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Abstract
We study vaxious topological $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{i}\propto \mathrm{o}\mathrm{f}$ projective duality in al-

gebraic geometry by using the microlocal theory of sheaves developed
by Kashiwara-Schapira [21]. In particular, in the real algebraic case we
obtain some oestts similar to $\mathrm{E}\mathrm{r}\mathrm{o}\mathrm{t}\mathrm{r}\ddot{\mathrm{o}}\mathrm{m}\prime \mathrm{s}$ ones [9] obtained in the com-
plex case. For this purpose, we use $\infty \mathrm{o}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ functions and their
topological Radon transforms. We also generahize a class formula (i.e.
a formula which expresses the degrees of dual varieties) in [10] to the
case of associated vaiieties studied by Gelfand-Kapranov-Zelevinsky
[12] etc. For the detail, see [26] and [27].

1 Introduction
We denote the projective space of dimension $n$ over $\mathrm{K}$ ( $=\mathbb{R}$ or C) by $\mathrm{P}_{n}$ and
its dual space by $\mathbb{P}_{n}$ . These spaces are naturally identified with the following
sets.

$\mathrm{P}_{n}=$ { $l|l$ is a line in $\mathrm{K}^{n+1}$ through the origin}, (1.1)
$\mathrm{P}_{n}^{*}=$ {$H’|H’$ is a hyperplane in $\mathrm{K}^{n+1}$ through the origin}. (1.2)

Note that if we projectivize a hyperplane $H’$ in $\mathrm{K}^{n+1}$ we obtain a hyperplane
$H$ in $\mathrm{P}_{n}$ . Therefore in what follows we identify the dual projective space $\mathrm{P}_{n}^{r}$

with the set

{$H|H$ is a $\mathrm{h}\mathrm{y}_{\sim}\mathrm{D}\mathrm{e}\mathrm{r}\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{e}$ in $\mathrm{P}_{n}$ }. (1.3)

13-8-1, Komaba, $\mathrm{M}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{r}\triangleright \mathrm{k}\mathrm{u}$ , Tokyo, 1538914. Japan, $\mathrm{R}$-mail: you317@ms. $\mathrm{u}-$

tokyo.ac.jp
21-1-1, Tennodai, Tsukuba, Ibaraki: 305-8571, Japan, $\mathrm{B}$-mail: takemicro@nifty.com

数理解析研究所講究録
1501巻 2006年 132-146 132



Definition 1.1 Let $V$ be a projective variety in $\mathrm{P}_{n}$ . We define the dual
variety $V^{*}$ of $V$ by

V’ $:=\overline{\{H\in \mathrm{P}_{n}^{\mathrm{r}}|\supset-X\in \mathrm{V}\mathrm{i}_{\mathrm{e}\mathrm{g}}\cap H\mathrm{s}.\mathrm{t}.T_{x}V\subset T_{x}H\}}(\subset \mathrm{P}_{n}^{*})$. (1.4)

$\mathrm{V}^{\Gamma}\mathrm{h}\mathrm{e}\mathrm{n}V$ is smooth, $V^{*}$ is the set of hyperplanes tangent to $V$ . As we
see in the example below, even if $V$ is smooth, $V^{*}$ may be very singular in
general.

Example 1.2 (i) Let $\iota_{n}$ : $\mathrm{P}_{1}rightarrow \mathrm{P}_{n}$ be the Veronese embedding given by
$[x : y]\mapsto[x^{n}$ : $x^{n-1}y$ :. . . : $xy^{n-1}$ : $y^{n}]$ and set $V=\iota_{n}(\mathrm{P}_{1})\subset \mathrm{P}_{n}$ . Then
the dual $V^{*}\subset \mathrm{P}_{n}^{*}$ is a hypersurface defined by the classical discriminant
for polynomials of degree $n$ .

(\"u) For $n\geq m$ , consider the Segre embedding $\iota_{n,m}$ : $\mathrm{P}_{n}\cross \mathrm{P}_{m}arrow \mathrm{P}_{(n+1\rangle(m+1)-1}$

given by $([x_{0}$ :. .. : $x_{n}],$ $[y0$ : . . . : $y_{n}])rightarrow[\cdots : x_{i}y_{j} : \ldots]$ . Set
$W=\iota_{n,m}(\mathrm{P}_{n}\cross \mathrm{P}_{m})\subset \mathrm{P}_{(n+1\rangle(m+1)-1}$ . Then the dual variety $W^{*}\subset$

$\mathrm{P}_{(n+1)(m+1)-1}^{*}$ has very complicated singularities and the dual defect
$\delta^{*}(W)$ of $W$ (see (2.2) below) is $n-m$. Indeed, let $M_{(n+1),(m+1)}$ be the
space of $(n+1)\cross(m+1)$ matrices and identify the dual projective
space $\mathrm{P}_{(n+1)(m+1)-1}^{*}$ with its projectivization $\mathrm{P}(M_{(n+1),(m+1)}.)$ . Then the
$\mathrm{d}\mathrm{u}\mathrm{a}\mathrm{J}W^{*}\subset \mathrm{P}_{(n+1)(m+1)-1}^{*}$ is explicitly written by

$W^{*}=\mathrm{P}$ ( $\{A\in M_{(n+1),(m+1)}|$ rankA $\leq m\}$ ). (1.5)

Therefore the dual $W^{*}$ admits a stratification defined by the ranks of
matrices.

