-face correspondence [5] in order to construct
the correlation functions of the eight-vertex/XYZ model in terms of those of the eight-vertex
SOS model [6]. The author constructed another simplified expression for the eight-vertex/XYZ
correlation function, by solving Bootstrap equations [7]. Shiraishi [8] constructed the formulae
of the correlation functions of the XYZ model without using the vertex-face correspondence.

Concerning form factors in the eight-vertex model, Lashkevich [9] found a bosonization
recipe to construct integral representations of the form factors in the eight-vertex model. In
principle, all form factors corresponding to all local fields can be constructed, but they take
very complicated formé. We wish to construct simpler expressions in terms of the eight-vertex

SOS model form factors [10]. This paper is the first trial for that purpose.

2 Basic definitions

Let us consider the Z-invariant eight-vertex model [11] on a planar rectangular lattice. The
state variables are associated with four edges around each vertex. Here the local state on an
edge takes two possible values (+) and (-), respectively. The product of four states on the
four edges around each vertex should be + sign. This is called the generalized ice condition.
Each straight line on the lattice carries a rapidity, or a spectral parameter. Let V =
Cvy ® Cu_, and let V,, be a copy of V with a rapidity u. Then the R-matrix RY*1'¥»2 can be

regarded as an endomorphism on V,, ® Vj,,. It is due to the Lorentz invariance that R%1Ve2



depends only upon the difference of the rapidities u; — ug. In what follows we thus denote
RY#1:Y%2 by R(up — us).
The convention of the matrix elements of R(u) € End(V ® V) are as follows:
R(u)ve, @ ve, = Z Ve, @ Ue’zR(u)zigg (2.1)
el eh==%

For fixed z = e™¢ (¢ > 0) and r > 1, the explicit expression of the entries of R(u) is given as

follows: i i
a(u) d(u)
Clpe_ lpo 1| )
R(u) = 7o) R(u) = 0] R(u) = =) ow) ) , (2.2)
[ d(u) a(u)]
where
M) = R =P L p=ma) 23
4 2r 2zl 2r .
plz) = (J(:::zf:;f’ ;gr)zoozifr+22; a:4:,tx22')°°’ (@;p1,- - 1Pn)oo = k1.—>[o(1 - aplfl . 'pﬁ")’
] = 2540 (E™),  6y(2) = (2 P)oo(P2 i Plooi oo = > D2 (—g)m,
nezZ

o) = B2 B ST 01 (et D)

blu) = —=
62(0; )01 (3 ) = ek )

(24)
oy = O DO D ) ot Ce 5
02(01 %)92(21,, %) 02( ; 7I'\2/E-r—) (2];-’ 7‘.\2/‘1-_)

Or2(u;7) = \/_q4 18q2 (£2), 0O34(u;T) =0Op(Fg2). (¢= VI = = ez‘/-:f"'")
The most important property of the R-matrix is the Yang-Baxter equation [12]:
R12(C1/¢2) Ras($1/Cs) Ras($2/Ca) = Ras(C2/Cs) Rus($1/Ga) Raa(Cr/Ca), (25)

where the subscript of the R-matrix denotes the spaces on which R nontrivially acts.
From (2.3) £(0) = 1 = &(0). It is easy to see &(1 —u) = &(u), which implies (1) = 1. From
these and (2.4) we have '

R(0)= P = |, rw-= ii - (256)
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The unitarity relation

Rlz(u)Rgl(—’u) = 1, (27)

and the crossing symmetries
R (1 - u) = 0{ Rz ()0} (2.8)
are also important. »

For fixed € > 0 and r > 1, the region 0 < u < 1 is called the principal regime. This regime is
one of antiferroelectric regions because of ¢ > a +b+ |d|. In the low temperature limit € — 400
(¢ > a+ b+ |d]), only c-type configuration is permitted at each vertex. Thus, there are two
ground states in the principal regime.

