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Abstract

We show that there exist trallslation‘s between polymorphic A-calculus
\v{c}mcl a subsystem of minimal logic with existential types, which form a
Galois insertion (embedding). From a programming $\mathrm{p}\mathrm{o}\mathrm{i}_{\mathrm{J}\mathrm{J}}\mathrm{t}$ of view: this
result means that abstract data types can interpret polymorphic functions
under CPS-translation.

1 Introduction
We show that polymorphic types can be interpreted by tlle use of second or-
der existential types. For this, we prove that there exist $\mathrm{t}\mathrm{r}\mathrm{a}\iota \mathrm{l}\mathrm{s}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}(:)\mathrm{r})\mathrm{s}$ between

$\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{y}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{I}\mathrm{l}\mathrm{i}(\lambda- \mathrm{c}\mathrm{a}\mathrm{l}\mathrm{c}^{\backslash }\mathrm{u}1\iota \mathrm{k}\mathrm{S}$ A2 and subsystem of minimal logic with existential
types, which form a Galois connection and moreover a Galois insertion (em-
bedding). $\mathrm{R}\mathrm{o}\mathrm{I}\mathrm{J}1$ a $\mathrm{p}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{r}\cdot \mathfrak{c}‘ 1_{}\mathrm{I}\mathrm{t}\mathrm{l}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{g}$ point of view, this result means that a.bstract
$\mathrm{d}_{i\backslash }1_{}\mathrm{a}$ types can int erpret, polymorphic $\mathrm{f}n\mathrm{n}\mathrm{c}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}_{\iota}‘$; nnder the so-called modified
CPS-translation [Plot75, SF93].

Our main interest is a neat connection and proof duality between polyrnor-
phic types (2nd $\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{e}_{d}\iota$. uiiiversally quantified $\mathrm{f}\mathrm{o}\mathrm{f}\mathrm{J}t\iota \mathrm{u}1\aleph_{-},\mathrm{e}$) and existential types (2nd
order existentially quantified formula.e). It, is logically quite natural like de Mor-
$\mathrm{t}>\sigma \mathrm{a}\mathrm{n}’ \mathrm{s}\mathrm{d}\mathrm{u}_{\dot{C}}\backslash 1\mathrm{i}\mathrm{t}.’ \mathrm{v}$ , and computationally still interesting, since dual of pol.$\mathrm{y}_{\mathrm{I}\mathrm{n}\mathrm{o}1}\cdot \mathrm{p}\mathrm{h}\mathrm{i}\mathrm{c}$,

functions with $\iota \mathrm{u}\dot{\mathrm{u}}\mathrm{v}^{\vee}\mathrm{e}1’ \mathrm{s}\mathrm{a}1$ type can $\mathrm{t}$) $\mathrm{e}$ regarded as abstract data types with ex-
istential type [MP85], Instead of $\mathrm{c}1_{\dot{C}}$)$\mathrm{s}\mathrm{s}^{\mathrm{t}}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{J}$ systems like [Pari92, SeliOl, $\backslash \backslash ^{\gamma}\mathrm{a}\mathrm{d}0\prime 3$].
even $\mathrm{i}11\mathrm{t}\mathrm{u}\mathrm{i}\mathrm{t}_{\mathrm{J}}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{s}^{\tau}\mathrm{t}\mathrm{i}\mathrm{c}^{\backslash }$ svstems can enjoy that polvniorphic types can be interpret,ed
by existentia.1 types. That is, computationally $\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{y}_{1}no\iota\cdot \mathrm{p}\mathrm{h}\mathrm{i}(.$, function with uni-
versal type $\forall X.A$ can be interpreted by abstract data types with existential type,
such that the parametric polymorphic function $\lambda X..\lambda f$ for $X$ can be viewed, un-
der the so-called CPS-translation $*$ , as an abstract data type for $X$ , which is
waiting for an $\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{u}\mathrm{e}\mathrm{n}\mathrm{t},\mathrm{a}\mathrm{t}_{J}\mathrm{i}\mathrm{o}\mathrm{n}$ with type $\exists X.\wedge 4^{*}$ . This interpretation also con-
tains proof duality, such that the $11T\mathrm{l}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{a}\mathrm{l}$ forrnulae introduction rule is inter-
$\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{d}\})\}^{\gamma}$ the use of the existential formulae elimination rule. and the universal
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$\mathrm{e}\mathrm{l}\mathrm{i}\mathrm{r}\mathrm{n}\mathrm{i}\mathrm{I}\iota \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}$ by the existeutial introduction. $\wedge\backslash /1\mathrm{o}\mathrm{r}\mathfrak{c}^{s}\mathrm{o}\mathrm{v}\mathrm{e}\mathrm{r}_{\backslash ,\prime}$ we established not $\{.)\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{v}$