Many mathematicians were interested in the mysterious relations between
projective varieties and their duals. Above all, they observed that the tan-
gency of a hyperplane $H\in V^{*}$ with $V$ is related to the singularity of the dual
$V^{*}$ at $H$ . For example, consider the case of a plane curve $C\subset \mathrm{P}_{2}$ over C.
Then a tangent line $l$ at an inflection point of $C$ corresponds to a cusp of the
dual curve $C^{n}$ , and a bitangent (double tangent) line $l$ of $C$ corresponds to
an ordinary double point of $C$“. The most general results for complex plane
curves were found in the 19th century by Klein, Pl\"ucker and Clebsch etc.
(see for example, [34, Theorem 1.6] and [38, Chapter 7] etc.).

In the last two decades, this beautiful correspondence was extended to
higher-dimensional complex projective $\backslash \prime \mathrm{a}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{e}$ from the viewpoint of the
geometry of hyperplane sections. In particular, after some important con-
tributions by Viro [37] and Dimca [8] etc., Ernstr\"om proved the following
remarkable result in 1994.
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Theorem 1.3 [9, Corollary 3.9] Let $V\subset \mathrm{P}_{n}$ be a smooth projective vanety
over C. Take a generic hyperplane $H$ in $\mathrm{P}_{n}$ such that $H\not\in V^{*}$ . Then for any
hyperplane $L\in V^{*}$ , we have

$\chi(V\cap L)-\chi(V\cap H)=(-1)^{n-1+\mathrm{d}\mathrm{l}\mathrm{m}V-\dim V}$
‘

$\mathrm{E}\mathrm{u}\iota^{\gamma}\cdot(L)$ , (1.6)

where $\chi$ stands for the topological Euler characteristic and $\mathrm{E}\mathrm{u}_{V^{*}}:$ $V^{*}arrow \mathbb{Z}$

is the Euler obstruction of $V^{*}$ (introduced by Kashiwara [17] and $MacPherson$
[24] independently).

Recall that the Euler obstruction $\mathrm{E}\mathrm{u}_{V^{n}}$ of $V^{*}$ is a $\mathbb{Z}-$-valued function on
$V^{*}$ which measures the singularity of $1/’*$ at each point of $V$“. For example,
Eu$V^{\mathrm{r}}$ takes the value 1 on the regular part of $V$“. Moreover, if we take
a Whitney stratification

$\alpha\in A\mathrm{U}$

$V^{*}$ of $V^{*}$ consisting of connected strata, then

$\mathrm{E}\mathrm{u}_{V}$ . is constant on each stratum $V_{\alpha}"$ . The values of $\mathrm{E}\mathrm{u}_{V}*$ on a stratum $V^{*}$

is determined by those on $V_{\beta}^{*}’ \mathrm{s}$ satisfying the condition $V^{*}\subset\overline{\mathcal{V}_{\beta}^{*}}$ (for more
detail, see e.g. [18] $)$ .

Hence Ernstr\"om’s result says that the jumping number of the topolog-
ical Euler characteristics of hyperplane sections of $V$ at $L$ is expressed by
Eu$V^{\mathrm{r}(L)}$ , that is, the singularity of the dual variety $V^{*}$ at $L$ .

The aim of this article is to introduce our results in the real algebraic
case similar to this Ernstr\"om’s one and to survey its theoretical background.

2 Main results
Consider a real projective space $X=\mathbb{R}\mathrm{P}_{n}$ of dimension $n$ and its dual $\mathrm{Y}=$

$\mathbb{R}\mathrm{P}_{n}^{*}$ . Let $M\subset X$ be a smooth real projective variety and $M”\subset Y$ its dual
variety.

We fix a $\mu$-stratification
$Y=\mathrm{u}\mathrm{Y}_{a}\alpha\in A$

of $Y=\mathbb{R}\mathrm{P}_{n}^{l}$ consisting of connected

strata and adapted to $M$“. Note that Trotman [35] proved that this $\mu-$

condition is equivalent to famous Verdier’s $\mathrm{w}$-regularity condition.

