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A RELATION BETWEEN w-LIMIT SETS AND POSITIVE
TOPOLOGICAL ENTROPY OF GRAPH MAPS

HRILEBEFMER i E# (Naotsugu Chinen)
Okinawa National College of Technology

1. INTRODUCTION

N2HREL2K, 2777 X hoEhBHF~OERERETE (ZDLH R
fR7778K L)), 73 7EBREONMEHT bot—% b0 bONE
FTRAEBETEIL MDA TWBIRKERIZ, 77 7ERD s-horseshoe (s € N) TH 3
ZEThHD, TORFEIT1993 4T J. Llibre and M. Misiurewicz ([LM, Theorem
B) W&o Tmahi, TOBRIIDRVEDTRDINEOMOERIIHEY
MO THRY, NEROEERFARRIIPED w BRES, TRDOLERD
RELEEEZERKICLEBRICBNTEETIROESOREOKEL TR
Té:&mbéo%@m7773ﬁmxwrwmmﬁékEomﬁm:ybu

_%ﬁOu &o)ggﬁ%iﬁ"\éo

PARM LD AERIZEBWNTIE,

(1) EOMAENTY hab—k#HoZ & &,
(2) MR SLERD w BREARFETE L

RRMEIC25 Z & mbh T3 ([S]. [BC, p.124, p.153 and p.218]. [SKSF,
Theorem 4.19, p.112]) . EXFRZERNBF— IV EOAERIZBNTHEbA
TW3 ([C)e MR, /77 LOAZRRIZBVTCHLRRARBRNBTRENS, =
Z T, LkIRo J. Llibre and M. Misiurewicz DFEREBVWHES, Y97 X D
FARKM & iX, HEREEERN0,1] LAMERMBIEM LT, I 75K
B3 s-horseshoe (s € N) THB LiX, 777 X OHREMI L *0WMAHAXM
Ji,Joye oy Je BEELT, f(J)=1(G=1,2,...,8) 2WdLThH5, £k,
s-horseshoe (seN)TH? 75 73’&&1)%%&%%&%5&@ w BBRRR A NFE
TR ERMLNTWS, Lo T, J. Llibre and M. Misiurewicz D#ER» 5, E
DN ha -2 277 7ERIIAHRESLERD w BIRESBEE
THZERL®D, LoT, HT(2) 25 (1), TROLAMKESLERD w ik
RESHEFEETHLE, ENARNTY hub—2FoZ L2 REIF IV &Iz

2%, UEDZ L EMATE, UTO X3 REERE LK,

Theorem 1.1. Let f be a continuous map from a graph X to itself. The following
statements are equivalent:

(1) f has positive topological entropy.

(2) There exist closed intervals J, K in X with pairwise disjoint interiors and
n € N such that J and K f"-cover J and K.

(3) f has an infinite w-limit set which contains a periodic orbit.



FRF#IIZ, R. Hric & M. Malek IZ & o TIRA#k7e#E R 25 preprint MA 47/2004
at the Mathematical Institute of Silesian University in Opava IZRR I/, L
AL, TOMIXEHEDL LITFEABNPRY ER->TWS, £z, & 5I1T A. Blokh ®
HREFESTIHHEZ L TVWAERN, —F, JZTR1IRTEREANDREEEZE-
T, YUTNVTHATDHZ LB TE I,

2. DEFINITIONS

Notation 2.1. BEREZER (X, d) DI ZEM Y i LT, Int(Y), CI(Y), Bd(Y) =
CIY)\Int(Y) 2Y @ X TONE, AR, BR LT, £8P ORE# Card(P)
TET,

Definition 2.2. ##EA (continuum) L 1IZZETIZRV a7 MEREREZRM &
T3, XM, 1) icRMEZEHEEEN (arc) W5, XD Y BHROFROIMOD
MTET DEREE ST 7 (graph) &\ D, Ele, F—INEFERNI T 7%
A (tree) £V 5,

Definition 2.3. Z 275 7. Y # Z OBHZEMTA. X 2 Y OB{LEML T
5, Y TBITA X 2808/ 0EZEBIZEME Xy RLXoTRT, &<,
X ={z,y} 0t &, Xly = [zg,y)y D<K T, (z,9)y = [z,9]y \ {z,9},
(z,9ly = [z, 9]y \ {z} and [z,9)y = [z,9]y \ {y} EET.