a Galois connection $\mathfrak{j}$

) $\mathrm{t}\mathrm{t}\uparrow|$ also a Galois insertion (embedding) from $\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{y}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{c}$

A-calculus (Girard-Reynolds) into a calculus with existential tvpes. $\mathrm{R}\cdot 0\ln$ the
neat connection between the calculi, the $\mathrm{f}\mathrm{u}\mathrm{l}\iota \mathrm{d}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{l}$ properties such as nor-
malization and Church-Rosser are related each other via CPS-translation and
left adjoint.

2 Source calculus: A2
We first introduce our source calculus, 2nd order A-calculus denoted by A2. For
simplicity, we adopt its domain-free style.

Definition 1 (Types)

$A::=X|A\Rightarrow A|\forall X.A$

Definition 2 ( $(\mathrm{P}\mathrm{s}\mathrm{e}\mathrm{u}\mathrm{d}\mathrm{o})\lambda 2$-terms)

$\Lambda 2\supset-M::=’.r,$ $|$ Ax.M $|$ Ax.M $|$ MM $|$ AX.M $|\lambda/IA$

Definition 3 (Reduction rules) $(\mathcal{B})(\lambda x.\lambda/I_{1})\mathrm{A}f_{2}arrow\Lambda/I_{1_{\lfloor}}\lceil x:=\Lambda,f_{2}]$

$(’/)\lambda x.\mathrm{A}\prime Ix-arrow \mathrm{A}^{\mathit{1}}f_{f}$ if $x\not\in FV(M)$

$(\beta_{t})$ (AX.A $f$) $Aarrow M_{\lfloor}^{\mathrm{r}}X:=A]$

$(\eta_{t})\lambda X.MXarrow M$ , if $X\not\in FV(\lambda l)$

$FV(M)$ denotes a set of hee vruriables in $\Lambda f$ .

3 Target calculus: $\lambda^{\exists}$

We next define our t,arget calculus denoted by $\lambda^{\exists}$ , which is logicallv a $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{n}\downarrow$

of minimal logic consisting of $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\perp$ , negation, conjunction and 2nd order
$e.\mathrm{x}\mathrm{i}.\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{l},\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{c}_{\mathrm{r}}\backslash |_{}\mathrm{i}\mathrm{o}\mathrm{n}$.

Definition 4 (Types)

$A::=\perp$. $|X|\neg A|A\wedge A|\exists X.A$

Definition 5 ( $(\mathrm{P}\mathrm{s}\mathrm{e}\mathrm{u}\mathrm{d}\mathrm{o})A^{\exists}$ -terms)

$\Lambda^{\exists}\ni M$ $::=$ $x|Ax.-’?/\mathit{1}|M\mathrm{J}/\mathit{1}|\langle Af.\mathrm{A}f\rangle|$ let $\langle\prime x, .x\rangle=\mathit{1}ip$ in $M$

$|$
$\langle$A. $llf\rangle$ $|$ let $\langle$X. $x\rangle$ $=M$ in $M$

Definition 6 (Reduction rules) $(\beta,)$ ( $\backslash x$ .A $f_{1}$ ) $\mathrm{A}\ell_{2}-\cdotarrow M_{1}[x:=\Lambda/I_{2}]$

$(\eta)\lambda.\tau.\Lambda fxarrow$ Aif, if $x\not\in FV(\Lambda/I)$
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$(1\mathrm{e}\mathrm{t}_{\wedge})$ let $\langle \mathrm{t}lj\mathrm{J}, x2)\backslash =l_{\backslash ^{\angle}}4I_{\perp\cdot A}f1,I_{\underline{)}}‘\rangle$ in $\Lambda’Iarrow\Lambda \mathrm{t}T[x_{\perp}:=\Lambda/l_{1}.x_{2}:=\mathit{1}\backslash f_{\mathit{2}}.]$

