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§1. Introduction

The understanding of irreversible phenomena including nonequilibrium steady states
is a longstanding problem of statistical mechanics. Recent progress in the research of
mesoscopic systems brings a new aspect into this problem. In these systems, coherence
(a quantum dynamical aspect) may be observed in a dissipative transport (an irreversible
phenomenon) and the two aspects should be discussed simultaneously. Usually, a meso-
scopic system couples with much larger environments and the interaction is not weak. As
a result, the system cannot be clearly distinguished from the environments. Therefore, it
is natural to deal with a mesoscopic system plus its environments as an infinitely extended
system.

Statistical mechanics of infinitely extended systems has been developed so far!)3) and,
recently, their nonequilibrium properties are studied intensively. Those include analytical
studies on nonequilibrium steady states of harmonic crystals,% a one-dimensional gas,®
unharmonic chains,” an isotropic XY-chain,® systems with asymptotic abelianness,® a
one-dimensional quantum conductor,!® an interacting fermion-spin system,!?) fermionic
junction systems,'? a quasi-spin model of superconductors!® and a bosonic junction sys-
tem with Bose-Einstein condensates.'¥ Entropy production has been rigorously studied
as well (see Refs. 9),11),15)-18), and the references therein). See also reviews 19), 20).

For C*-dynamical systems with L!-asymptotic abelian properties, Ruelle®) showed
the existence and stability of nonequlibrium steady states (NESS) which are naturally ob-
tained from local equilibrium ensembles. We previously announced?® that, under stronger
conditions, these natural NESS can be regarded as nonequilibrium ensembles proposed by
MacLennan?? and Zubarev.?? In this article, we give the proof of this statement. On the
other hand, one of us (ST) investigated®® a thermodynamic behavior of a driven small
system coupled with an infinitely extended reservoir. Another purpose of this article is
to give the detail proof and generalization of this observation. The rest part is arranged
as follows: In the next section, we summarize the setting. In Sec. 3, the relation between
natural NESS and Maclennan-Zubarev ensembles is discussed. Sec. 4 is devoted to the
discussions of the thermodynamic bahavior of a small system coupled with an infinitely
extended reservoir. Some remarks are given in Sec. 5.

§2. C*-dynamical systems®)

2.1. Field algebra

The system S in question is described by a collection F of all finite observables called
a C*-algebra, which is a complete linear space with a norm | - ||, where a procduct AB
and antilinear involution *: A — A* (VA,B € F) are defined and whose norm satisfies
|AB|| < ||All|| B]| and the C*-property: ||A*A|| = ||A||2>. We consider the case where an



autonomous time evolution is defined which is described by a strongly continuous one-
parameter group of *-automorphisms 7, (¢ € R). Namely, 7; is a linear map satisfying
7(AB) = 1,(A)T(B), n(A*) = 1(A)*, 7o = I (I: the identity map), 77, = 7,4, and
limgo [|7:(A) — Al = 0 (YA € F). Then, according to the theory of semigroups, there
exists a densely defined generator § of 7;:

(4) ~ HrlA) - A} =0, (vA € D)

lim
t—0
where D(9) is the domain of 4. ,
We further assume that two more *-automorphisms are defined:
(i) astrongly continuous L-parameter group of *-automorphisms s (¢ € RE) satisfying
0,0z, = Qg 15, , Which represents the gauge transformation. ,
(ii) an involutive *-automorphism © which is represented as © = ag, with some @, € RE,
The automorphisms 73, az and © are assumed to commute with each other:

O =16, Oaz=0az60, maz=cgn (teR,YFeRl).

A subalgebra A C F consisting of invariant elements under the gauge transformations og
(@ € RT) is called the observable algebra, which describes observable physical quantities.
The *-automorphism © defines the even and odd subalgebras, respectively, . and F_:

Fe={A€ F;6(A)==xA}.
When the system involves fermions, even and odd subalgebras correspond to dynamical

variables which are sums of products of, respectively, even and odd numbers of fermion
creation and/or annihilation operators. Note that, since 04z, (s € R, é): a unit vector

whose Ath element is unity) defines a strongly continuous group of *-automorphisms, it -

has a densely defined generator which is denoted as g5. The C*-algebra F with these
*-automorphisms is called a field algebra.®24