Let us consider the half infinite pure tensor vector - - - ® ve; ® ve, ® Ve, along a half infinite
row. The ground state corresponds to the sequence &; = (—1)3*¢ (i = 0,1). Fix the ground
state labeled by i. Then at finite temperature € > 0, any state configurations differ from that
of i-th ground states by altering a finite number of spins. Otherwise, the system has infinitely

high energy. Thus, the space of states H; is the subspace of “---® V ® V ® V" spanned by
@ Ve ® U, BV, &5 = (—1)F (1> 1).

Let us remind the definitions of the eight-vertex SOS model and the intertwining vectors.
The eight-vertex SOS model is a face model [5] which is defined on the square lattice with a
site variable k; € Z attached to each site j. We call k; a local state or a height and impose the

condition that heights of adjoining sites differ by one. Local Boltzmann weight of this model is

c d
given for a state configuration round a face. Here the four states a, b, c and d are

b
ordered clockwise from the SE corner. . The weights are assumed to be the functions of the

spectral parameter u and the nonzero Boltzmann weights are given as follows:

[ ke2 k21| ] 1 1 -y
WLk:i:l k u_ T OR(w)  R(w) 1]
Eokx1| |1 [kt 1 [kt
u | k1 k u_ R -] R(w) [K] (29)
W- k k¥l u- 1 k£l 1 Qukx]]
| k=1 k| ] T R(u) [1—ullk]  R(uw) [1[k]

In regime ITI (0 < u < 1) the ground state of the eight-vertex SOS model (2.9) can be labeled

by an integer I, whose local states are [ or [ + 1. In what follows, we fix one of the ground state
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(labeled by, say, ), and consider any configurations which differ from that of the I-th ground
state by changing a finite number of local states. Let us call a path p = (ky, ko, k3,--+) an
admissible path, if |kj+1 — k| = 1 (j =1,2,3,---) holds. Let M{) (i = 0,1) be the space of
admissible paths satisfying the initial condition k; = k and the following boundary condition
ks = l ifj=1-1¢ (mod 2) G>1).
I+1 ifj=1 (mod 2) :

Note that i = k — [ (mod 2).

The intertwining vectors
(V=T)k=1+1/2k-1

V2

map the eight-vertex SOS model in regime III onto the eight-vertex model in principal regime.

tl)::hl (u)e -

fwe: (), =649 @)

Here, the normalization factor f(u) satisfies the relation

[ulf (W) f(u—1) = —e¥. (2.11)
The explicit expression of f(u) is as follows:

w2 r=1 1
o ETEur: (z4+2“; .’1:4, :L.Zr)oo (x2r+2~2u; :1:4, :1:2")00

flu)= OV (@727 ) (22778 28, 2 ) oo (@22 28, 277 )y (2.12)
Then we have the so-called vertex-face correspondence:
' c d
R(uy — ug)tf(u1) @ th(ug) = Y W [ b oM ug] t8(uy) ® t5(ug). (2.13)
d a
u ug
h c c I d
|
HOE l » wo=Y oA bew
d I
K k b a b T a

Let us introduce the following dual intertwining vectors:

¥ (ue,r) = 65F (w) = ) 6 (w)en?,
) e=x (2.14)
1% (u)e = mtﬁ (u+1)"e.

From the following inversion relations

Ztl:k’(u)etzn(u)e = Il::" Z tﬁ'(u)ctikl(u)t' = :” (2'15)

e=1 k'=k+1
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the dual vertex-face correspondence holds:

uy — UQ} tzb('ln) ® t:a(UQ).

£33 (u1) ® t2%(ug) R(uy — up) Z w [

a
U2
L
t*"'(u) = i - 5 I
c | :TF_%, u Z -:- uy
e
We also introduce another dual intertwining vector
{ikl (u; €, 1‘) = tk Zt (u)sv:7
e=+
*k (U)E kl] tk,(u - 1)—6
that satisfies the following inversion relations:
Dokt wE =68, D tf (Wl = 8.
e=% k'=k+1
u
k K K k kb ®
=8 = : ¥ (w)e = €
|
k k" k" k
For fixed r > 1, let
d d
S(u) = —R(u;e,r—1), W’ © u| =-w| ¢ u )
b a b a rr—1

and
U3k (u) == tF (u;e,7 — 1).