Definition 2.1 We define a $\mathbb{Z}-$-valued function $\varphi_{M}$ : $Y-\mathbb{Z}$ on $Y=\mathbb{R}\mathrm{P}_{n}^{*}$

by

$\varphi_{M}(H)=\chi(M\cap H)$ $(H\in \mathrm{Y})$ . (2.1)

Since the function $\varphi_{M}$ is defined by the topological Euler characteristics
of hyperplane sections $M\cap H$ of $M$ , to obtain results similar to Ernstr\"om’s
formula (1.6) it suffices to describe the function $\varphi_{M}$ in terms of the singular-
ities of $M^{*}$ . We will show that the whole function $\varphi_{M}$ can be reconstructed
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from one value $\varphi_{\lambda I}(y)$ at a point $y\in Y\backslash \lambda f^{*}$ and the singularities of $M^{*}$ .
First of all, for the above $\mu$-stratification

$Y=\alpha\in A\mathrm{u}$

$Y_{\alpha}$ of $Y=\mathbb{R}\mathrm{P}_{n}^{*}$ we can

prove the following basic result.

Proposition 2.2 The function $\varphi_{M}$ is constant on each stratum $Y_{\alpha}$ .

We denote the value of $\varphi_{M}$ on $Y_{\alpha}$ by $\varphi_{\alpha}$ . Our main results are recon-
struction theorems of $\varphi_{M}$ . Namely, we can determine all the values $\varphi_{\alpha}’ \mathrm{s}$ of
$\varphi_{M}$ from only one value $\varphi_{M}(y)$ at a point $y\in Y\backslash M^{*}$ and the topology of
$M^{*}$ .

To state the first theorem, we introduce two notations concerning dual
$\mathbb{R}\mathrm{P}_{n}^{*}\backslash ’\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{e}.\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$

. Recall that the dual variety $M^{*}$ is usually a hypersurface in $Y=$

Definition 2.3 (i) We denote the dual defect of $\Lambda f$ by

6’(Af) $=(n-1)-\dim M^{*}$ . (2.2)

(ii) For a conormal vector $\vec{p}\in T_{M_{\mathrm{r}\mathrm{e}\epsilon}^{\sim}}^{*}Y$ at $y\in M_{\mathrm{r}\mathrm{e}\mathrm{g}}^{*}$ , consider the second
fundamental form

$h_{M\overline{\mathrm{p}}}.,:T_{y}M^{*}\mathrm{x}T_{y}\Lambda f^{*}arrow \mathbb{R}$ , (2.3)

with respect to the canonical (Fubini-Study) metric of $Y=\mathrm{R}\mathrm{F}_{n}$ and
set

$J_{\overline{\mathrm{p}}}:=\#$ { $\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ eigenvalues of $h_{M\overline{\mathrm{p}}}.,$} $+\delta^{*}(M)$ . (2.4)

Now, let us state our first main theorem which describes the values of $\varphi_{M}$

on $Y\backslash M_{\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}}^{*}$ .

Theorem 2.4 ([26])

(i) Assume that $\delta^{*}(M)>0$ . Then on $Y\backslash M^{*}$ the function $\varphi_{M}$ is constant.
Moreover for any $y\in M_{\mathrm{r}\mathrm{e}\mathrm{g}}^{*}$ there exists an neighborhood $U$ of $y$ such
that we have

$\varphi_{M}=d\cdot 1_{Y}+(-1)^{J_{\overline{\mathrm{p}}}}1_{M_{\mathrm{r}\mathrm{e}_{i}}}\cdot$ . (2.5)

on $U_{i}$ where $d$ is the value of $\varphi_{M}$ on $Y\backslash M$
’ and $\vec{p}\in T_{M_{\mathrm{r}_{l}}}^{*}..Y$ is a

conormal vector at $y\in M_{\mathrm{r}\mathrm{e}\mathrm{g}}^{*}$ .
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(ii) Assume that $\delta^{*}(M)=0$ , that is $M^{*}$ is a hwersurface in $Y=\mathrm{R}$]$\mathrm{P}_{n}$ , and
consider the following local situation. Let $Y_{\alpha_{1}}$ and $Y_{\alpha\underline{9}}$ be two strata in
$Y\backslash M^{*},$ $Y_{\beta}$ an open stratum in $M_{\mathrm{r}\mathrm{e}\mathrm{g}}^{*}$ such that $Y_{\beta}\subset\overline{Y_{\alpha_{i}}}$ for $i=1,2$
and $\vec{p}\in T_{M_{\mathrm{r}}}^{*}..‘ Y$ a conormal vector at a point $y\in Y_{\beta}$ pointing from $Y_{\alpha}$ ,
to $Y_{2}$ (see Figure 2.4.1 below). Then we have

$\varphi_{\alpha_{2}}-\varphi_{\alpha_{1}}$ $=$ $(-1)^{J_{\overline{\mathrm{P}}-}}(-1)^{J_{-\overline{p}}}(=0, \pm 2)$ , (2.6)

$\varphi_{\beta}$
$=$ $\{$

$\frac{1}{2}(\varphi_{\alpha_{1}}+\varphi_{\alpha_{2}})$ if $\varphi_{\alpha_{1}}\neq\varphi_{\dot{\alpha}_{2^{-}}}$,
$\varphi_{a_{1}}+(-1)^{J_{\overline{p}}}$ if $\varphi_{\alpha_{1}}=\varphi_{\alpha_{2}}$ .

