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Effective mass of nonrelativistic quantum electrodynamics

Fumio Hiroshima*and K. R. Ito!
December 14, 2005

Abstract

The effective mass meg of the nonrelativistic quantum electrodynamics with spin 1/2
is investigated. Let meg/m = 1+ a1(A/m)e? + az(A/m)e* + O(e®), where m denotes the
bare mass. a(A/m) ~ log(A/m) as A — oo is well known. Also az(A/m) ~ /A/m is
established for a spinless case. It is shown that aa(A/m) ~ (A/m)? in the case including
spin 1/2.

1 Introduction

1.1 Quantum electrodynamics

In this review we study an translation-invariant Hamiltonian minimally coupled to a quantized
radiation field in the nonrelativistic quantum electrodynamics. Before going to discuss our
problem, we informally derive our Hamiltonian from physical point of view. The conventional
quantum electrodynamics is investigated through the Lagrangian density:

Laep(x) = F) 70, — m)$(x) — 3 Fu (OF* () — EB(x)r*b(x) Ay (x),

where x = (29,z) € R x R3, 4#, 1 = 0,1,2,3, denotes 4 x 4 gamma matrices 1 the spinor
given by ¥ = (Yo, ¥1, %2, ¥3)" and ¥ = (%o, ¥1, %2, ¥3)7°, A,(x) a radiation field with F, =
OuAy — 0, A,, and m, e are the mass and the charge of an electron, respectively. The effective
mass meg is given through two point function fge(¥, T[4(x)%(0)]¥)e!=?"~*P)dz and the
effective charge through the two point function [« (¥, T[A,(x)A, (0)]¥)ei = ?°~=P) gz where
¥ denotes the ground state of the Hamiltonian derived from Lqgp and T the time ordered
product. In the perturbative quantum electrodynamics, Feynman diagrammatically, the
leading term of the effective mass is computed from the self-energy of electron, e.g.,

§ :

Figure 1: Electron self-energy
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and the effective charge from the self-energy of photon, e.g.,

Figure 2: Photon self-energy

One can interpret the photon self-energy diagram as the emission of the pairs of virtual
electrons and positrons. All these argument is successive from the physical point of view, but
perturbative and implicit divergences includes.

1.2 Informal derivation of nonrelativistic quantum electrodynamics

In this note we want to discuss the quantum electrodynamics nonperturbatically, but we
assume that (1) an electron is in low energy, (2) we take the Coulomb gauge, and
(3) we introduce a form factor ¢ of an electron.

(1) implies that no emission of pairs of virtual electrons and positrons such as in Fig.2,
then in our model the effective charge equals to the bare charge and the number of electrons
is fixed. From (2) the theory is not relatively covariant. From (3) it follows that the density
of the electron charge is smoothly localised around the position of the electron and the
ultraviolet divergence does not exist. Taking into account of (1)-(3), we modify the quantum
electrodynamics as follows. Let E(t,z), B(t,z), (t,z) € R x R3, be an electric field and a
magnetic field respectively, and ¢(t) the position of an electron at time ¢t € R. The Maxwell
equation with form factor ¢ is given by '

B = -VxE,
V-B = 0,

E = VxB-ep(-—q(t)i(t),
V-E = ep(-—q().

Here X = dX/dt. Let (J(t,z), p(t, z)) = (ep(z—q(£))d(t), ep(z—q(t))). Then the Lagrangian
density of the nonrelativistic quantum electrodynamics under consideration is given by

1 . 1
LyrqeD (t,2) = 3md()” + 5(E(t,2)° - B(t,2)") + J(¢,2) - A(t, 2) - plt, 2)8(t, ),
where A and ¢ are a vector potential and a scalar potential related to E and B such as
E=-A-V,4, B=V,xA.