Then we have

c d

52 (u1) ® 2% (ug)S(u1 — ug) = ZW’ I: )

up — m] t'32(u1) ® '3 (ug).
a

Note that the normalization factor in (2.19) is given by

B0 = G ) = L e =g e,
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(2.22)



172

The explicit expression of g*(2) is given as follows:

. 2V [y~ 1V [plrd+2,V [p2r+6,—1Y/ (r—
70 = s e (e = (atat )
{#22} o {202 Yoo (e 2} {2 H2 71 }o
The eight-vertex model is on the ‘reflectionless point’ if r = 1+ 1/N (N = 1,2,3,---)
and therefore the S-matrix becomes (anti-)diagonal. When r = 2 (N = 1) the XYZ model is

(2.23)

equivalent to the double Ising model [12], as is well known.

3 Form factors in the eight-vertex SOS model

In this section we construct integral formulae for form factors in the eight-vertex SOS model.
The first two axioms for form factors in the eight-vertex SOS model are as follows:

1. W'-symmetry

Lk
F"S" )( t ’<j+1) CJ’ Tt )---lj-lljlj+1---

S Lk ey
=y w 7wy~ g | FRO(- G Gt )yl e
l; lj lj..l
2. Cyclicity’
FER (¢! 22 om0 = FE %) (Com, vt (3-2)

Here, we only consider the case lp = ly,, for 2m-pt SOS form factors. These two imply the

g-KZ equation of level 0:

L U_ ‘
FRoP(Cy e, 2%, Omllalbgmeite = D, W7 T g -2
: 1'1""9-1 §+1"'V2m lj—l lj—-z
Jj—2 / I I ’
X H W’ k+1 k uj — Uk — 2 W’ 1 2m uj — U9m
k=1 e - lo lam-1

2m / . ’
! Ik
< [T W™ ™ |u—w F )(Cly"‘aCj7"'aC2n)l’1--~l;_,l,-l;.+1-'-lgml;' (3.3)
k=j+1 e k-1
Set
-5 =Lk
FEOmetamn = em [ ¢ Tg* 2/ For) (Ot otgmeyte (34)
1<j<k<2m

Here c;, is a constant, and the function g*(2) is a scalar function defined by (2.23).
Let
Ay ={a|ly,=1l-1x1, 1<a<2m}. (3.5)



Then the number of the elements of A is equal to m because ly = lyy,. Let us introduce the

following meromorphic function

/ ’ [tg — Vg — 2 + la]I 2 ]’
QIO by = [] a—w+1) ][] e (3.6)
a,beA_ aCA_ [u — Vg — _ i=a+1 [uJ

a<b .

2
[u] = 271740 20— (z2),

where w, = £ and z; = (? = z~%. Here we use slightly different Q},(w|{)u,..1gpn-,t from

the one we used in [10].

The integral part -F'E,l,’k) in (3.4) is given as follows:

—(lk dwg 1(3) ’
(Otty it 1t = ag }{ pras Pk ACLOLAI GO ST (3.7)

Here, i = k — [ (mod 2), and the kernel has the form

'O (w|¢) = 98 (w|C) H Hw %1’[)( ) H :E-(:‘ﬁ:_f;)r, - (38

a€A_ j=1 1€i<k2n
where 2r+1,. 4 2(r—1) 2r+1,-1, 44 22(r—1)
iy gt 22— T+l gt 22
¥(z) = ( 3 4, 20r—1 Jeol —1. 4 2 1) ) ’ (3.9)
(zz; 24, 22(r-1)) o (z2~1; 24, 22(r—1)) o
) 2m ¢ . 2m
#wle) = (D™ [T wi [1¢ ) @ | 22 T wa®[] 2
€A~ j=1 a€EA_ j=1
AN _n(l"_l)_i ‘ (3.10)
X ng v H g~ H w; 10,2 (wg /wp).
j=1 acCA_ a,bEA_
a<b
The integrand may have poles at
o gEIHmA2Ar—1na) 5. (1 < j < 2m, ny, n2 € L), (3.11)
a m3+2(r—1)nszj (a €< j<2myn;3 € Z).