(2.7)

$Y_{\alpha\underline{\circ}}$

$M^{*}$

Figure 2.4. 1

Remark 2.5 (i) If we rewrite (2.5) by Euler characteristics, we obtain an
$\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}_{\vee}\mathrm{v}$ analogous to Evstr\"om’s formula (1.6). $\mathrm{N}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{l}\mathrm{y}_{l}\backslash$ we have

$\chi(M\cap L)-\chi(M\cap H^{\backslash })=(-1)^{J_{\overline{\mathrm{p}}}}$ (2.8)

$i\mathrm{o}\mathrm{r}$ any $L\in M_{\mathrm{r}\epsilon \mathrm{g}}^{*}$ , where $H\in Y\backslash M^{*}$ is a generic hyperplane in $Y=$
$\mathrm{R}\mathbb{P}_{\mathfrak{n}}$ .

(ii) In the caae where $M^{*}$ is a hypersurface, the complenent of $M^{*}$ is
divided into aeveral connected components in general. So when we
$\propto 0\mathrm{a}\mathrm{e}$ the hypersurface $M^{*}$ , the value of the function $\varphi_{M}$ may jump. Our
fornula (2.6) describes this jumping number in terms of the principal
curvature $J_{\overline{p}}$ of $M_{\mathrm{r}\Leftrightarrow\epsilon}^{*}$.

Next, we state our second main theorem which reconstructs the values of
$\varphi_{M}$ on $M_{\sin}^{*}‘$ .

Theorem 2.6 ([26]) Let $k\geq \mathrm{c}\mathrm{o}\dim_{Y}M^{*}$ . Suppose that the values $\varphi_{\alpha}s$

’ on
$Y_{\alpha}’ s$ satisfying $\mathrm{c}\mathrm{o}\dim_{Y}Y_{\alpha}\leq k$ are already $dete7mined$. Then the vdue $\varphi\beta$ on
$Y_{\beta}$ satisfyin9 $\mathrm{c}\mathrm{o}\dim_{Y}Y_{\beta}=k+1$ is given by

$\varphi_{\beta}=\sum_{Y_{\alpha}a:\cap B\neq\iota}\varphi_{\alpha}\cdot\{\chi(\overline{Y_{\alpha}}\cap B)-\chi(\partial Y_{a}\cap B)\}$
. (2.9)
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Here we set $B=B(y,\vee’)\cap\{\psi<0\}$ by taking a small enough open ball $B(y, \epsilon)$

centered at a $poi\pi by\in Y_{\beta}$ and and a reai-valued real analytic function $\psi$

defined in a neighborhood of $y$ satisfying $\psi^{-1}(\mathrm{O})\supset Y_{\beta}$ and

$(y_{\backslash } \prime \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\psi(y))\in\dot{\Gamma}_{Y_{\beta}}Y\backslash \bigcup_{\alpha_{\overline{f}}^{\angle}\beta}\overline{T_{Y_{\alpha}}^{*}Y}$

(2.10)

(see Figure 2.5.1 below).

Figure 2.5. 1

By Theorem 2.6, we can recursively determine the values $\varphi_{\alpha}’ \mathrm{s}$ of $\varphi_{M}$ by
induction on the codimensions of strata $Y_{\alpha}’ \mathrm{s}$. Note that this representation
of the function $\varphi_{M}$ is completely analogous to that of the Euler obstructions
in [18].

Example 2.7 Consider a smooth projective curve $M$ defined by the homo-
geneous equation $x^{4}+x^{3}z+z^{4}-y^{3}z=0$ in $\mathrm{R}\mathrm{P}_{2}$ (see Figure 2.6.1 below).