$(’1\mathrm{e}\mathrm{t}_{\backslash _{l}},,)$ let $\langle x_{1}.\prime x_{2}\rangle=M_{1}$ in $M\overline{|‘}z:=\langle x_{1_{7}}x_{2}.\rangle]arrow\Lambda f[z :=hf_{\perp}]$ .

if $x_{1}..’\iota_{2}.\not\in FV(\mathrm{J}/I)$

$(1\mathrm{e}\mathrm{t}_{\exists})$ let $\langle$X, $\prime x\rangle$ $=\langle A, \Lambda/I_{1}\rangle$ in M– $M[X:=A, x:=NI_{1}]$

$(\mathrm{l}\mathrm{e}\mathrm{t}\exists,,)$ let $\langle X,.\iota\rangle=If_{1}$ in $M_{\lfloor\sim}^{r_{\sim}}$. $:=\langle X,x\rangle]arrow\lambda/\mathit{1}_{2}[4\sim,$ $:=\wedge \mathfrak{h}_{/}I_{1_{\mathit{1}}^{\rceil}}$ , if $X,x$ gl $F\dagger^{r}(\Lambda f_{2})$

We $\mathrm{W}\mathrm{l}\cdot \mathrm{i}\mathrm{t}\mathrm{e}$ simplv (let) for either $(1\mathrm{e}\mathrm{t}_{\wedge})$ or (letg), and $(1\mathrm{e}\mathrm{t}_{\eta})$ for $(1\mathrm{e}\mathrm{t}_{\bigwedge_{\eta}})$ or
$(1\mathrm{e}\mathrm{t}_{\exists_{\eta}})$ .

4 CPS-translation *from A2 into $\Lambda^{\exists}$

We define a t,ranslation so-called modified CPS-translation *from pseudo A2-
terrns into pseudo $\lambda^{3}$-terins. which preserves not only $\mathrm{r}e$duction relation but
also typing relation introduced later. In each case, a fresh and free variable $a$ is
introduced, which is called a continuation variable.

Definition 7 1. $x^{*}=xa$

2. $(\lambda x.M)^{*}=\mathrm{l}\mathrm{e}\mathrm{t}\langle x.a\rangle=0$ in $M^{*}$

3. $(If_{1}hI_{\underline{)}}‘)^{*}=\{$

$\Lambda/I_{1}^{*}[‘\iota:=\langle x, a\rangle]$ $for\wedge\eta p_{2}\equiv x$

$ttf_{1}^{*}[a:=\langle Aa_{7}.\Lambda\prime I_{2}^{*}, a\rangle]$ otherwise

4. $(\lambda X,\Lambda f)^{*}=\mathrm{l}\mathrm{e}\mathrm{t}$ $\langle$X. $a\rangle$ $=a$ in $\Lambda/l^{*}$

5. $(\mathrm{A}fA)^{*}=I\prime I^{*}[a:=\langle A^{*}, a\rangle]$

6. $X^{*}=X_{j}$ $(A_{1}\Rightarrow A_{2})^{*}=-\prime A_{1}^{*}\wedge A_{2}^{*};$ $(\forall X.A)^{*}=\exists X.A^{*}$

Remarked that $M^{*}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}_{\iota}-\backslash \mathrm{t}$ exactly one free occurrence of a coiutinuation vari-
able ca and $\Lambda f^{\forall}$ has neither $\mathcal{B}$-redex nor $\eta$-redex. Let $AX.\Lambda f$ have type $\forall X.A$ .
Then, under the translation, $\mathrm{p}_{\iota X\mathrm{a}\mathrm{I}11\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{C}}^{\eta}$ polvmorpliic function $(.\lambda X.M)^{*}\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}$

respect to $X$ becomes an abstract data type for $X$ , wliich is waiting for an
inipleinentatiotl with type.$\overline{\}X.A^{*}$ together with an interface (a signature) with
type $A^{*}$ . i.e.,

abstype $X$ with $a:A^{*}$ is $a$ in Jノ f*

in a fainiliar notation.

