
バナッハ空間におけるファジィ微分方程式の解
に関する初期値連続依存性について

Continuous Dependence in Parameters of Solutions for Fuzzy
Differential Equations of a Banach Space

吟爾濱工業大学理学院数学系 陳明浩 (Minghao Chen)
Harbin Institute of Technology

大阪大学大学院情報科学研究科 寮藤誠慈 ($\mathrm{s}_{\mathrm{e}\ddot{\mathrm{u}}}\mathrm{i}$ $b)
大阪大学大学院情報科学研究科 石井博昭 (HiroaH Ishii)

Graduate School of Information Science and Technology, Osaka University

Abstract
We introduce a parametric representation of fuzzy numbers with bounded supports as $\mathrm{w}\mathrm{e}\mathrm{U}$ as we consider

a Banach space including the set of fuzzy numbers, where the addition in the Banach space is the same one
due to the extension principle but the difference and scalar products are not the same as thoee of the principle.
In this artick we treat initial value problems of fuzzy differential equations and give existence and uniqueness
$\mathrm{t}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\mathrm{s}$ and suflicient conditions for the continuous dependence With respect to initial conditions of solutions.

1 Introduction
Let $I=[0,1]$ . Denote a set of fuzzy numbers with bounded supports by $F_{b}^{\iota t}$ as follows (e.g. [6, 7]): The
following definition means that a fuzzy number can be identified with a membership function.

Definition 1.1 Denote a set $offi\iota zzy$ numbers with bounded supports and strict $fi_{l}z\eta$ convexity by

$F_{b}^{\epsilon\ell}=$ {$\mu:\mathrm{R}arrow IsahMng(\mathrm{i})arrow(\mathrm{i}\mathrm{v})$ below}.

(i) $\mu$ has aun練 $e$ number $m\in \mathrm{R}$ such that $\mu(m)=1$ (nomdity);

(ii) $\epsilon un’(\mu)=d(\{\xi\in \mathrm{R}:\mu(\xi)>0\})$ is bounded in $\mathrm{R}$ (bounded support);

(i\"u) $\mu$ is ’tricdy $fi_{l}zzy$ conve on $s\mathrm{u}w(\mu)$ as $fol$lows:

(a) if sum$(\mu)\neq\{m\}$ , then
$\mu(\lambda\xi_{1}+(1-\lambda\rangle\xi_{2})>\min[\mu(\xi_{1}), \mu(\xi_{2})]$

for $\xi_{1},\xi_{2}\in sum$)$(\mu)$ with $\xi_{1}\neq\xi_{2}$ and $0<\lambda<1$ ;

(b) if $suw(\mu)=\{m\}$ , then $\mu(m)=1$ and $\mu(\xi)=0$ for $\xi\neq m$;

(iv) $\mu$ is $up\mu r$ semi-continuous on $\mathrm{R}$ (upper semi-continuity).

$\mu$ is called a membership inction if $\mu\in F_{b}^{\epsilon t}$ . Fuzzy numbers are identified by membership fimctions. In what
follows we denote the $\alpha$-cut sets of $\mu$ by

$\mu_{\alpha}=L_{a}(\mu)=\{\xi\in \mathrm{R} : \mu(\xi)\geq\alpha\}$

for $\alpha\in(0,1]$ . By the extension $\mathrm{p}\dot{\mathrm{n}}\mathrm{n}\dot{\alpha}\mathrm{p}\mathrm{l}\mathrm{e}$ due to Zadeh, the binary operation between fuzzy $\mathrm{n}\mathrm{u}\mathrm{m}\mathrm{b}\mathrm{e}\mathrm{r}8$ is nonlinear.
It doae not $\mathrm{n}\mathrm{e}\mathrm{c}\infty \mathrm{a}\mathrm{r}\mathrm{U}\mathrm{y}$ hold that $(k_{1}+k_{2})\mu=k_{1}\mu+k_{2}\mu$ for a membership fimction $\mu\in F_{b}^{\mathrm{r}t}$ and $k_{:}\in \mathrm{R},i=1,2$

with $k_{1}+k_{2}>0,$ $k_{1}<0<k_{2}$ .
We introduce the following parametric representation of $\mu\in F_{b}^{\epsilon t}$ as