Figure 2.6. 1

Then the dual curve $M^{*}\subset \mathrm{R}\mathbb{P}_{2}$ has a shape as in Figure 2.6.2 below.
More precisely, as a $\mu$-stratification of $Y=\mathrm{R}\mathbb{P}_{2}$ adapted to $M^{*}$ , we can take
$Y=\mathrm{u}_{i=0}^{11}Y_{i}$ in Figure 2.6.2. Since the last strata $Y_{11}$ is contained in the line
at $\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{v}\vee(\simeq \mathrm{R}\mathrm{P}_{1})$ of $\mathrm{R}\mathrm{I}_{2}^{\triangleright}$ it does not appear in the figure.
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$\mathrm{c}\mathrm{o}\dim_{Y}Y_{0}=0$

$\mathrm{c}\mathrm{o}\dim_{Y}Y_{1}=0$

$\infty\dim_{Y}Y_{2}=0$

$\mathrm{c}\mathrm{o}\dim_{Y}Y_{3}=1$

$\mathrm{c}\mathrm{o}\dim_{Y}Y_{4}=1$

$\mathrm{c}\mathrm{o}\dim_{Y}Y_{5}=1$

$\infty\dim_{Y}Y_{6}=1$

$\omega\dim_{Y}Y_{7}=1$

$\mathrm{c}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{n}_{Y}Y_{8}=2$

$\mathrm{c}\mathrm{o}\dim_{Y}Y_{9}=2$

$\mathrm{c}\mathrm{o}\dim_{Y}Y_{10}=2$

Figure 2.6.2

Now let us apply our two main theorems to this case. Denote by $\varphi_{i}$ the
value of the function $\varphi_{M}$ on $Y_{i}$ . Then we can easily see that $\varphi_{0}$ is $0$ . Starting
from this value $\varphi_{0}=0$ , we can recursively determine all the values $\varphi_{i}’ \mathrm{s}$ of
$\varphi_{M}$ as $\mathrm{f}\mathrm{o}\mathrm{u}\mathrm{o}\mathrm{W}\mathrm{S}$ .

Figure 2.6.3

For example, by Theorem 2.4 the values $\varphi_{1}$ and $\varphi_{3}$ on $Y_{1}$ and $Y_{3}$ respec-
tively can be calculated in the following way.

$\varphi_{1}$ $=$ $\varphi 0+(-1)^{2}-(-1)^{1}=2$ , (2.11)

$\varphi_{3}$ $=$ $\frac{1}{2}(\varphi_{0}+(0_{1})=1$ . (2.12)

Moreover, by Theorem 2.6 the value $\varphi_{10}$ on $Y_{10}$ is determined by $\varphi_{1},$ $\varphi_{2},$ $\varphi_{5}$

and $\varphi_{6}$ as $i\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{s}$ .

$\varphi_{1}0=\varphi_{1}\cdot 0+\varphi_{5}\cdot 1+\varphi_{2}\cdot(-1)+\varphi_{6}\cdot 1+\varphi_{1}\cdot 0=2$ . (2.13)
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In this case, we can easily check these results simply by counting the in-
tersection numbers of $M$ and lines in $\mathbb{R}\mathrm{P}_{2}$ . Namely, our results are the
generaiization of this very simple example to higher dimensional cases.

3 Theoretical background
Since the function $\varphi_{M}$ in our main theorems is constant on each stratum
$\mathrm{o}iY$ , we consider a class of such functions to study $\varphi_{M}.$, which are called
constructible functions.

Definition 3.1 Let $X$ be a real analytic manifold. We say that a function
$\varphi:Xarrow \mathbb{Z}$ is constructible if there exists a localJy finite family $\{X_{i}\}$ of
compact subanalytic subsets $X_{i}$ of $X$ such that $\varphi$ is expressed by

$\varphi=\sum_{i}\mathrm{q}1_{\lambda_{1}}$
. $(\mathfrak{g}\in \mathbb{Z})$ . (3.1)

We denote the abelian group of constructible functions on $X$ by $CF(X)$ .

We define the operations of constructible functions in the following way.

Definition 3.2 ( $[2^{\underline{\rceil}}]$ and [37]) Let $f:Y-$. $X$ be a morphism of real ana-
$1_{\sim}\mathrm{v}\mathrm{t}\mathrm{i}\mathrm{c}$ manifolds.

(i) (The inverse image) For $\varphi\in CF(X)$ , we define a function $f\cdot\varphi\in$

$CF(Y)$ by

$f^{*}\varphi(y):=\varphi(f(y))$ . (3.2)

(ii) (The integral) Let $\varphi=\sum_{i}c_{i}1_{X_{l}}\in CF(X)$ such that $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\varphi)$ is com-

pact. Then we define a topological (Euler) integral $\int_{X}\varphi\in \mathbb{Z}$ of $\varphi$

by

$\int_{X}\varphi:=\sum_{\prime,l}c_{i}\cdot\chi(X_{i})$ . (3.3)

(iii) (The direct image) Let $\psi\in CF(Y)$ such that $f|_{\sup \mathrm{p}(\psi)}$ : $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi)arrow X$

is proper. Then we define a function $\int_{f}\psi\in CF(X)$ by

$( \int\psi)(x):=\int_{Y}(\psi\cdot 1_{f^{-1}(x)})$ . (3.4)
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From now on, we shall use various notions concerning derived categories of
constructible sheaves. For the detail of these notions, see [21] etc. We denote
by $\mathrm{D}^{b}(X)$ the derived category of bounded complexes sheaves of $\mathrm{C}_{X}$-modules
on $X$ . Its full subcategory consisting of complexes whose cohomology sheaves
are $\mathbb{R}$-constructible is denoted by $\mathrm{D}_{\mathrm{R}-c}^{b}(X)$ .