We choose the integration contour Cj with respect to w, (@ € A-) to be along a simple
closed curve oriented counter-clockwise that encircles the points z!t4m+2(r—Un2z, (1 € j <
2m,n1,ng € Zyo) and z3+Ar—Unsz; (a < j < 2m,n3 € Zsg), but not g~ i-4m—2Ar-lnzy,
(1 € j < 2m,ny,n2 € Zxp) nor 3~ -2(r— 1)"3zj (a € j € 2m,n3 € Zyp). Thus, the contour Cj
actually depends on the variables z;, and therefore strictly, it should be written Cg(2). The
LHS of (3.2) represents the analytic continuation with respect to {om.
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p2r+l , 2r=1 e 5—2r 1-2r
‘ 2, zx 2T ZT 2T
...... e o oo ° 0 °
L 2r+3 9 1 =5
2T 2% %z

- (1<j<2n)

Then F,g’k) (€)ity--tgm-1 satisfies level 0 g-KZ equations [10], and therefore it can be identified

a form factor in the eight-vertex SOS model.

4 Form factors in the eight-vertex model
Let us introduce F,g,f) (¢), the form factors in the eight-vertex model through the vertex-face

transformation as follows:

Fr(rio’k) (C)lﬂll"‘IZM—-llZm = Z Fr(r:) (C)#l"‘l‘th’g (ul - uo)m 0 fis (u2m - UO)”zm- (4'1)

lam-1
K1y 42m
Here i = k — lp (mod 2), and
'k (u) := t& (u;e, 7 — 1). (4.2)

Let us remind (2.20) and let us introduce
3% (u) := F (u;e, 7 — 1). (4.3)

Then the following inversion relations hold:

Yttt =8k, Y Rt e =6, (4.4)
e=x k'=k+1 ‘

Do TR@et =, Y e T =& (45)
e==% k/'=kx1

It follows from (4.4) and (4.5) that the relation (4.1) is equivalent to

FD(0) Y. FRR (Ot tamestant 10 (w1 = %0) @ -+ ® ¥, (wgm — o)

o, slam~1

*lam~
= Z Fy(rio’k)(C)lolr"lzm-ﬂzm?ﬁo (up—u)® - ® t’;;::" ! (ugm — uop)-
ll)"' ,lZm. ‘

I

(4.6)
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Thus, the S-matrix symmetry (1.2) for FY (¢) follows from the W’-symmetry (3.1) for F, {lo.k) ©).
It is evident from (4.4) and (4.5) that one of the sufficient conditions of (1.3), the cyclicity
for F(‘)(C ), is as follows:

sr*lam— —
Z t’;;:, ! ('u'2m —ugp + z)uFr(rioyk)(CI, T 2C2m)lo---lzm—112m

lam=

lam 131
4 ’
= Z t,’l.ol (uzm — UO)uFr(ri ’k)(CZm; irtg-tamer - (4.7
- U=lpxl

‘The strategy is as follows. We have an expression for only the case lo;, = lp. Thus, first
let lym—1 = lp £ 1 and solve (4.7). Then we will obtain formulae for lom = lo £ 2. Next let
lam-1 = lp £ 3 and solve (4.7). Then we will obtain formulae for ls;, = lp £+ 4. Repeating this
procedure, we will obtain the general formulae for lom = lo (mod 2).

For generic r, not (4.7) but (4.8) does holds:

- _
2 F (am = o) (¢ Com ot st

lz'rn.—l—i:l
= Z t’;l(f’(u@m - uU)#Fv(ril'k) (Com, C,)l'loh---lzm—l . (48)
V=Ip%1

Here, for loy, =1+ 28 > 1, let
Al =A_u{-1,---,-s},

and l_; =1+2(i~1) for 1 <4< s. Then the meromorphic function Q},(w|Q)u,--tp,_,1+2s 18
defined as follows [13]:

—vg— L4+ 1.Y u _ 1y
mwmmﬁm=nwhaﬁﬁﬂ(n[, g

acA Ua — Va — 51, —a+1 - 'f]’
" (4.9
['u, — Vg — + la’ [u, -y — %]' (4.9)
X H [va —vp + 1) H H - :
a,beA! a'=-1 Vo' - Yo' — —.]
a<bh