Lemma 1 1. We have $\Lambda\prime I_{1}^{*}[x:=\lambda a.\Lambda f_{2}^{*}]arrow^{*}\beta\eta(\mathrm{A}f_{1}[x:=z4f_{2}])^{*}$ .
In $pa7^{\vee}ticu\iota_{a7};\mathit{1}\mathrm{t},I_{1}^{*}[.\prime r:=\lambda a.I/I_{2}^{*}]arrow*\theta(hI_{\mathrm{J}}[x:=hf_{2}])^{*}$ provided that $\Lambda f_{2}$ is
not a variable.

2. If $\lambda f_{1}arrow_{\mathit{9}},hI_{2}$ , the71, $hI_{1}^{*}arrow A\beta\eta \mathrm{l}\mathrm{e}\mathrm{t}4+J_{2}^{*}$ .

3. If $\mathit{1}\backslash ff_{1}arrow_{\eta}\mathrm{J}\prime f_{2f}$ then $4\mathrm{V}f_{1}^{*}arrow\eta 1\epsilon \mathrm{t}_{\eta}+$ A $\prime I_{2}^{*}$
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For inverse translat,ion, the foilowing $\mathrm{n}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{u}\mathrm{a}\mathrm{l}$ inductioll defines Univ and $C$ .
respectivel.v for denotations and for $\mathrm{c}\mathrm{o}\mathrm{l}\downarrow \mathrm{t}\mathrm{i}\iota \mathrm{l}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ .

$. \frac{\subset_{a}^{\mathrm{v}}\prime\in C}{xC_{\text{ノ_{}a}}\in U_{\mathit{1}\mathrm{J}}\mathrm{i}\mathrm{v}}$ $\frac{C_{c\iota}\text{ノ}\in C\mathit{1}\in \mathfrak{r}^{r},\mathfrak{n}i\backslash }{(\lambda(\iota.F)C_{a}\in U\mathrm{n}i\mathrm{t}^{\gamma}},$

.

$\frac{\mathrm{C}_{a}^{\mathrm{Y}}\in CP\in Univ}{1\mathrm{e}\mathrm{t}\langle r_{J\backslash }a\rangle=C_{a}\prime \mathrm{i}\mathrm{n}P\in U\mathrm{n}iv}$

$a\subset-C$

$\frac{C_{t4}\prime\in CP\in Uni\mathrm{v}}{\langle\lambda a.P,C_{o},\rangle\in C}$

$‘ \frac{C_{l}\prime\subset- CP\in Uni\mathrm{v}}{1\mathrm{e}\mathrm{t}(X_{\backslash }\iota\iota\rangle=C_{a}\prime \mathrm{i}\mathrm{n}P\in U\dot{\mathrm{m}}\mathrm{v}}$

$. \frac{C_{a}\in C}{\langle\prime x_{\backslash }C_{a}\rangle\subset- C}$

$. \frac{C_{/_{a}}\in C}{\langle\Lambda,C_{a}\rangle\in C}$

We write $\langle R_{1}, R_{2}\ldots., R_{n}\rangle$ for $\langle R_{\mathrm{J}}. \langle R_{2}, \ldots, R_{1\mathit{1}}\rangle\rangle$ with $n>1$ , and $\langle R_{1}\rangle$ for $R_{1}$

with $n=1$ . $C_{a}’\in C$ is in the $\mathrm{f}\mathrm{t}J\mathrm{r}\mathrm{m}$ of $\langle P\tau_{1}\ldots. , R_{n}., a\rangle$ where $R_{i}(1\leq i.:.\backslash ..n)$
’ is $x$ ,

$\lambda‘ x.P$ , or $A^{*}$ with $n^{\backslash }’->0$ .
According to $\{_{1}\}_{1\mathrm{e}}$ general property of Galois. conllection, for $P\in Urli\mathrm{v}$ , an

upper adjoint (left acljoint) $\#$ ctxn be defined as foll $o\mathrm{w}\mathrm{s}$ , where a $\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{r}\subseteq \mathrm{i}\mathrm{s}$

defined $\mathrm{b}\mathrm{y}arrow^{*}j$ the reflexive and transitive closure of one step $\mathrm{r}\mathrm{c}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}o\mathrm{n}arrow$ .
$P^{\mathfrak{g}\mathrm{d}}=^{\mathrm{e}\mathrm{f}} \sup${ $M\in$ A2 $|$ lttf“ $\subseteq P$ } where $P\subseteq Q$ ifr $Qarrow^{*}P$ .