$x_{1}( \alpha)=\min L_{\alpha}(\mu)$ , $x_{2}( \alpha)=\max L_{\alpha}(\mu)$
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for $0<\alpha\leq 1$ and

$x_{1}(0)= \min suw(\mu)$ , $x_{2}(0)= \max suw(\mu)$ .
From the strict fuzzy conveJrity it can be seen that a fuzzy number $x=(x_{1},x_{2})$ means a bounded continuous

curve over $\mathrm{R}^{2}$ and $x_{1}(\alpha)\leq x_{2}(\alpha)$ for $\alpha\in I$ (see [8].)
In Section 2 we show that the set of fuzzy numbers $F_{b}^{\epsilon t}$ construct a Banat spaoe by the Puri-Ralescue’s

method.
In Section 3 we discuss differentiation and integration of fuzzy functions. In the case of differentiation our

representation of fuzzy numbers is enable to calculate addition, scalar product and difference without difficulties,
but it is not easy to cdctate the difference by the extension principle. Moreover we define the integral of fuzzy
functions by calculating end-points of a-cut sets.

In Section 4 we treat initial value problems of fuzzy differential equations $x’=f(t,x)$ . We give existence
and uniqueness theorems of the fuzzy differential equations and we show sufficient conditions for the continuous
dependence with respect to initial conditions of solutions.

2 Induced Normed Space of Fuzzy Numbers
Let $g$ : $\mathrm{R}\mathrm{x}\mathrm{R}arrow \mathrm{R}$ be an $\mathrm{R}$-valued function. The corresponding binary operation of two fuzzy numbers
$x,y\in F_{b}^{at}$ to $g(x,y)$ : .1 $b\epsilon t\mathrm{x}F_{b}^{et}arrow F_{b}^{\sigma \mathrm{t}}$ is calculated by the extension principle of Zadeh. The membership
fimction $\mu_{g(x,y)}$ of $g$ is as follows:

$\mu_{g(x,y)}(\xi)=\sup_{\xi=g(\xi_{1},\xi_{l})}\min(\mu_{1}(\xi_{1}),\mu_{2}(\xi_{2}))$

Here $\xi,\xi_{1},\xi_{2}\in \mathrm{R}$ and $\mu_{1},\mu_{2}$ are membership functions of $x,y$ , respectively. From the extension principle, it
$\mathrm{b}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{s}$ that, in case where $g(x,y)=x+y$,

$\mu_{x+\mathrm{V}}(\xi)$

$=$ $\max$ min $(\mu(\xi:))$
$\epsilon=\xi_{1}+\xi_{2}1=1,2$

$=\mathrm{m}\alpha\{\alpha\in I : \xi=\xi_{1}+\xi_{2}, \epsilon:\in L_{\alpha}(\mu\iota),i=1,2\}$

$= \max\{\alpha\in I:\xi\in[x_{1}(\alpha)+y_{1}(\alpha),x_{2}(\alpha)+y_{2}(\alpha)]\}$.

Thus we get
$x+y=(x_{1}+y_{1},x_{2}+y_{2})$ .

In the similar way we have
$x-y=(x_{1}-y_{2},x_{2}-y_{1})$ .

Denote a metric by
$d(x,y)= \sup_{\alpha\in I}\max(|x_{1}(\alpha)-y_{1}(\alpha)|, |x_{2}(\alpha)-y_{2}(\alpha)|)$

for $x=(x_{1},x_{2}),y=(y_{1},y_{2})\in F_{b}^{st}$ .

Theorem 2.1 $F_{b}^{\iota t}\dot{u}$ a complete metric space in $C(I)^{2}$ .