Let LnrQeD = J LNrQED(?, z)dz. Then the conjugate momenta are given

plt) i= 22RO — i)+ [ At ol ~ )iz, TI() = TNBIER — s )
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Then the Hamiltonian is given through the Legendre transformation as
Hyrqep = p(t) - 4(t) + /A (t,z)II(t,z)dz — LNRQED

=21n< t)—e/Ata:)go(a: q(t))dz) +V(q 2/ A(t,2)° + (V x A(t,2))} de

where V is a smeared external potential given by

_lorela-yele-vy), .,
V(g) := 5¢ y dydy’'.
In the next subsection we quantize Hnrqep With spin 1/2 and total momentum p € R3,

which is denoted by H and is called the Pauli-Fierz Hamiltonian, in the rigorous way from
mathematical point of view.

1.3 Non-relativistic quantum electrodynamics

Let F be the boson Fock space given by F = @ [ QTLA(R3 x {1, 2})] where ®; denotes

the n-fold symmetric tensor product with 6312L2(R3 x{1,2}) = C. The Fock vacuum 2 € F
is defined by Q = {1,0,0,..}. Let a(f) be the creation operator and a*(f) the annihilation
operator on F defined by

@ (N = VrnF 1S (f @ ¥™), fe L(R®x {1,2}),

and a(f) = [a*(f)]*, where S, denotes the symmetrizer. The scalar product on K is denoted
by (f,9)x which is linear in g and anti-linear in f. They satisfy canonical commutation
relations:

[a'(f)7 a*(g)] = (f—v g)Lz(Rsx{l,Z})a [a‘(f)a a(g)] =0, [a* (f)’ a*(g)] =0.

We write as ) / a*(k,7)f(k,7)dk for a*(f) with a formal kernel af(k, j). Let T be a self-
J=1,2

adjoint operator on L2(R3). We define T'(e*T)a*(f1) - - - a*(fn)Q = a*(¢*T f1) - - - a* (™7 £,,) Q0.

Thus I‘(e‘“T) turns out to be a strongly continuous one-parameter unitary group in t, which

implies that there exists a self-adjoint operator dI'(T") on F such that I'(e*T) = e®4"(T) for

t € R. We define a Hilbert space H by H = C? ® F. The Pauli-Fierz Hamiltonian with total

momentum p = (p1,p2,p3) € R3 is given by a symmetric operator on H:

2
1

p=1

where m > 0 and e € R denote the mass and the charge of an electron, respectively,

o = (01,02,03) the 2 x 2 Pauli-matrices given by o1 = ( 2 é ), oy = ? Bz ),
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1
=1, _01 , and the free Hamiltonian H;, the momentum operator P; and quantum

radiation field A, . Bre given by
H: = dF(w), Py, = dl'(ky),

Z/ P en(k,a)(a*(k 7) +a(k,j))dk, wp=1,2,3.
J =1,2

Here e(k, ), j = 1,2, denotes polarization vectors such that |e(k, )| = 1, e(k,1)-e(k,2) = 0,
and e(k,1) x e(k,2) = k/|k|. We omit the tensor notation ® in what follows. Then

1
H(p) = (p P; — eAp)? + H; — 5-03‘;,, peR3,

where B, denotes the quantum magnetic field given by

=y [ Lk x ek, ))ula" (k. 5) — alk, ).

3~12

Note that [Aswa%] =0 for u,v=1,2,3.

2 Mass renormalization

2.1 Main theorems

Let
T(e,p) = %(p ~ Picdg, )+ Hy - Z0By,, pER?,
where '
0, |k| < k/m,
Pm(k) = p(mk) =< 1//21)3, k/m<|k| < A/m, 1
0, |k| > A/m. :

It is established in [1] that Tp, (e, p) is self-adjoint on D(P¢?) N D(H;) for arbitrary A > 0,m >
0,p € R%,e € R. Since Ap @ mAy,,, By = mBy,,, He & mHs and P; 2 mP;, where X =Y
denotes the unitary equivalence, we have Hy, (e, p) = mTpn(e, (|p|/m)n;), where n, = (0 0,1).
Let : X : be the Wick product of X. We define

H(e,e) =:Tp(e,en;):, e€R.