Definition 2.4. X 2777, ze€e X %5, :

X&7778Y, ¢ OBEERBEE U, BFEELT, 2o Tz OBERRZAE
U C U, iIZ% LT Card(Bd(U,)) = Card(Bd(V)) %7 ¥, Card(Bd(U:)) %
z D5 (order) &\, Ord(z, X) = Card(Bd(U)) &€& ¥

z D X D5YIER (branch point) TH 3 L%, Ord(z, X) > 3D L& &2 5, B(X)
X DEReRke T3, ,

X OFOIL T BAXM (closed interval) THD LiX. X \ B(X) DEKERS e
MEELT. Clle) X J 2ELLE XN,

Definition 2.5. =127 M REEMZER (X,d) »HbENBEHF~DOERER f . K
oy EBAE J K T LT, J f-covers K &iX. BoEMEL CJ BFELT,
fL)=K Wt L&izn),

Definition 2.6. f £ 2 /%7 L REMZER (X,d) »bEHLES~DOERTRL
5. f OEEALEE F(f). AMALEE P(f) LT 5,

wla f) = (YO (@) k 2 )

n=1
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D wlBBES (w-limit set) £V ), yew(z, f) DRB+ZEGIIHDES
Flng » co MEELT f*(z) -y 2WHTILTHD, £, w(z, f) IREEE
TRV MEAT, EEOn e NIKLT,

n—1

fw(z, f)) = w(z, f), wiz, f) = (@), ), flwlz M) =w(fE), )
1=0
BTz e Rmbh T3 ([BC, p.72)). 7. w(z, f) BERD L %, [BC,
Lemma IV4, p.72] X2 T, w(z,f) RHIROBAHMPEICRDZ LB¥mbhT
W3,

3. LEMMAS
TR cover DEMRI LK ERRS,

Lemma 3.1. Let f : X — X be a graph map and J, K and L closed intervals
in X. ‘
(1) If J f*-covers J for some £ € N, J f*-covers J for each k € N.
(2) If J f™-covers K and K f™-covers L for some m,n € N, then J fm™*"-
covers L.

S¥IZ, I 7BBRIZBITS cover DHEEIRRB,

Lemma 3.2. Let f : X — X be a graph map, K = [a,b]x a closed interval
in X, e the component of X \ B(X) with f(a) € e. Let J, L and L' be closed
intervals such that f(a) € J Ce, LUL C J\ {f(a)} and f(a) € [LUL'];. If
F(b) € [LUL');, then K f-covers either L or L'.

DERX, BEAROHASITIIMBICIRBZZ LE2RRE,

Lemma 3.3. Let f : X — X be a graph map, and J and K closed intervals in
X with K C f(J). If f(J) i3 a tree, then J f-covers K.

EANRRER L Lemma 3.1 R EERESTUTOZ & RRES,

Lemma 3.4. The statements (1) and (2) in Theorem 1.1 are equivalent.

PLFD lemma i, BERKZ2SHERO v MBESTCEOEERICELA w
BRRESDRBFELLLE, ENMHENT bab—%2FHOZ LERLTNA,

Lemma 3.5. Let f : X — X be a graph map and w(z, f) an infinite with a fived

point zo. If there exists a point z; € w(z, f) \ {20} with f(z1) = 2o, then f has
positive topological entropy.

A OBEETRT.
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Lemma 3.6. Let f : X — X be a graph map and z € X. If w(z, f) is infinite
with a fized point zg, then f has positive topological entropy.

4. THE PROOF OF THEOREM 1.1
Lemma 3.6 35 & A M VEBOEELRMD XA TE B,

Theorem 4.1. The statements (1) and (3) in Theorem 1.1 are equivalent.
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