Proof See [8].
According to the extension principle of Zadeh, for respective membership functions $\mu_{x},\mu_{\mathrm{y}}$ of $x,y\in F_{b}^{\epsilon t}$ and

$\lambda\in \mathrm{R}$ , the $\mathrm{f}\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}$ addition and a scalar product are given as follows :

$\mu ae+y(\xi)=\sup\{\alpha\in[0,1]$ :
$\xi=\xi_{1}+\xi_{2},$ $\xi_{1}\in L_{\alpha}(\mu_{x}),\xi_{2}\in L_{\alpha}(\mu_{y}\rangle$ };

$\mu_{\lambda x}(\xi)=$
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In [5] they introduced the following equivalence relation $(x,y)\sim(u,v)$ for $(x,y),$ ($u,v\rangle\in F_{b}^{\iota t}\mathrm{x}\mathcal{F}_{b}^{s\ell}$ ,i.e.,

$(x,y)\sim(u,v)\Leftrightarrow x+v=u+y$ . (2.1)

Putting $x=(x_{1},x_{2}),y=(y_{1}, y_{2}),u=(u_{1}, u_{2}),v=(v_{1},v_{2})$ by the parametric representation, the relation (2.1)
means that the following equations hold.

$x_{1}+v_{1}=u_{i}+y_{*}$. $(i=1,2)$

Denote an equivalence class by $\langle x,y\rangle=\{(u,v)\in F_{b}^{\iota t}\mathrm{x}F_{b}^{st} : (u,v)\sim(x,y)\}$ for $x,y\in F_{b^{t}}^{l}$ and the set of
equivalence classes by

$(\mathcal{F}_{b}^{\epsilon i})^{2}/\sim=\{\langle x,y) : x,y\in F_{b}^{\epsilon \mathrm{t}}\}$

such that one of the following cases (i) and (ii) hold:

(i) if ($x,y\rangle\sim(u,v)$ , then ($x,y\rangle=\langle u,v\rangle$ ;

(ii) if $(x,y) \oint(u,v)$ , then $\langle x,y\rangle\cap\langle u,v\rangle=\emptyset$ .
Then $(F_{b}^{\iota\ell})^{2}/\sim$ is a linear space with the $f\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}$ addition and scalar product

$\langle x,y\rangle+\langle u,v\rangle=\langle x+u,y+v\rangle$ (2.2)

$\lambda\langle x,y)=\{$

$\langle\lambda x,\lambda y\rangle$ $(\lambda\geq 0)$

$\langle(-\lambda)y, (-\lambda)x\rangle$ $(\lambda<0)$
(2.3)

for $\lambda\in \mathrm{R}$ and $\langle x, y\rangle,$ $\langle u,v\rangle\in(F_{b}^{t})^{2}/\sim$ . They denote a norm in $(\mathcal{F}_{b}^{\iota l})^{2}/\sim$ by

$|| \langle x,y\rangle||=\sup_{\alpha\in I}d_{H}(L_{\alpha}(\mu_{x}),L_{\alpha}(\mu_{\mathrm{y}}))$.

Here $d_{H}$ is the Hausdorff metric is as follows:

$d_{H}(L_{\alpha}( \mu ae), L_{\alpha}(\mu_{y}))=\max$ ( $\sup$ inf $|\xi-\eta|$ , $\sup$ inf $|\xi-\eta|$ )
$\xi\in L_{\alpha}(\mu_{*})^{\eta\in L_{a}(\mu_{y})}$ $\eta\in L_{\alpha}(\mu.)^{\xi\in L_{\alpha}(\mu_{y})}$

It can be easily seen that $||\langle x,y\rangle||=d(x, y)$ . Note that $||\langle x,y\rangle||=0$ in $(F_{b}^{st})^{2}/\sim$ if and only if $x=y$ in $F_{b}^{t}$ .

3 Fuzzy Differential and Rzzy Integral
In this section we con\S ider fuzzy function in a Banach space induced by the normed space $(F_{b}^{\epsilon t})^{2}/\sim$ . It can
be seen that for $x,y\in F_{b}^{\epsilon\ell}$

$\langle x, y\rangle=\langle x,0\rangle+\langle 0,y\rangle=\langle x,\mathrm{O}\rangle-\langle y,0\rangle$.
Denoting a set of fuzzy numbers by

$X_{0}=\{\langle x,0\rangle\in(F_{b}^{ek})^{2}/\sim:x,0\in F_{b}^{\epsilon t}\}$ ,

which is a Banach space (see $e.g.$ , [8]). Then ve have $(F_{b}^{\epsilon t})^{2}/\sim=X_{0}-X_{0}$ .
Denote the completion of $(F_{b}^{\epsilon t})^{2}/\sim\Phi X$ . Let $J$ be an interval in R. In what follows we consider a function

$f:Jarrow X$ as $f=\langle(f_{1},f_{2}),0\rangle$ .Here $f$ has the parametric representation of $f=(f_{1},j_{2}\rangle$ , where $f_{:}(t,\alpha)$ for $i=1,2$
aee the end-points of the $\alpha$-cut set of $f$ In this section we give definitions of differentiation and integration of
fuzzy functions.