Set E(e,e) = info(H(e,€)). It is established in [2] that there exist constants ep > 0 and
€0 > 0 such that for (e,e) € Dy = {(e,€) € R?||e| < ep,|e] < €}, (1) the dimension of
Ker(H(e,€) — E(e, €)) is two, (2) E(e, ¢) is an analytic function of ¢? and €2 on D,, (3) there
exists a strongly analytic ground state of H(e,¢). The effective mass meg is defined by

L)
e = 92E(e,€)[e=0-




From this it immediately follows that effective mass meg is an analytic function of €2 on
{e € R®||e| < e,} with some e, > 0. Set

oo
- z (A/m)e*™.
Meft n=0

It is known and easily derived that

A ML gy [
a1(A/m) = 37r47r( k/m T+2 +/,c/m (r+2)3 r)-

Our next issue is to study az(A/m).

Theorem 2.1 There exist positive constants ca < ¢; such that —c; < lm 21 A(;\'r{z r)r;) < —cs.
2.2 Expansions
We set A= A, and B = Bg,,. Let us define H, E and ¢4 by
62 o0 em 00 e
H=H(e,0) = Ho+eHi+ S Hn, E=B(e,0)=3 —Fu, ¥e=vg(e,0)=3 —¢m
n=0 """ n=0 """

where Ho = H; + §Pf , H = HY + H®, HY = AP, H? = -—%aB, and Hp = AA:=
AYAT +2AY A7 + A~ A~. Here we put

At = — Z / e(k,g)a (k,j)dk, A~ = — 1 Prm(k )e(k i)a(k, 5)dk.

J =1,2 Vw ( 5
We can see that E) = Egp41) =0,n2=0,1,2,3,..., and
1 o
58 = (¢(0),H1(2)<p(1))u = —(¥(0)s ( B) (——25) ) #0. (2)

Note that Eg) ~ (A/m)? as A — co. Moreover

1
vo) = (0)®Q,

1 oB
Py = *—Ho Y #(0)>
o

1 1 1
Y = F(—Hn)‘ﬁ(m +2--—(Pf-z‘1)—H—0 (——E> ©(0)

25 {C7) % (7))o

cB
Y = —3'—( Hu) o ( )‘P(0)+3H (P A)——( Hu)e(o)
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Although formula
m —1 _ ?_ i (Pf + eA p‘pm (H E) 1(Pf + GA);.LSOS) (3)
TMeff 3 =1 (pgs Pe)n

is well known, it is not useful for our task, since expansion of (H — E)~! in e leads us
to a complicated operator domain argument. Then, instead of (3), it is established in [3]
that ¢ = s—0ypg(e,€)/0¢[c=0 satisfies that (P + eA)spg € D((H — E)™1) with g =
(H — E)"Y(P; + eA)3pg and

m (g, (Pt + eA)spg)n
—_—=1-2 4)
Meg (g e)H

Using (4) in [2] it is proven that the effective mass is expanded as _

n:ﬁ =1- :—z-cl(A/m)e2 - %cg(A/m)e"' +0O(e%), (5)
or
Mot _ 4 2oy + (§c2<A/m> +(2) '« (A/m)2) S10E,  ©
where
c1(A/m) = Z(\I/ Ho‘I/“
;4-'-‘1
c2(A/m) = Z {(‘Il , Hy WYy — (U4, Hol¥)n(pqy, pay)n + 2R(TS, H1 W)y
u=1
+(U, HoWh ) + 2R(TY, HoW)}. (1)
Here

‘Iln = ( 1), #‘p(n 1)+ Pfu‘p(n)) n=123, p= 1,2,3,

and Hy = Hy, H, = Hy + Hs, Hy = Hy + Hs + Hg + H7 + Hg, where we put

1 1 1/ oB\ 1
H=—-— — — e emmeme | e cmv— —
T Hy Hy = Ho(PfA)HO’ Hy Hg( )Ho’
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1 1 1 1 1
Hy= -2'—(—HII)—I§6, Hs = —‘a(Pf'A)'I?O(Pf A