Ill fuct, this definition works wcll, which can be verified by $\mathrm{c}\mathrm{a}^{\epsilon}.i\mathrm{e}$ analysis on
$P\in$ Univ, in the following recursive way:

$\bullet$ Case $P_{\sim\cdot\cdot-}--xC,$ $\equiv \mathrm{t}r’,\langle R_{1}., \ldots, R_{7\iota}.a\rangle$ with $n\geq 0$

$1_{\mathrm{i}}1\cdot \mathrm{o}\mathrm{m}$ the definition of $*$ . $pt$ is in the form of $xhf_{1}\ldots Af_{n}$. for vome $\Lambda’I_{i}$ ,
where

-If $R_{\mathrm{i}}\equiv x_{i}$ . then $\Lambda f_{i}=-x_{i}$ .
-If $I\{_{?}:\equiv Aa.P_{i},$ , then find sinularly $\mathbb{J}I_{i}$ such that $\Lambda/I_{i}^{*}\subseteq P_{i}$ .
-If $R_{d}\equiv A_{i}^{*}$ , then $M_{i}\equiv A_{j}..\cdot$. Case $P\equiv(At\mathit{1}.P’)C$.

We have no $M$ such that $\mathrm{A}f^{*}\equiv(Aa.P’)C$ . Then we should fine $\Lambda f$ such
that $hI^{*}\subseteq P’[a:=C,\mathrm{j}\subseteq(Ao.P’)C$, where $a$ is a linear variable.

$\bullet$ Case $P-=$ let $\langle^{r}.r,, a\rangle=C$, in $P’\mathfrak{n}\dot{\mathrm{q}}\mathrm{t}\}_{1}C’=\langle R_{1,}\ldots. , R_{n}.a\rangle(7l\geq 0)$

$P^{\mathfrak{g}}$ is in the fonn of $(\lambda x.\mathrm{A}^{J}I)_{\mathit{1}^{J}}\mathrm{V}_{1}\ldots$ $N_{n}$ for some $\mathrm{J}VI$ and $N_{i}$ , where we should
find $\mathrm{A}f$ such that $M^{*}\subseteq P’$ , and:

-If $R_{i}\equiv x_{i}$ then $\mathit{1}\mathrm{V}_{i}\equiv x_{i}$ .
-If $R_{i}\equiv Aa.P_{\mathfrak{i}}$ then $\mathrm{f}\mathrm{i}_{1}\iota \mathrm{d}N_{i}$. such that $N_{i}^{*}\subseteq P_{i}$ .
-If $R_{i}\equiv A_{i}^{*}$ then $N_{i}\equiv A_{i}$ .
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IIere we have a valid induction $\mathrm{n}$ ) $\mathrm{e}\mathrm{a}^{\mathrm{c}_{\mathrm{i}}}1\mathrm{u}\mathrm{r}\mathrm{c}^{1}$, since continuation variable is linear
and we $\mathrm{a}\mathrm{l}\mathrm{w}_{t}^{}x.\mathrm{v}\mathrm{s}$ choose $\mathrm{s}\mathrm{l}\mathit{1}\mathrm{r}\mathrm{i}\mathrm{c}\iota \mathrm{l}\mathrm{y}$ smaller subternm. $e$ to \’iind an upper adjoiiit. This
definil,ion $\mu u$ is $\mathrm{s}\mathrm{u}\mathrm{l}\mathit{1}1\mathrm{m}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{t}^{d},\mathrm{c}1$ iiiductively as follows, where we write $C$, $[]$ for $C\in C$

$\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{l}\iota$ a hole $[]$ :

Definition 8 $\mathit{0}$ . $\backslash \tau_{\text{ノ}^{}i}=\mathrm{a}_{i}(\lambda a.F^{)})^{j}=P^{b}$ ; $(A^{*})^{l}=A$