2.2. Decomposition of the system and initial local equilibrium states

We consider the situation where the system S can be decomposed into M independent
infinitely extended subsystems R; (j = 1, M), which play a role of reservoirs, and a
finite-degree-of-freedom subsystem S, interacting with all the others. More precisely, the
algebra F is a tensor product of M infinite dimensional subalgebras Fi (G =1,---M),
corresponding to R;, and a finite dimensional subalgebra Fg, corresponding to S:

F=Fs®@F1® - ®Fu, (21)

such that the following conditions are satisfied:

(S1) There exists a gauge-invariant time evolution group 77 (t € R) which is a per-
turbation of 7; by a selfadjoint element —V € .AN D(8) and which is a product of
strongly continuous groups i't(j) (4 = 1,--- M) independently acting on subalgebras
Fy (G =1, M)

= ‘7':(1) .. .f'-t(M) . (2-2)

Namely, 795 commute with each other and leave the elements of other subalgebras
invariant:* ’

(A=A (YAeFi, k#35, kj=1,---M) (2:3)

058 = #0zD  (tseR, k#j, kj=1--M). (2-4)

*) Throughout this article, the subalgebra 1591, ® -+ - @ Fx @ --- ® 1, where 15 and 1; are unities,
respectively, of s and F;, is abbrebiated as F;. Similarly, Fs®1; ® --- ® 15 as Fs.
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(S2) The gauge *-automorphism oy is a product of strongly continuous groups &g)
(j=1,--- M) and &

ap = a3ay) - agh (2:5)

where &g) and &3 independently act on subalgebras F; (j = 1,--- M) and Fs
&dP(A) =4 (YA€ Fi, k#j, kj=S51,--- M) (2:6)
aPal) = aPad) (Pn@reRF, k#4, kj=51,M) (27)

And the groups ‘T't(j) and &g) commute with each other:

D6 =aPi0 (jk=1,-- ,M; teR, FeRE).

States are introduced by listing expectation values. Namely, each state is identified
with a linear map w from A € F to an expectation value w(A). The positivity condition
w(A*A) > 0 and normalization condition w(1) = 1 (with 1 € F the unity) are required. As
in the previous works,?:8)10):11).15)-17) we are interested in the evolution of initial states
where M infinitely extended subsystems (reservoirs) are in equilibrium with different
temperatures and different chemical potentials and the finite subsystem is in an arbitrary

non-singular state. As discussed in, 1817 guch states are specified as a KMS state:
(S3) Let 0¥ (z € R) be a strongly continuous group defined by

M
2(4) = [[ 79,65, . (6P=AePs") , (A€ F) (2:8)

=1

where §; and fi; = (ugl), e p,g-L)) are, respectively, the inverse temperature and the set

of chemical potentials of the jth reservoir. The operator Dg (€ FsN.A) is selfadjoint.
Then an initial state w, which we are interested in, is a KMS state with temperature
—1 with respect to 0¥. Namely, w is a state such that, for any pair A, B € F, there
exists a function Fu g(z) of z-analytic in the stripe {z € C;0 > Imz > -1} and
satisfies the KMS boundary condition:

Fup(x) =w(Ac®(B))  Fap(z—i)=w(o®(B)A) (z€R).  (29)

Hereafter, we assume that the domains of the generators 5,- and g&"”, respectively, of

79 and &SQ\ (t,s € R) contain the domain D(4) of the generator § of 7

(S4) D) c D(¢;) DE)c DE)  (i=0,1,---M,"A=1,.--L).

Then, the condition (S1) implies that the domain of the generator §¥ of 7V is identical
with D(5): D(8") = D(8) and

§(A) =8V (A) +i[V,A] (A4 € D)) (2-10)
8V (4) = _5;(A) (A € D(s)) (211)

Moreover, the domain of the generator 8, of 0% also includes D(8) and
N
bu(A) = =3 {8 (51 - 3P(4))} +ilDs, 4] . (A€ DE)  (212)
=1

Note that a decomposition without the finite subsystem is possible as well.
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2.3. Ll-asymptotic abelian property
In thermodynamics, environments are assumed to stay in equilibrium under arbitrary
processes and their details are considered to be unimportant. Hence, thermodynamic
environments would be well-modelled by systems with appropriate ergodicity. As one of
such an example, we consider systems satisfying the L!-asymptotic abelian property.
The time evolution 7; is said to satisfy the L!(G)-asymptotic abelian property if there
exists a norm dense *-subalgebra G such that :

[ atian@ii= [ dlanm) - n@)al < 4o (€6, BegnF,)

(=] -0

/+°° dt||[A, (B))+ || = /+°° dt|An(B) + n(B)A|| < +o0 (A, BeGNF.)