)
H6=1%0( ) = P A ;H7=H6*=ﬁ1“(Pf'A)HLO(“Q)_1'

(DD (s

From above expressions of ¢(1), ¢ (2), ¥(3), it follows that for u = 1,2,3,

6 16
U =4+ 8, Uh= Z@;‘, w4 = ng‘,
=2 =7

where

1 1
= A+(p(0) @” = §Pf“H O‘B W(O) @ AM O'B ®(0)

2y Ho,

o = IQ-PmlH A Al ©(0) o = §Pfu ﬁI ®r- A)—UB+ ()
+ - +
= ——A wip B A)T‘I_JfB () o = ZA{LF 13 71501; #(0)

‘I"fo - 4Pm 2 1 AA: {IEGBW(IO) o = ;—PfulH @ A)l A+A+%0(0)
oY, = ——Pf"H (- A)——(Pf A)—fI—aB"'ga(o) ol = Pf“H (P A)—UB+-I{—O'B+ 0)

171 1 ! i
oy = ~11’fy—}—1—1ch—01z4+A+<P(1c>) o5 = 4Pfu 1.7 B, B A oB e
@’1‘6 = —SPqu G‘BH oB* —H-O—O‘B+(p(0)

Substituting Hi, ..., Hg and &Y, ..., &5 into (7), we see that

8 2

2 2 2
(A/m Z{Z‘p7ZH12§:‘)H+(Z‘§¢1HIZQ¢)H

=1 =1 =4 i=1 i=1 =1
6 2 6 16 2
(50, (Hy + Hs) 3" @8+ (32 0, Hy 32 0 +(3° 04 Hy z@m} o ®
=3 =1 =3 =3 =7 i=1

From (8) it follows that c2(A/m) is decomposed into 76 terms. Fortunately it is, however,
enough to consider terms containing even number of o B’s, since the terms with odd number
of 0B vanishes by a symmetry. See Fig. 3-7.
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No. Term oB | B ﬁo Order
(1) | —(®, H1®)(pqy,e)n | 0 | 0| 1 | [log(A/m)]?
(2) | — (25, Ha®)(payea)n | 2 | 2| 3 | [log(A/m)?
Figure 3: (L3, &}, H1 Tio) #f)n

| No. Term oB | B an Order

(3) | (@, H:195) | 2 | 0 [ 3 [ [log(A/m)]?

(4) | (B, H:1®5) | 2 | 2 [ 4 | [log(A/m)]?

(5) | (5, H1®5) | 2 [ 2] 4 | [log(A/m)]?

6 |@ meh | o |2 3| +/ajm

mn |@mes)| 2 |2 4| -VA/m

®) | @ He)| 2 | 2] 4| —JAm

(9) [(®5,H1®5)| 2 | 4] 5 +VA/m

(10) [ (95, H:1®5) | 4 [ 2| 5 | [log(A/m)]?

Figure 4: (L85 8, H1 Ti-3 &)

No. Term oB | B ﬁ; Order

(1) [ (@5, Ha#%) [ 0 [ 0] 2 | [log(s/m)P

(12) | (B4, Ha®) | 2 | 2 | 4 [ [log(A/m)]?

13) | (@, Hs®)| 0 | 2| 3 | log(A/m)

(14) | (25, Hs®5) | 2 | 4| 5 | [log(A/m)]?

(15) | (@4, Hed®Y) | 2 | 2 | 4 [ [log(A/m)]

(16) | (81, He®5) | 2 | 2 | 4 | [log(A/m)]

(17) | (85, H®Y) | 2 | 2 | 4 [ [log(a/m)]?

(18) | (@4, Hs®5) | 2 | 2 | 4 [[log(A/m)]?