Recall also that the Grothendieck group $\mathrm{K}_{\mathrm{N}-\mathrm{c}}(X)$ of $\mathrm{D}_{\mathrm{R}-C}^{b}(X)$ is a quo-
tient group of the free abelian group generated by objects of $\mathrm{D}_{\mathrm{R}-\mathrm{C}}^{b}(X)$ by the
subgroup generated by

$[F]-[F’]-[F”]$ ($F’arrow Farrow F”arrow+1$ isadistinguished triangle).
(3.5)

Then the natural morphism

$\chi:\mathrm{K}_{\mathrm{R}-\mathrm{c}}(X)arrow CF(X)$ (3.6)

defined by $\chi([F])(x)=\sum_{j\in \mathrm{Z}}(-1)^{j}\dim H^{j}(F)_{x}(x\in X)$ is an isomorphism.

Moreover, by the isomorphism $\chi:\mathrm{K}_{\mathrm{R}-c}(X)arrow\sim CF(X)$ the operations of
constructible functions that we introduced in Definition 3.2 correspond to
those for $\mathbb{R}$-constructible sheaves. For example, let $f:Yrightarrow X$ be a mor-
phism of real analytic manifolds and for $\psi\in CF(Y)$ take an object $G\in$

$\mathrm{D}_{\mathrm{R}-\mathrm{C}}^{b}(Y)$ such that $\psi=\chi(G)$ . Then we have $\chi(Rf_{*}G)=\int_{f}\psi$ in $CF(X)$ . In

the same way, we can slightly generalize the notion of topological integrals
of constructible functions as follows.

Definition 3.3 ([26]) Let $U$ be a relatively compact subanalytic open subset
of $X$ and $\varphi\in CF(X)$ . Take an object $F\in \mathrm{D}_{\mathrm{R}-\mathrm{C}}^{b}(X)$ such that $\varphi=\chi(F)$

and set

$\int_{U}\varphi:=\chi(R\Gamma(U;F))$ . (3.7)

We can easily check that the definition above does not depend on the
choice of $F$ such that $\varphi=\chi(F)$ . Note that we do not have to assume that
the support of $\varphi$ is compact in $U$ as in the usual definition (Definition 3.2
$(\mathrm{i}\mathrm{i}))$ . Using this slight modification of the notion of topological integrals, we
can express the R.H. $\mathrm{S}$ of (2.9) simply by $\int_{B}\varphi_{M}$ . In fact, we used this fact
in the proof of Theorem 2.6.

Now, let $X$ be a real analytic manifold and denote by $\mathscr{L}_{X}$ the sheaf of
conic ($\mathbb{R}_{>0}$-invariant) subanalytic Lagrangian cycles in the cotangent bundle
$T^{*}X$ of $X$ . Its global section $H^{0}(T^{*}X;\mathscr{L}_{X})$ is the abelian group of conic
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subanalytic Lagrangian cycles in $T^{*}X$ . In $1985_{\mathit{1}}$. Kashiwara [19] constructed a
group homomorphism $CC:\mathrm{K}_{\mathrm{R}-c}(X)-H^{0}(T^{*}X;\mathscr{L}_{\lambda’})$ and associated with
each [ $F_{\mathrm{J}}^{\rceil}\in \mathrm{K}_{\mathrm{R}-C}(X)$ a Lagrangian $\mathrm{c}_{3^{r}}\mathrm{c}\mathrm{l}\mathrm{e}CC([F])$ in $T^{*}X$ . This Lagrangian
cycle $CC(_{\backslash }[F])$ is called the characteristic cycle of $[F]\in \mathrm{K}_{\mathrm{R}-\mathrm{C}}(X)$ . The
foliowing very important theorem was proved also in [19] (see [21] for the
detail).

Theorem 3.4 [21, Theorem 9.7.11] There exists a commutative diagram

(3.8)

in which all arrows are isomorphisms.

By this theorem, we can reduce the problem of constructible functions
(sheaves) to that of Lagrangian cycles.

4 Outline of the proof of main theorems
In this section, we give an outline of the proof of our main theorems. Let
$X=\mathbb{R}\mathrm{P}_{n}$ and $Y=\mathbb{R}\mathrm{P}_{n}^{*}$ as before. Consider the incidence submanifold.
$S=\{(x, H)\in X\cross l’|x\in H\}$ of $X\cross Y$ and the diagram

(4.1)

where $p_{1}$ and $p_{2}$ are natural projections and $f$ and $g$ are restrictions of $p_{1}$

and $p_{2}$ to $X$ and $Y$ respectively.