—00 )

where F; are even/odd subalgebras. This property implies rapid decay of correlations
and is satisfied by free fermions in R? (d > 1) (Example 5.4.9 of Ref. 3)). Note that, if
a system admits bound states, it does not satisfy the L!-asymptotic abelian condition as
there exist bounded constants of motion, i.e., observables C satisfying 7(C) = C.

§3. NESS and MacLennan-Zubarev ensembles

The state w, at time t starting from the initial state w is given by
w(A)=w(n(4), (AeF) (3:1)

and, under the setting (S1)-(S4), nonequlibrium steady states are expected to be obtained
as its weak limits for ¢ — +o0o. As shown by Ruelle,? it is indeed the case. Namely,
under the setting (S1)-(S4), if the time evolution 7, is L!(G)-asymptotic abelian and the
perturbation V is an element of G, the limits

tEimoow (1(4)) = w(y£(A)) = wx(A)

exist for all A € F and define nonequilibrium steady states, where . are Mgller mor-
phisms defined by

Jim |77 n4) — )| =0 (e

Also Ruelle showed the independence of the limits on the way of separating the whole
system into reservoirs and a small system.? See also Refs. 11),12). In this section, as
announced in Ref. 20), under a stronger condition, these steady states w, are shown to
be inerpreted as MacLennan-Zubarev ensembles.?!)??) Indeed, one has:

Proposition 1: KMS characterization of evolving states
Under the setting (S1)-(S4), the state w; at time ¢ is a KMS state at temperature
—1 with respect to the strongly continuous group of *-automorphisms

e (3-2)

-1 . .
where 4, = 7777, and its generator is given by

5O(A) = §,(A) +1i /_ " ds [T, (&,,(V)) ,A] , (YAeDE®) =D@,) . (33)
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Proposition 2: KMS characterization of steady states
Under the setting (S1)-(S4), if the time evolution *-automorphism 7 is L!(G)-
asymptotically abelian, V € G and the Mgller morphisims 7. are invertible, the
steady states ws are KMS states at temperature —1 with respect to the strongly
continuous group of *-automorphisms :

oot =4 lgw e ZHN (34)

Furthermore, if d,,(V) € G, its generator §* satisfies

§E(A) = §,(A) +i /0 ds [T, (&,(V)),A], (YAeDB,)NG). (35)

Foo

NB 3 For finite systems, the KMS state w with respect to the *-automorphism o¥
corresponds to the density matrix

w=Eexp{ Zﬁ;( Z”A (A))},

where Z is the normalization constant, 8;, Hj;, u,\ and N; ) are, respectively, the local
temperature, local energy, local chemical potential and Iocal number operator of the jth
reservoir. Then, as a result of the Liouville-von Neumann eqation, the density matrix at
time ¢ is given by

7i(p) = g o {‘éﬂ,(-,w z:;#‘f’f-tw}*’))}
- geol-Lal- Lo~ [amn])

where Jj = a‘z"'t( 5) = Toaes = a (N('\))L o —i[H;, V] + £5., ui [N('\),V]

non-systematic energy flow, or heat flow, to the jth reservoir and we have used
A A by
i) = 1y~ [ doniit), N = NP - [ doknv).

On the other hand, as §;(V)) = i[H;,V] and § "(J) = z'[N}'\), V], one has

S Bmf) = - (Z V) - Zu&’)gﬁ’)(V)}) =-n ()

J=1 j=1

and, thus,

7 (p) = 5 exp{ - Zﬂ;[ E#U)N('\) / idsr, G}

i=1

which is a KMS state generated by §,(A4) + i / ds|7s (Aw(V)) ,A] . This observation is

nothing but the finite dimensional version of Prop031t10n 1.