(19) | (&, Hs®})| 2 | 0 | 3 | [log(A/m)}?

(20) | (@5, Hs®h) [ 4 | 2 | 5 | Nog(a/m)P

Figure 5: (E?=1 ‘I’f, Zg=4 H, Z?:l ‘I’f)u
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No. Term cB| P El‘a Order
(21) | (D4, H) [ O | 2| 3 | log(A/m)
(22 [(@% H#%) | 2 | 2 | 4 [ llog(A/m)P
(23) | (9%, H,9%) | 2 | 2 | 4 | llog(A/m)]?
(24) [ (@, H®y) | 2 4[5 [ vAa/m
(25) [ (@, Hs®%) [ 2 | 0| 4 | log(A/m)P
(26) | (9%, Hs2%) | 2 | 2 | 4 | [log(A/m)P°
en@iHEmey] 2 [2[4] Vim
(28) | (B, Hs®L) | 4 | 2| 5 —~A/m

Figure 6: (5.3 %, (Hz + H3)(T3-; ®))n

No. Term oB| P | 4 Order
@9) | (6, H:8%) | 0 | 0] 2 | log(A/m)]
(30) | (85, Hn®)) | 2 | 0] 3 | [log(A/m)]
@D [ (@, H@¥) | 0 |2 | 3 =0
32) | (@, Hidb) | 2 | 2 | 4 =0
33) | @5, Hed) | 2 | 2| 4 =0
(34) | (B4, H1®5) | 2 | 2 | 4 | [log(A/m))?
(35) | (R, H1®R) | 2 | 2| 4 VA/m
(36) | @y oty | 2 | 4| 5 | ToatA/mP
(37) | (Bhy, H1®5) | 2 | 2 | 4 | [log(A/m))?
(38) | (Bhe, H1®5) | 4 [ 2 [ 5 | —(a/m)?

Figure 7: (

el i T, o )n
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2.3 Feynman diagrams

%‘% k
/ S

(1) It

PIAN pr

Figure 8: Items of diagrams

The 38 terms in Fig. 3-7 can be represented by Feynman diagrams. The items of diagrams

are in Fig. 8.
— Bt = ton = A, = —=—taates
spin = 0B ‘/—W photon = 4, V2 /(23w (k)
1 1
propagator(1) = W
1 1
2
propagator(2) = Ho w(k1)+w(k2)+|kl+k2|2/2 Ep
1

propagator(3) = ( ) (W)2
(Pf'A+) =k- e(P,J), })fp"kua

where o(k,j) = o-(k x e(k, )).
Example 2.2 We compute (85, H1®%) as an ezample. Since
(%5, H195) = —(Pqu (P A*')—UB Yoy PfyH P A+)—UB+‘P(0))

its diagram is given as in Fig. 9.

Figure 9: Example
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Then
1 [ d3kd3k,
(&5, H125) = 7 DW
1 1 1 1
x{o1 E — (k- ez)E (k1 + k2)p E' — (k1 + k2), -E—- ((kl + kz)- ezE o1+ (k1 + k2)-e1 —;0‘2))

dakldakz |k‘1 +k2|2(<0'10'1)(k1 ez)(kl 82) + (a‘10‘2>(k1-62)(k2-61))
D4 27|')60J1w2 E12 .E2 E1E2

Here and in what follows we set e; = e(k1,j), e2 = e(ka, j'), 01 = o(k1, ), o2 = o(ks,j’) and

(X) denotes the expectation value of X: (X) = ( é , X é )cz-

The diagrams consists of three kinds of diagrams; AA — AA type, cA — oA type and
oo — oo type. In particular AA — AA type corresponds to the spinless model discussed in

[3].
AR \ N”
f o
MRS RIN RO

(B4, Hy8%) (®Y, Hy®Y) (&%, HsdY)
v v
v'\/\/vw\j\}\)\‘ v 4
%,/‘/LL *
o ’ , o
(<I>4,H2<I?1 (97, H1®Y) (@Y, Hi®Y)