Definition 4.1 Let $\varphi\in CF(X)$ . We define the topologicaJ Radon transform
$\mathcal{R}_{S}(\varphi)\in CF(Y)$ of $\varphi$ by

$R_{S}( \varphi):=\int_{\mathit{9}}f^{*}\varphi$. (4.2)

In particular, for a real analytic submanifold $M$ of $X=\mathbb{R}\mathrm{P}_{n}$ and a
hyperplane $H$ in $X=\mathbb{R}\mathrm{P}_{n}(\Leftrightarrow H\in Y=\mathbb{R}\mathrm{P}_{n}^{*})$ we have

$\mathcal{R}_{S}(1_{M})(H)=\chi(M\cap H)$ $(=\varphi_{M}(H))$ . (4.3)
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Therefore for the study of the function $\varphi_{M}\in CF(_{\backslash }Y)$ it suffices to study
the topological Radon transform $\mathcal{R}_{S}(1_{M})$ . Using the isomorphisms in Theo-
rem 3.4, instead of the topological Radon transform $\mathcal{R}_{s:}CF(X)$ — $CF(Y)$

itself, we studied the corresponding operation for $\mathrm{L}\mathrm{a}_{\mathrm{o}}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{i}\mathrm{a}\mathrm{n}$ cycles (charac-
teristic cycles). Then we found an isomorphism

$\Psi:H^{0}(\dot{T}" X;\mathscr{L}_{X})arrow H^{0}(\sim\dot{T}^{*}Y;\mathscr{L}_{Y})$ , (4.4)

where we set $\dot{T}^{*}X=T" X\backslash T_{X}^{*}X$ and $\dot{T}^{*}Y=T^{*}Y\backslash T_{Y}^{*}Y$ (the zero-sections
are removed). Moreover this operation $\Psi$ is (up to some sign $\epsilon=\pm 1$ ) the
isomorphism $\mathrm{o}i$ Lagrangian cycies induced by the canonical diffeomorphism
$\Phi:\dot{T}^{*}Xarrow\sim\dot{T}^{*}Y$ which coincides with the classical Legendre transform in
the standard affine charts of $X=\mathbb{R}\mathrm{P}_{n}$ and $Y=\mathrm{R}\mathrm{P}_{n}^{*}$ . Since the characteristic
cycle $CC(1_{M})$ of $1_{M}\in CF(X)$ is the conormal cycle $[\dot{T}_{M}^{*}X]$ in $\dot{T}^{*}X$ , the char-
acteristic cycle $CC(\mathcal{R}_{S}(1_{M}))$. of the topological Radon transform $\mathcal{R}_{S}(1_{M})=$

$\varphi_{M}$ is $\epsilon[\Phi(\dot{T}_{M}^{*}X)]$ . Set $\dot{\pi}_{Y}$ : $T^{*}Yarrow Y$ and $N=(\dot{\tau}_{Y}\circ\Phi)(\dot{T}_{M}^{*}X)\subset Y$ . Then
we can easily prove that $N$ coincides with the dual variety $M^{*}\mathrm{o}i\Lambda f$ , which
is a closed subanalytic subset of $Y=\mathbb{R}\mathrm{P}_{n}^{*}$ (in classical terminology we call
it a caustic or Legendre singularity). Moreover it turns out that the closure

$\overline{\dot{T}_{N_{r_{l}}}^{*}.Y}$ of the conormal bundle $T_{N_{\mathrm{r}}}^{*}.‘ Y$ in $T^{*}Y$ is nothing but $\Phi(\dot{T}_{M}" X)$ (see
[16] for a similar argument). Then by using this very nice property of the
characteristic cycle $CC(\varphi_{M})$ we can $\mathrm{r}\mathrm{e}\infty \mathrm{n}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{t}$ the function $\varphi_{M}$ from the
geometry of the dual variety Af’ $=N$ . Theorem 2.6 was proved in this way.
To prove Theorem 2.4, we have to determine the sign $\epsilon=\pm 1$ , which is the
most difficult part of our study. We could determine it by employing the the-
ory of pure sheaves in [21]. $\mathrm{h}4\mathrm{o}\mathrm{r}\mathrm{e}.$ precisely). we expressed the Maslov indices
of the Lagrangian submanifolds $T_{M}^{*}X$ and $T_{N_{\mathrm{r}}\sim}" Y$ by the principal curvatures
of $M$ and $N_{\mathrm{r}\mathrm{e}\mathrm{g}}$ respectively with the help of results in [11].

Remark 4.2 By the same argument as above, we can give a more transpar-
ent proof to the main results of Ernstr\"om [9] in the complex case.