A fuzzy function $f$ : $Jarrow X$ is said to be differentiable at $t_{0}\in J$, if there exists an $\eta\in X$ such that for any
$\epsilon>0$ there exists a $\delta>0$ satisfying

$|| \frac{j(t)f(t_{0})}{tt_{0}}=-\eta||<\epsilon$
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for $t\in J$ and $0<|t-t_{0}|<\delta$. Denote $\eta=f’(t_{0})=a_{(t_{0})}dt$ . $f$ is differentiable on $J$ if $f$ is differentiable at any
$t\in J$. In the similar way higher order derivatives of $f$ are defined by $f^{(k)}=(f^{(k-1)})’$ for $k=2,3,$ $\cdots$ . (Cf.
$[2, 3])$

In [5] they define the embedding $j$ : $F_{b}^{st}arrow X$ such that $j(u)=\langle u,0\rangle$ . The function $f$ : $Jarrow F_{b}^{\ell t}$ is
called differentiable in the seoe of Puri-Ralescu, if $j(f(\cdot))$ is differentiable. Suppose that $f$ is differentiable at
$t\in J$ in the above sense, denoted the differential $f’(t)\in F_{b}^{\epsilon \mathrm{t}}$ . Then we have $\frac{d}{dt}(j(f(t)))=\langle f’(t),0\rangle$ , i.e., $f$ is
differentiable in the sense of Puri-Ralescu. In $[4, 5]$ $\mathrm{H}$-difference and $\mathrm{H}$-differentiation of $f$ is treated as folows.
Suppose that for $f(t+h),$ $f(t)\in \mathcal{F}_{b}^{st}$ , there erists $g\in F_{b}^{ot}$ such that $f(t+h)=f(t)+g$, then $g$ is called to the
$\mathrm{H}$-difference, denoted $f(t+h)-f(t)$ . The hmction $f$ is called $\mathrm{H}$-differentiable at $t\in J$ if there exists an $\eta\in F_{b}^{\epsilon t}$

$f(t)-f(t-h)$
such that both $\lim_{harrow+0}\frac{j(t+h)-f(t)}{h}$ and $\lim_{harrow+0}\overline{h}$ exist and equal to $\eta$. If $f$ is $\mathrm{H}$-differentiable, then

$f’(t)=\eta$ .
Proposition 3.1 If $f$ is differentiable at $t_{0}$ , then $f$ is continuous at $t_{0}$ .

Theorem 3.1 Denote a parametric representation of $f$ by $f=\langle(f_{1}, f_{2}),0\rangle$ . Here $f_{1},$ $f_{2}$ are functions $d\epsilon find$

on $I$ $\mathrm{x}J$ to $\mathrm{R}$ and the $lefl-_{f}$ right-end point of the $\alpha$-cut set $L_{\alpha}(f(t))$ . If $f\dot{u}$ differentiable at $t_{0}$ , then it follows
that there $\dot{\varpi}st_{\partial^{\partial}i}f_{1}(t,\alpha),$ $\varpi f_{2}\partial(t,\alpha)$ and that

$f’(t_{0})=( \frac{\partial}{\theta t}f_{1}, \frac{\partial}{\partial t}f_{2})(t_{0})$ .

Theorem 3.2 It follows that $f’(t)\equiv 0$ if and only if $f(t)\equiv wn\epsilon t\in X$.
In the $\mathrm{f}\mathrm{o}\mathbb{I}\mathrm{o}\mathrm{w}\dot{\mathrm{m}}\mathrm{g}$ deffiition we give one of integrals of fuzzy functions.