1. $(Xc)^{i}=c\#_{\mathrm{L}^{x^{\mathrm{J}}]}}^{\mathrm{r}}$

2. $((\lambda a.P)C)^{\mathfrak{g}}=C^{t}[(\lambda \mathrm{c};.P)^{\mathfrak{g}}]$

3. $($ let $\langle x.a\rangle=C_{\text{ノ}}$ in $P)^{1}=C^{\mathrm{J}}[\lambda x.P^{l}’]$

4. (let $\langle$X. $a$) $=c_{J}$ in $P$) $\#=C_{\text{ノ}^{}j}[AX.P^{4}]$

5. $a^{\phi}=[]$

6. $\langle x, C,\rangle^{l}=C^{i}[[]x^{l}]$

7. $\langle\lambda a.P, C\rangle\dot{*}4,$ $=c\#[[](\lambda a.P)^{j}]$

8. $\langle A^{*}, C\rangle^{\mathrm{i}}=C^{\phi}[[](\mathrm{A}^{*})^{d}’]$

Note that $C_{a}^{t}=$ $[$ $]R_{1}^{t}\ldots R_{n}\#$ with left associativity, if $C_{c\iota}\in C$ is in the form of
$\langle R_{1}, \ldots, R_{n}, n\rangle$ . We also remark that if we llave $P[a:=C_{\text{ノ}}]$ , then there umiquely
exists a free occurrence of $a$ in $P\in Uni\mathrm{v}$.

Lemma 2 1. $(P[a:=C_{\text{ノ}}])^{d}\equiv C^{\mathfrak{g}}[P^{d}’]$

2. Let $P,$ $P_{0}\in Univ$ and $C’\in C$ .
$(P[x:=\lambda a.P_{()}])^{\mathfrak{g}}=P^{\mathrm{q}}[x:=P_{0}^{l}]$

$(C[x:= \lambda n.P_{(}])\#=c^{\dot{ff}},[x:=P\frac{\#}{1’,}]$

Proposition 1 Let $P_{1}.P_{2}\in\iota^{\tau},l\mathrm{J}iv$.
1. If $P_{1}arrow\subset;\mu P_{2}$ , then $I_{1}^{J.J}$

.
$\equiv P_{2}^{i}$ .

2. If’ $P_{1}arrow_{\eta}P_{2\prime}$. then $P_{\mathrm{i}^{j}}\equiv P^{\oint_{2}}$ .

3. If $P_{1}{}_{arrow 16\mathrm{t}}P_{2}$ , then $P_{1}^{\#}arrow,{}_{d}P_{2}^{\mathfrak{g}}$ .

4. If $P_{1}arrow_{1\mathrm{e}\mathrm{t}},,$ $P_{2},$ $ther\iota f^{)}\mathrm{i}^{\#}arrow {}_{\mathit{1}}P_{2}^{\phi}’$ .

Proposition 2 Let $M\in\Lambda 2$ and $P\in$ Univ.

1. $\mathit{1}\lambda f$ “rt $\equiv \mathrm{J},f$ and $Parrow^{*}{}_{\beta\eta}P^{4*}$

2. If Il is in $A2$ -norrnal, then $M^{*}$ is in $A^{\exists}$ -nor rnal.

If $P$ is in $A^{\exists}$ -norrnal, then $P^{f}$ is in A2-normal.
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Theorem 1 (Galois insertion) $\langle$ $\Lambda 2.$

, Un$i\iota^{r}$. $*,$
$\#\rangle$ forms a Calois connection. $in$

part’icit $ia\prime r$. Galois $ir|,,sc.7t,ion$ such $th,0,t\mathrm{A}\mathit{1}^{*_{\aleph}^{d}}=M.$ That is, $\iota,^{\supset}..t,$
$\mathrm{A}f,$ $M_{1,arrow}\mathfrak{h}/\mathit{1}_{A}‘\in$ A2

$a’\iota d$ P. $P_{1},$ $P’\sim^{)}\epsilon_{1}l_{-}f_{Il}i_{1^{f}}$ . Then $u^{\mathrm{I}}eh,a\mathrm{s}\prime e$ the $f_{\mathit{0}}l,l_{o’l\angle}\prime i_{7\mathrm{t}jpr(j}(peri\dot{\uparrow_{\mathrm{J}}}es$:

1. If $\Lambda f_{1}arrow^{\mathrm{k}}\mathrm{A}^{\gamma}I_{2}\lambda 2$ then $hI_{1}^{*}arrow\Lambda*f_{2}^{*}\iota^{r_{\eta\iota iv}},\cdot$

2. If $P\mathrm{J}arrow^{*}P_{2}\mathrm{r}$; then $P_{\mathrm{i}}^{4_{arrow}*}{}_{\lambda 2}P_{2}^{i}$ .

3. $\mathrm{A}I^{*f}arrow^{*}\mathit{1}\lambda 21f$ and $Parrow^{*}\check,’\iota {}_{nlv}P^{t*}$ .

In other words:
$Parrow\lrcorner\lambda*,f^{*}Unj\iota$

’ if and only if $P\#arrow_{\lambda 2}^{*}M$

Corollary 1 1. Strong norvnalization of $U\mathrm{n}i\uparrow$’ implies that of $A2$ .
2. $A2$ is $wea\lambda\cdot,ly$ normalizing $if \int[\overline{f}\mathrm{n}iv$ is weakly $no\uparrow mali,.-\iota’ng$ .
3. $Tl\iota er\ell$ exists $a$ one-to-one corresponde$nce$ between A2-no7mal forrns and

Univ-normal $for7r\iota s$ .

4. $\lambda 2$ is $C,hvr\cdot ch$-Rosser iff Univ is Church-Rosser.
We remark that $A^{\exists}$ itself is NOT Church-Rosser.

5. $Let\downarrow P^{\iota \mathfrak{i}}=^{\mathrm{e}\mathrm{f}}\{Q\in Univ |Parrow^{\forall}\exists\lambda Q\}$ for $P\in$ Univ. Then an inverse image
$of\downarrow P\prime i,s$ principal, in the sense that the inverse image $of\downarrow P$ is equal to
$\downarrow(P^{\mathrm{J}})$ , that $is_{j}$ generated $b’/P^{\mathrm{A}}$ .

6, Let $\iota_{\lambda}\ni$ [A2] $\mathrm{d}\mathrm{e}\mathrm{f}=$

{ $P|M^{*}-arrow^{*}P\lambda^{\ni}$ for some $M\in$ A2}.
$Let \uparrow,\mathit{6}\eta[\Lambda 2\mathrm{J}^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\{P\in U\iota\dot{u}v|P\bigwedge_{\theta\eta}^{*}If^{*}for so7n\mathrm{e}\mathrm{A}f\in\Lambda 2\}$ .
The$r\iota$ we have $1_{\lambda}\ni\beta\Lambda 2\mathrm{J}\subseteq\uparrow_{\mathit{3}\eta},’\beta\Lambda 2\mathrm{J}-\cdot--$

. Univ.

5 Proof duality
Finallv. we give sets of type &ssignment rules for $,\backslash 2$ and $A^{\exists}$ , respectively, as
follows.

$\lambda 2$ :
$x:A\in\Gamma$

$\Gamma\vdash x:A$

$\frac{\Gamma,x:A_{1}\vdash \mathrm{A}J:A_{2}}{\mathrm{I}^{\gamma}\vdash\lambda x:A_{1}.i1f:A_{1}\Rightarrow A_{2}}(\Rightarrow I)$ $\frac{1^{\urcorner}\vdash \mathrm{A}f\mathrm{J}:A_{1}\negarrow \text{ノ}\mathrm{i}_{2}\Gamma\vdash hI_{2}:A_{1}}{\Gamma\vdash kI_{1}kI_{2}:A_{2}}(\Rightarrow E)$

$\frac{\Gamma\vdash_{\mathit{1}}1JA}{\Gamma\vdash\lambda s\mathrm{Y}.\Lambda I\forall X.A},::(\forall I)^{\star}$
$\frac{\Gamma\vdash \mathrm{J}^{\text{ノ}}I:\forall X.A}{\Gamma\vdash_{\mathit{1}}1fA_{1}:A[X:=A_{1}]}(\forall E)$
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wllere $(\forall I)^{\star}$ dexlottis the eigenvariable condition $X\not\in FV(\Gamma)$ .