Figure 10: AA — AA type Feynman diagrams
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- o
—
¥
W"%L i,
14
»
La
W,
| "L‘, ., |
(5, H1 %) (%, H,2%) (5, H %)
- -J‘I\” RO
»
4 e . "
14
S,
s -
¢ u o
(@, H12%) (%5, Ha2) (3%, Hst)
//  H ¥ »
_ O N NN
b I
W — X
g
\ ¢ \.\
”:N\I\j\ ”M\N\ / ,,M\N\
(®2, Hr24) (21, Hr24) (8%, Hy®¥)

Figure 11: Ao — Ao type Feynman diagrams
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(6‘6‘7 qu),;)

-

M

™~
‘\J\]\f\J\

¥
(@5, H3®Y)

/
N

’%L,L,
prd

(Qg, Hléll‘)

((ng H2¢l2‘)

»
(®5, H3®Y)

P
(B3, H19%)

Figure 12: Ac — Ao type Feynman diagrams
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g

¢

w

P

(%, H19%)

(B4, Hy L)

M,

g
;\N\N“

(9%, HeY)

Figure 13:

o
(q)ll“Oa Hl ‘1”2‘)

\j\j\J

(‘I’i‘m H, (I";)

i ;

(q)ﬁa H1®4

b4 He®db)

(%%, H196)

s
(q),llvHIQ‘].‘)

Ao — Ao type Feynman diagrams
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\
Qp y ®F
Q¥ ®”\\
(Q‘G‘aHIQg) (‘1’5, qu)g) (‘D‘s" qu)‘;)

p
¥
(P, H12%)

.
(q)‘Zlv HSQ‘ZL)

Figure 14: 0o — oo type Feynman diagrams

2.4 Proof of Theorem 2.1

We shall prove Theorem 2.1. Note that the following formulas are useful.

Lemma 2.3

ei-e;
(e1-e2)(e1-€2)
(k2-€1)(kz-€1)
(k1-e2)(e2-e1)(e1-k2)

(gioi)

2

1+ (iq, ’::2)2

k2 |2(1 — (k1, k2)?)
~(ky, k) (1 = (ky, k2)?)
2|ki|?

(9)
(10)
(11)
(12)
(13)
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R(o102)(e1-k2)(k1-€2) = |k1]2|k2]2((]}1,l;:2)2—-1) (14)
R(or02)(er-e2) = 2lkil|kzl(k1, k2) (15)
(01020901) = 4|k1|?|ks|? (16)
Rio1020109) = —2lk1|*|kal?(1 — (K1, k2)?) (17)

Proof: Note that
. . kuk . . v
eu(k,J)ev(kJ_) = (0w — —|":7_|;—)’ (kxe(k,5))uev(kj) = —€%kq, R(ouow) = by
We see that

(1) €€ = ep(k‘iaj)eu(ki,j’) = 2;
(2) (er-ez)(er-e2) = eu(kr, d)eu(ke, 5)en(k1, 5)e (ke 5')

s kkw _ koukoy, IR N RY
'—(5Aw |k112 )(5#11 |k2|2 )"“(3 1 1+ |k1|2|k2|2)—'1+(k1ak2) )
. , ki.k s s
(8) (ko-e1)(k2-e1) = kaueu(k, 5)kavey (k1,5) = kapkan(Spy — ﬁl—ﬁz) = |ko|*(1 — (K1, k2)?),
(4) (ki-e2)(ez-e1)(e1-kz) = kapeu(ky, 5)ea(k1, 5)ea(ke, i')krven (ka, 5°)
_ _ kiukan _kaky, TR RY
= k2, (0ux TP Vk1w(Oa Tal? ) = —(k1,k2)(1 — (k1, ka2)*),