Deflnition 3.1 Let $J=[a,b]$ and $f$ be a mapping fivm $J$ to X. Divide the interval $J$ such that $a=t_{0}<t_{1}<$

$...<t_{n}=b$ and $\tau_{1}\in[t_{i-1,:}t]$ $fori=1,2,\cdots,n$ . $f$ is intqrable over $J$ if there exists the limit $\lim_{|\Delta|arrow 0}\sum_{:=1}^{n}f(\tau_{i})\Delta_{\dot{*}}$ ,

where $\Delta_{:}=t_{:}-t:-1,$
$|\Delta|=\mathrm{l}\leq|.\leq n\mathrm{m}\mathrm{a}\mathrm{x}\Delta:$. Deflne

$\int_{a}^{b}f(s)ds=\lim_{|\Delta|arrow 0}\sum_{:=1}^{n}f(r_{1})\Delta_{i}$ .

Proposition 3.2 Let $f$ be intqrable over J. Then the following statements (i)-(\"u) hold.

(i) $f$ is bounded on $J$, i.e., there exista an $M>0$ such that $||f(t)||\leq M$ for $t\in J$.
(ii) If $f(t)\in X$ $fort\in J$, then $\int_{a}^{t}f(s)ds\in X$ for $t\in J$.

Proposition 3.3 If $f$ is continuous on $[a,b]$ then $f$ is integrable over the interval.

$\mathrm{T}\mathrm{h}\infty \mathrm{o}\mathrm{e}\mathrm{m}$ $.\theta Let $f:Jarrow X$ with $f=\langle(f_{1}, f_{2}),0\rangle$ be integrable over $[a, b]$ . $\mathfrak{M}en$ it follows that

$\int_{a}^{b}f(\epsilon)ds=\langle(\int_{a}^{b}f_{1}(s)ds, \int_{\mathrm{n}}^{b}f_{2}(s)d\epsilon),0\rangle$

Conversely, if $f_{1)}f_{2}$ are continuous on $[a, b]\mathrm{x}I$ , then $f$ is $intw|nble$ over $[a,b]$ .

Proposition 3.4 Let $f$ be continuous on the interval $[a,b]$ .
Denote $F(t)= \int_{a}^{\ell}f(s\rangle$ $d\epsilon$ . Then the following properties (i) and (i1) $hou$.

(i) $F\dot{u}diffe|\epsilon nt\dot{n}ble$ on $[a,b]$ with $F(t)\in X$ and $F’=f$;

(i1) For $t_{1},t_{2}\in[a,b]$ and $t_{1}\leq t_{2}$ , we have $\int_{t_{1}}^{t_{2}}f(s)d\epsilon=F(t_{2})-F(t_{1})$ .
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Proposition 3.5 Let $f$ is continuous on $[a, b]$ . Then it follows that

$|| \int_{a}^{b}f(s)ds||\leq\int_{a}^{b}||f(s)||ds$ .

Theorem 3.4 &t $f:[a,b]arrow X$ be continuous on $[a,b]$ and differentiable on $(a,b)$ , Then it fouows that there
exists a number $c\in(a, b)$ such that

$||f(b)-f(a)||\leq(b-a)||f’(c)||$ .
Deflnition 3.2 Let $f:Jarrow X^{n}$ such that $f(t)=(f_{1}(t),f_{2}(t),$ $\cdots$ , $f_{n}(t))^{T}.$ ; $\dot{u}$ diffeoenuable on $J$ if each $f_{1}$ is
differentiable on $J$ for $i=1$ , 2, $\cdots,n$ . Define the derivabve $f’(t)=(f_{1}’(t), f_{2}(t),$ $\cdots,f_{\mathfrak{n}}’(t))^{T}$ .

Let $f:[a,b]arrow X^{n}$ such that
$f(t)=(f_{1}(t),f_{2}(t),$ $\cdots,f_{n}(t))^{T}$ . $f$ is intqrable over $[a,b]$ if $f_{1}$ is integrable over $[a,b]$ for $i=1,2,$ $\cdots,n$ . Define
the integral

$\int_{a}^{b}f(s)\ =( \int_{a}^{b}f_{1}(s)ds, \int_{u}^{b}f_{2}(\epsilon)ds,$ $\cdots,$
$\int_{a}^{b}f_{n}(\epsilon)\ )^{T}$ .

It can be easily proved that sunilar theorems and propositions concerning to $X$“-valued functions to ones in
this section hold.