5 Grassmann cases and class formulas

5.1 $k$-dual varieties
We shall generalize the situation considered in the previous sections to Grass-
mann cases and obtain similar result$s$ . Let $0\leq k\leq n-1$ be an integer.

RecaU that the Grassmann manifold consisting of $k$-dimensional planes
in $\mathrm{P}_{n}$ is defined by

$\mathrm{G}_{n,k}$ $=$ { $L’|L’$ is a $(k+1)$-dimensional linear subspace in $\mathrm{K}^{n+1}$ } $(5.1)$

$=$ {$L|L$ is a $k$-dimensional linear subspace in $\mathrm{P}_{n}$ }. (5.2)
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Note that $\mathrm{G}_{n,0}=\mathrm{P}_{n}$ and $\mathrm{G}_{n,n-1}=\mathrm{P}_{n}^{*}$ . Then the notion of dual varieties is
generalized to Grassmann cases as follows.

Definition 5.1 Let $V\subset \mathrm{P}_{n}$ be a projective variety, We define the k-dual
variety $V^{(k\rangle}$ of $V$ by

$V^{\langle k\rangle}:=\overline{\{L\in \mathrm{G}_{n,k}|\underline{\exists}x\in V_{\mathrm{r}\mathrm{e}\mathrm{g}}\cap L\mathrm{s}.\mathrm{t}.V\mathrm{d}\mathrm{i}L}$at $x$ } $(\subset \mathrm{G}_{n,k})$ . (5.3)

If $k=n-1$ the $k$-dual $V^{\langle k\rangle}\subset \mathrm{G}_{n,k}\simeq \mathrm{P}_{n}^{*}$ is nothing but the classical dual
variety of $V$ . In [12], Gelfand-Kapranov-Zelevinsky called $V^{(k\rangle}$ the associated
variety of $V$ and showed that $V^{(n-\dim V-1\rangle}$ is a hypersurface.

5.2 Topological class formulas
From now on, we always as$s$ume that the ground field $\mathrm{K}$ is C. Let $V\subset \mathrm{P}_{n}$

be a projective variety over $\mathrm{C}$ and $0\leq k\leq n-1$ an integer. Assume that
$V^{(k\rangle}$ is a hypersurface in $\mathrm{G}_{n,k}$ .

Definition 5.2 [12, Proposition 2.1 of Chapter 3] Consider the Pl\"ucker em-
bedding:

$V^{(k\rangle}\subset \mathrm{G}_{n,k}\subset \mathrm{p}_{(\begin{array}{l}n+1k+1\end{array})-1}$ . (5.4)

We call the degree of the defining polynomial of $V^{(k\rangle}$ in $\mathrm{p}_{(\begin{array}{l}n+1k+1\end{array})-1}$ the degree

of $V^{(k\rangle}$ and denote it by $\deg V^{(k\rangle}$ .

In [27], we proved the following topological class formula (i.e. a formula
which expresses the degrees of dual varieties) for $k$-dual varieties by using
Ernstr\"om’s result [9] and some elementary formulas on constructible func-
tions.

Theorem 5.3 ([27]) In the situation as above, for generic linear subspaces
$L_{1}\simeq \mathrm{P}_{k-1},$ $L_{2}\simeq \mathrm{P}_{k}$ and $L_{3}\simeq \mathrm{P}_{k+1}$ of $\mathrm{P}_{n}$ we have

$\deg V^{\langle k)}=(-1)^{(n-k)+\dim V+1}\{\int_{L_{1}}\mathrm{E}\mathrm{u}_{V}-2\int_{L_{2}}\mathrm{E}\mathrm{u}_{V}+\int_{L_{3}}\mathrm{E}\mathrm{u}_{V}\}$ . (5.5)

Corollary 5.4 Let $L\simeq \mathrm{P}_{k+1}$ be a generic $(k+1)$ -dimensional linear subspace

of $\mathrm{P}_{n}$ and consider the usual dual variety $(V\cap L)^{*}\subset \mathrm{P}_{k+1}^{*}$ of $V\cap L\subset L\simeq$

$\mathrm{P}_{k+1}$ . Then we have

$\deg V^{\langle k\rangle}=\deg(V\cap L).$ . (5.6)
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The formula in Theorem 5.3 expresses the algebraic invariant $\deg V^{(k\rangle}$

of $V^{(k\rangle}$ by the topological data of $V$ . In the case where $k=n-1$ , we thus
reobvain the $\mathrm{t}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{o}_{\mathrm{C}}^{\sigma}\mathrm{i}\mathrm{c}\mathrm{a}1$ class formulas obtained by Ernstr\"om [10], Parusinski
and Kleiman [22] etc. See [34, Section 10.1] for an excellent review on this
subject. In a forthcoming paper [28], from these topological class formulas
we derive various more computable class formulas which extend the previous
results obtained by Teissier and Kleiman [23] etc.
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