NB 4 For infinite systems, an interesting case is that where the right-hand side of (3:5)
generates 0“*. Then, if the integral

Vo= / ’ ds, (&,(V)) (3-6)

Foo

would converge, wi would be perturbed KMS states of the initial state w by self-adjoint
operators V.. Moreover, NB 3 suggests that the corresponding density matrices would be

ps = % exp - Zﬂa[ S UOND - / s, (79} (37)

i=1 A=1

Note that such ensembles for steady states were introduced by MacLennan®") and Zubarev.?

_ However, if the steady states carry nonvanishing entropy production, the integral
V. does not converge since the steady-state average of its integrand is nothing but the
nonvanishing enropy production rate at the steady states:

i o (107)) = (301 0

This observation is consistent with the results by Jaksié¢ and Pillet!” who showed that, if
the steady-state entropy production is nonvanishing, the steady state is ‘singular’ with re-
spect to the initial local equilibrium state. Thus, the original proposal (3:7) by MacLennan
and Zubarev cannot be justified. Rather, the KMS states with respect to c“* generated
by (3-5) should be regarded as a precise definition of the MacLennan-Zubarev ensembles.

Proof of Proposition 1

As easily seen from (S1) and (S4), the initial state w is invariant under 7. And one
has wi(A4) = w(r(A4)) = w(v(A4)) (YA € F) . Since 7; is a *-automorphism and w is
a KMS state with respect to o at temperature —1, w; is a KMS state with respect to
v; 'a¥y, at temperature —1 (cf Prop. 5.3.33 of Ref. 3))

Now we consider the generator. In terms of the one-parameter family Y; of unitary
elements defined as a norm convergent series:

+oo t ty tn—1 .
Yi=1+3 4 / dts / ity / dtar (V) sV (V) (38)
n=1 0 0 0 :

one has v(A) = Y;AY,*. Thus, :(A) (YA € F) is differentiable with respect to ¢ and
%%(A) =iy ([r—¢(V), A]) . This leads to

d{y; 1‘7‘; 1(A)}

dt = z['y‘la“’ﬁ/tf_,(V)—r_,(V),7{10‘;’%(A)] =1 [7'-t (o2 (V) - » V)i IUw’Yt(A)]

or

g, (A) = o(A) + i / ds [0 (0*(V) = V), 77 027, (A)] (39)
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where v,7_; = 7Y, 7%,0% = 0¥7Y, and 4; 7Y, Zp =Tt have been used. Since V € D(J) C D(.),

one has the following relation for any A € D(8,):



d 4 .

az o5 n(A) o

{0 ] (52:9) ]
(= b,(A) +i /_ ds [ (8.01) 4] . (3-10)

This suggests that 3;,, defined by
0
St = b +i [ dsfr (8.01) 4]

is the generator 69 of Y lcr“"yt As we see, it is the case. First, we note that, since
f_(_)t dsT, (&,,(V)) is selfadjomt, 6‘.,, generates a strongly continuous group (cf. Theorem 4.1
of Ref. 3) ). Then as a result of the theory of semigroups (Prop. 3.1.6 of Ref. 3) ), its
resolvent (ul + &,,)~! (4 € R\{0}) is bounded, where 1 stands for the identity operator
on F. For any B € F, let A= (ul +6,,)~'B, then A € D(§,) and (3-10) leads to

- d
(1 +00)A = pA+ d—’Yt—l oz 1(4)| =B.
. =0
On the other hand, as a generator of strongly continuous group 4; '0“~,, the resolvent
(u1 + o ))“1 of 6 is again bounded. Therefore, one finally has
(#1 +89)1B=A=(ul +6,,)"'B

for all B € F and 8 = §,,. Moreover, as D(8,,) = D(8,), D(6P) = D).

Proof of Proposition 2

Remind that wi(A4) = w(y2(4)) (YA € F). When the Mgller morphisms «4 are
invertible, they are *-automorphisms. Thus, since w is a KMS state with respect to g%
at temperature —1, wy is a KMS state with respect to % 1gw v+ at temperature —1 (cf
Prop. 5.3.33 of Ref. 3)).