(5) R{or01) = R{ouov) (kixe(k, 7)) u(kixe(k, 5))y = duv(krxe(ky, 5))u(kixe(ky, 1))y
= (kixe(ky, 1)) u(kixe(k1, 5))u = [k1*(Je(k1, 2)[ + le(k1, 3)[?) = 2lka[?,
(6) R(o102)(e1-k2)(kr-e2) = R{ouov)(kixe(ky, 5))u(kaxe(ks, '))vealks, ) k2aes(ke, 5')e1p
= (kixe(k1, 7)) u(kaxe(ks, §'))uealk1, j)k2aep(ke, ' )k1p
= (—e#®k1) (P kas)kaokrp = — k1 x kaf? = —|ky P2 (1 — (1, k2)?),
(7) R{o102)(e1-e2) = R{opo,) (kixe(ki, 5))u(kaxe(ke, 5'))vea(k1, 5)ealkz, 5)
= (—€**Phyp) (—*ky) = 2(ky1-k2),
(8) (01020201) = (010,0,01)(kaxe(ke, §'))u(kaxe(ke, 5'))y
= (o101) (koxe(kz, 5")) u(koxe(k2,3)),
= |(kaxe(kz, 5')) 12| (kixe(k1, 5)) I = 2|k |*2{k2|? = 4[k1[*|Ra[?,
9) %(0’10‘20102> = —(01020201) + 2(k1xe(k1,j))“(k2>(e(k2,j’))pm(alag)
= 4|k ?|k2[? + 2(kyxe(ks, §))u(koxe(ka, §))u(k1xe(k1, 5))u (kaxe(kz, 5'))u

k k v k kzl/
= ~4lka Pkl + 208 — T O — S5

= —dlk1[2kal? + 2lk1 |2k 2 (1 + (K1, 2)?) = =20k |2|Ral*(1 = (Ky, k2)?).
a

Using the diagrams presented in Fig.10-14 and (9)-(17), we can easily expressed 38 terms
as integrals on

D = {(k1,k2) € R® x R3|x/m < k; < A/m,k/m < kg < A/m}.
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Note that imaginary part of (o,03) does not contribute integrals. We show the results:
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16 Dm E3 |k1 + kzl ( 0‘20’10‘102)-5,; + (0‘20'10'20'1> El)
1 [ dBkd®k 1 1 e+ |2(4|k1|2|k2|2 + =20k |2 k2)2(1 - (kl,k2)2))
= 16 Jpa(2m)Pwiws ES, Ba 2 Es E

1, 1
(84, Hy®Y) = [3,(3.34)] = —(4) - 2 A0 AL M(O))

d3k1d3k2 1 1
- [t 3y eveneren)

dakld ko 1 1
- /D4(27r)6w1w2 E1 E; (1 (e ka)?)

39



40

(‘I)lzL,HﬁI’g)
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17.
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37.
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38.
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As is seen above, integrands in each term are functions of |ky|, |ka|, (k1, k2). Changing vari-
ables |k1|, |k2|, (k1, k2) as r1,72,X = cosf, 0 < § < 7, each term has the form

d3k; A3k,

271' A/m A/m
P m) = [ el bl (b o) = s [ x [ Vs [ drafem X).

We see that
72

d(A/ o Fm) = o )6/ dX/ drr(A/m)[f(A/m,r, X) + f(r,A/m,X)|.  (18)

To see the asymptotic behavior of F(A/m), we estimate the right hand side of (18). We can

see that
(24, H;®))I

| A VR
where (i,4,k) # (1,8,1),(2,8,2),(16,1,2). In the case of (i,5,k) = (1,8,1),(2,8,2), each
term is divided into two integrals. Although each integral diverges as (A/m)? as A — oo,
cancelation happens. Then the terms (i,5,k) = (1,8,1),(2,8,2) diverge as [log(A/m)]%.
Finally we can directly see that the term (16,1,2) diverges as (A/m)?. Then the proof is
complete. O

<oo, p=1,2,3,
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