4 Rzzy Differential Equations
In this section we consider the initial value problems of the folowing type of fuzzy differential equation

$x(t)=f(t,x(t))$
’ (4.4)

$x(t_{0})=x0$ . (4.5)

Here $f$ : $\mathrm{R}\mathrm{x}X^{n}arrow X^{n},t_{0}\in \mathrm{R},x_{0}\in X^{n}$ .
We denote the imitial value problem of higher order fuzzy differential equations by

$x^{(n)}=f(t, x(t),$ $x(t),$ $\ldots,$
$x^{(n-1)}(t))$

’ (4.6)
$x^{(k)}(t_{0})=x_{k}$ , $k=0,1,$ $\cdots,n-1$ ,

where $f$ : $\mathrm{R}\mathrm{x}X^{\mathfrak{n}}arrow X,t_{0}\in \mathrm{R},x_{k}\in X$ . Define $x_{1}(t)=x(t),x_{2}(t)=x’(\mathit{1}),$ $\cdots,x_{n}(t)=x^{(n-1)}(t)_{8}0$ that the
above problem can be reduced to Problem $((4.4),(4.5))$ . In this section we show some kinds of conditions to
solutions of $((4.4),(4.5))$ for the existence, uniqueness and continuation.

Deflnition 4.1 Define a nom $||p||= \max(|t|, ||x||)$ for $p=(t,x)\in \mathrm{R}\mathrm{x}X^{n}$ . Let $h\in \mathrm{R}\mathrm{x}$ X. Denote
a neighborhood of $h$ by $U(p0, \delta)=\{p\in \mathrm{R}\mathrm{x}X^{n}:||p-\mathrm{M}||<\delta\}$ and a relative neighbrhood of $p0$ by
$V(p_{0},\delta)=U(p_{0},\delta)\cap(\mathrm{R}\mathrm{x}X^{n})$ for $\delta>0$ . Let $V\subset \mathrm{R}\mathrm{x}X^{n}$ . $V$ is said to be a relatively open subset in $\mathrm{R}\mathrm{x}X$“,

if for any $p\in V$ there enists a relative neighborhood $V(p)\in \mathrm{R}\mathrm{x}X^{n}$ such that $V(\mathrm{p})\subset V$. In the similar way we
define relatively open subsets in $X$“, $X^{n}\mathrm{x}\mathrm{R},\mathrm{R}\mathrm{x}X^{n}\mathrm{x}$ R.

Consider a function $f$ : $Varrow X$“, where $V$ is a relatively $\mathit{0}$.pen subset in $\mathrm{R}\mathrm{x}X$“. $f$ is said to satisfy a locally
Lipsch\’itz condition if for any $p=(t_{0},x_{0})\in V$ there $e$ tists a relative neighborhood $V(p)\subset V$ and a number
$L_{\mathrm{p}}>0$ such that

$||f(t,x_{1})-f(t,x_{2})||\leq L_{\mathrm{p}}||x_{1}-x_{2}||$

for $(t,x_{1}),$ $(t,x_{2})\in V(p)$ .
Theorem 4.1 Let $j:Varrow X^{n}$ satish the locdly Lipschitz condition $and$ & continuous on V. $X7\iota en$ there exists
one and only one solution $x$ of $((4.4),(4.5))$ defined on $[t_{0},t_{0}+r]$ passing through $p=(t_{0},x_{0})\in V$, wheoe $r>0$.

Suppose that the same conditions of Theorem 4.1 hold. Denote an interval $J=\{[t_{0},T)\in \mathrm{R}$ : there exits
a solution $x$ of $((4.4),(4.5))$ on $[t_{0},T)\}$ . For $J\in J$ there exists a unique solution of $((4.4),(4.5))$ on $J$ . Denote
$J(t0,x_{0})= \bigcup_{J\in \mathcal{J}}J$ and $x_{f}(t_{0},x_{0},t)=x_{J}(t)$ for $t\in J\in J$ . For $t\in J(h,x_{0})$ there exists a umique value $x_{J}(t)$ .
The function $x_{f}$ : $V\mathrm{x}J(t_{0},x_{0})arrow X^{n}$ is said to be the solution of $((4.4),(4.5))$ with the marimal interval
$J(t_{0},x_{0})$ . Denote a mapping $x_{f}$ : $\mathrm{R}\mathrm{x}X^{n}\mathrm{x}\mathrm{R}arrow X^{n}$ defined on $D(f)=\{(t_{0},x_{0},t) : (t_{0},x_{0})\in V,t\in J(t_{0},xo)\}$ .
See [9].
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Theorem 4.2 Suppose that the same conditions of Theorem 4.1 hold. Let $J=[t_{0}, T]\subset J(t_{0},x_{0})\cap J(t_{0}, x_{0}’)$,
where $T>t_{0}$ . Then there exists an $M>0$ such that