The meromorphic function @}, (w|{)u,...15,,_,1~2s for lom =1 — 23 < I can be defined similarly,
see [13]. In order to derive (4.8) we use the relation (2.11) with r replaced by r — 1, and the
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addition theorems

0; (l+2s—1—-(u—uo)_ /=1 ) [u—v—%+l+2(s—1)]’ ~ 8 (l+23—1+(u—un)_ my/=1 )

2(r-1) ! 2¢(r-1) [u—v—%]’ 2(r—1) ) 2¢(r—1)
[“0_”—'+l+2(3 1))’ [uo—ul'[I+25=1" p (I+utug—2v1+2s—4. mv/=1
T T W T T ( -1 ﬂ‘fﬁ) ’

(1= u—'uo+1 W?C—1 [u—v-3 +l]' _ g [ Hu—u+1) xy/=1
0 ( - ' De(r—1 ) [U"”—ﬁl' 0 ( 2(r-1) 25(1'—1))
[UO"”""H]' [""""‘]’ [uo-u-ll IJ’ l+u+gg—2u—2 'x?(—l
[uo—v—-—]’ [u—v—g]’ [uo—u—§] [u— u—~- ( 2Ar-1 T 2¢(r—1 )
where i = 3,4.

When r =ry =1+ 1/N (N =1,2,3,---), the eight-vertex model is called reflectionless.

At r=ry,
P (w) = (u+2)

holds. Thus, (4.8) implies (4.7) at 7 = ry. Furthermore, the sum with respect to I; can be

carried out when r = ry, by rewriting F,(,f’k) as 2m-fold integral form:

2m
C)m -t2m Hf’%_\/—-— - (1)(w|C)Q(l)(w|C)m “M2m (4.10)

Here,

(@ -1 L [ — v = 3]
Q (w|C)u1-~~u2m = H [Uo — 0a — _] [Ua — Vg — H ]

a=1 j=a+1 [uj

. Heu—(ﬂ%&%ﬁ%) If - e 1)

ab—

and + =3, = =4.
The resultmg formulae suggest us that the free field representation of the type II vertex

operators! are as follows:

itutug~—2v, 7Ty -1
*(1—-14,4) _ ( 2(r~-1 ! 2¢(r— ) ' 4.12
G = OB e i_; (@12)

YH(¢) = (T :ex \/ 50— (V-1Q + Plogz) + E: Smem],
Q= p ( 20r — 1) g m;eo )

= T:I . -— _2r _— w) — __am___[2 ]zz_m
B(w) = wl ).exp( ‘/(T__l)(\/ 1Q + Plogw) m%éo il )

!Concerning the terminology type I and II, see e.g., [14].

where




Here we use the bosonic oscillators with the following commutation relations:

[m]z[rm]z ]y = ™ — g™

2ml[(r — 1)m]; "™ z—z 1’ (4.13)
QP = v—1.

[am» an] =

5 Summary and discussion

In this paper, we tried to construct the form factors in the eight-vertex model as solutions to
level 0 ¢-KZ equation, or Smirnov’s axioms. The ¢-KZ equation was reduced to (4.7). Up to
now, eq. (4.7) has been solved only at reflectionless points r = 1 + 1/N (N = 1,2,3,---).
On these points, we further succeeded to construct the free field representation of the type II
vertex operators.
Let us list a few open problems.
1) Obtain the type I vertex operators at reflectionless points, which should commute the type II
ones with some scalars, and which themselves should satisfy appropriate commutation relations.
2) Solve (4.7) for generic r > 1.
3) Find the link with Shiraishi’s work, in which the type I and II vertex operators can be
constructed from the representations of the deformed W(Dpy41) or W(Bl(m) ® By) algebra.
Shiraishi’s bosonization is phenomenological in the sense that the relation between the
eight-vertex model and the deformed W algebra is unclear, at least up to now. In a joint work
with M. Lashkevich, we study to show that the form factors at reflectionless points can be
obtained without integrals on the basis of vertex-face transformation method. Throughout this

study, we wish to give theoretical account of Shiraishi’s scheme.
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