$\lambda^{3}$ :
$\alpha^{\backslash }:$ A $\epsilon_{-}^{\vee}\sim\Gamma$

$\Gamma\vdash x$ : $A$

$\frac{\Gamma,x:A\vdash \mathrm{A}f:\perp^{\mathrm{I}}}{\Gamma^{\backslash }\vdash\lambda x:A.\wedge \mathrm{t}/I:\neg A}(\neg I)$ $\frac{\Gamma\vdash\Lambda/I_{1}:\neg A\Gamma\vdash\lrcorner\nu I_{2}:A}{\Gamma\vdash \mathrm{J}f_{1}\Lambda f_{2}:\perp}(\neg\Gamma_{\sim}’)$

$\frac{\Gamma\vdash\Lambda J_{1}:A_{1}\Gamma\vdash\Lambda f_{2}:A_{2}}{\mathrm{r}^{1}\vdash\langle\Lambda/\mathit{1}_{\perp},hl_{2}\rangle:A_{1}\wedge A_{2}}(\wedge I)$ $\frac{\Gamma\vdash\Lambda I_{1}:A_{1}\wedge A_{2}.\Gamma,x_{1}:A_{1},x_{2}:A_{2}\vdash M:A}{\Gamma\vdash 1\mathrm{e}\mathrm{t}\langle x_{1},r_{2},\rangle=\Lambda f_{1}\mathrm{i}\mathrm{n}\mathrm{A}f:A}(\wedge E)$

$\frac{\Gamma\vdash \mathrm{J}/I:A[X.:=4_{1}\wedge]}{\Gamma\vdash\langle A_{1\backslash }\mathrm{A}f\rangle_{3XA}:\existsarrow \mathrm{Y}.A}(\exists I)$ $. \frac{\Gamma\vdash\Lambda f:\exists X.A\Gamma_{\backslash }x:A\vdash \mathrm{J}l_{1}.\cdot A_{1}}{\Gamma\vdash 1\mathrm{e}\mathrm{t}\langlearrow \mathrm{Y}^{r}x\rangle=\mathrm{A}f\mathrm{i}\mathrm{n}\Lambda f_{1\wedge}\prime 4_{1}},’(\exists F_{d})^{\star}$

where $(\exists E)^{\star}$ denotes the eigenvariable condition $X\not\in FV(\Gamma, A_{1})$ .

Proposition 3 $\Gamma\vdash_{\lambda 2}\mathrm{A}\mathit{1}^{\cdot}$ : $A$ if and only if $\neg\Gamma^{*},$ $a:A^{*}\vdash_{\lambda}\mathrm{a}\mathrm{A}f^{*}$ $:\perp$

Theorem 2 (Proof duality) Let, $1\mathrm{I}$ be $a\uparrow.\iota,or\mathrm{v}nal$ deduction of $\Gamma\vdash_{\lambda 2}fi_{\text{ノ}}I$ : $A$ ,

and in II, let $\pi$ be a path:
$A_{1}(F_{1}\lrcorner)A_{2}(F_{/2})\ldots A_{i}(’E_{i}\rangle$ $A_{\iota’}$

\dagger 1 $(I_{i+1})\ldots A_{n-1}(I_{n-1})A_{n}$ .
$Th$,en, in the deduction of $\neg\Gamma^{*}.a:A^{*}\vdash_{\lambda}\ni I\text{ノ}I*$ : -\llcorner , there $\alpha^{r}\iota^{u}ists$ a path $\pi^{*}$ as
follows:

$A_{n}^{*}(I_{n-1})^{*}A_{r\iota-1}^{*}\ldots(I_{i+1})^{*}A_{i-\vdash 1}^{*}(E_{i})^{*}A_{i}^{*}\ldots(F_{2}\lrcorner)^{*}A_{2}^{*}(E_{1})^{*}A_{1}^{*}$

$ur\iota der$ the following $cor^{\nu}r\mathrm{e}.spondence$:
$(\Rightarrow I)^{*}=(\wedge E);(\Rightarrow E)^{*}=(\wedge \mathit{1})j(\forall I)^{*}=(\exists F_{-^{}}):(\forall E)\wedge=(\exists I)$.
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