$||x_{f}(t0,x_{0},t)-x_{f}(t_{0,x_{0}},t)’||\leq M||x_{0}-x_{0}’||$

for $t\in J$.

Consider the fouowin$\mathrm{g}$ fuzzy differential equation

$x’(t)=f(x(t))$ . (4.7)

CoroUary 4. $l$ Let $f:Varrow X^{n}$ satisfy the locally Lipschitz condition on $V$, where $V\in X^{n}$ is a relativdy open
subset. Then there $ex|sts$ one and $ody$ one solution $x$ of $((4.7), (4.5))$ defind on $[t_{0},t_{0}+r]$ passing through
$p=(t_{0},x_{0})\in V$, where $r>0$ .

In the similar discussion conoernin$\mathrm{g}(4.4\rangle$ the maximal interval $J(t_{0}.x_{0})$ and the corresponding to solution
$x_{f}$ can be defined for $(t_{\mathrm{Q}},x_{0})\in \mathrm{R}\mathrm{x}V$ (see [9]). It can be seen that

$J(t_{0},x_{0})$ $=$ $J(0,x_{0})+t_{0}$

$=$ $\{t+t_{0} : t\in J(0,x_{0})\}$

and for $t\in J(t_{0},x_{0})$ we get

$x_{f}(t0,x_{0},t)=x_{f}(0,x_{0},t-t_{0})$ .
Thus we denote $J(x_{0})=J(0,x_{0}),x_{f}(x_{0}, \cdot)=x_{f}(0,x_{0}, \cdot)$ and $D_{0}(f)=\{(t_{0},x_{0})\in V\mathrm{x}J(x_{0})\}$ .
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ 4.$ The same conditions of Corollary 4.1 hold. Then $D_{0}^{+}(f)=\{(x_{0},t)\in D_{0}(f) : t>0\}$ is a
relatively open subset in $X^{\mathfrak{n}}\mathrm{x}\mathrm{R}$ and the mapping $x_{f}$ is continuous on $D_{0}(f)$ .

In what follows some type of Lipschiz condition plays an important role in discussing properties of $\infty \mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{o}$

for $((4.4),(4.5))$ .
Condition (L) For any $\mathrm{p}=(t_{0},x_{0})\in V$ there exists a relative neighborhood $V(p)\subset V$ and a number $L_{p}>0$

such that

$||f(t\iota,x_{1})-f(t_{2},x_{2})||\leq L_{p}||(t_{1},x_{1})-(t_{2X_{2}},)||$

for $(t_{1},x_{1}),$ $(t_{2},x_{2})\in V(p)$ .
A function $\mathrm{y}:Jarrow \mathrm{R}\mathrm{x}X^{n}$ is said to be differentiable at $t\in J$ if

$y(t+h)=\mathrm{y}(t\rangle+\zeta h+o(h)$

as $harrow \mathrm{O}$ , where $\zeta\in \mathrm{R}\mathrm{x}X^{n}$ and $o(h)/harrow \mathrm{O}$, denoted $\zeta=y’(t)$ .
Theorem 4.4 Consider Problem $((4.4),(4.5))$ . Let $f$ : $Varrow X^{n}sa\hslash sh$ Condition ($L\rangle$ , where $V$ is a relatively
open subset in $\mathrm{R}\mathrm{x}X$“. Then $D^{+}(f)=\{(t_{0},x_{0},t)\in D(f) : t>t_{0}\}\dot{u}$ a relatively open subaet in $\mathrm{R}\mathrm{x}X^{n}\mathrm{x}\mathrm{R}$

and the mapping $x_{f}$ is continuous on $D(f)$ .
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