Now we show the second half. Since *-automorphisms are norm preserving (cf. e.g.
Corollary 2.3.4 of Ref. 3) ), one has

¥zao4ven(A) = Y2 027:(A)] € I|7£n(A) = v:(A)|| + F(z,n) , (3:11)
where iy, = TXn—thn and

F(z,n) = ||[72n (72'027£(4)) — 7= (v2loer(4)) || -

As the Mgller morphism is a strong operator limit of vy,

Jim [lven(4) - 2(4)| =0, (A€ F) (3-12)
lnf F(z,n)=0. (for each z) (3-13)

Next, as a result of

|F(z,n) - F(2',n)| < ll1envz" {057£(4) = 052 (A)} |
= [loz7:(A4) — ozv=(A)
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the function z — F(z,n) is continuous uniformly with respect to n. Hence, the limit
(3-13) is uniform with respect to z on any finite interval in R. In short,

Jlim {[vza05v2n(A) - v:lo¢vL(A)| =0, (314)

where the convergence is umform with respect to z on any finite interval in R. Hence,
as a result of Theorem 3.1.28 of Ref. 3) , the generator 6* of yz'0“~y is the graph limit

of the generators 8¢=™ of Yz10“ysn. Namely, if a sequence {An}% with A, € D(ds jeE™) )
satisfies A, — A and 65 (A,) — B (n — +00) , then one has B = 5= (A).

For each A € D(6w) NG, let A, = A, then obviously lim, 100 An = A, An € D(&f,i"))
because of Proposition 1. And, as §,(V) € G is assumed, the L!(G)-asymptotic abelian
property of 7; implies

Jim S (An) = bu(4) + / " s [f, (&(V)) ,A] :

Foo
Therefore, one has the desired result

§E(A) = 5,(4) +i / " ds [r, (&,(V)),A] .

Foo

§4. Quasistatic process and Clausius equality

In this section, we consider the case where Fg is the algebra of bounded operators on
a finite dimensional Hilbert space and the small system couples with a single reservoir,
namely the case of M = 1. Then, the total system is described by the tensor product
Fs ® F; and the ‘decoupled’ evolution 7 acts only on the reservoir algebra: d (1)

Since the system is finite dimensional, the generator of the gauge transformamon agei
is a commutator with a self-adjoint element N, ® 1; where Ny € Fs is the number
operator of the Ath particles and 1; is the unit of F;. The system-reservoir interaction
is assumed to be proportional to a coupling constant k: xV where V € D(J) is self-
adjoint and gauge-invariant: az(V) = V. Note that the gauge invariance of V leads to
BW)+iN®1,V]=0(A=1,-L).

We are interested in the response of the whole system under a time-dependent per-
turbation: W(t) ® 1, where W(t) € Fs is twice continuously differentiable in norm,

W (t) = Wy for t < 0 and [N, ®1;, W(t)®1,] = 0. Initially, the whole system is prepared
to be an equilibrium state w of the inverse temperature 8 and the chemxcal potentials py,

namely, a KMS state at 8 with respect to 6, = off )oz..,,, where at is defined by

doi(4) & (= ,. .
adt( )= o (51(A) +i[Wo ® 1, + &V, A]) , o) Alo=4, ("AeD®)).
The time evolution 7} is given by the solution of
dr” (A - -
id;(—) — o (B + iV + W ©1,4) . (A=A, (A€ DE)),

and the state at time ¢ by w,(A) = w (7 (A4)) (YA € F). Now, we define the the system-
energy increase Zr induced by the mass flow, the work Wr done on the system and the
heat Qr absorbed by the system during the time interval T as follows:

Zy = Z“" {wr(Na® 1;) — w(Ny ® 11)}
A=1
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T
W = / dt w, (AW () ® 1)

Qr= {ZJT(W(T) Q1+ kV) —wWo®1; +KkV)} — Wy — Zp

Then, one has the following results:
Proposition 5: Stepwise perturbation

Suppose W(t) = Wy (t > to > 0). Let agf ) be the evolution defined by

d (f) A - _ -
L) _ ol (54 +ilWy @ L +1V,4)) , o (Who= 4, (A D),
ws be a KMS state with respect to 63" = of/ da_,z at B, and (My, 7z, 82f) be
its GNS representation®). Then, if the initial state w is the unique KMS state
and a self-adjoint operator Ly on H; defined by e“rtm;(A)02; = (o) (A)) 2y

(A € F), which will be called the Liouvillian of o, has a simple eigenvalue at
zero and the absolute continuous spectrum, one has

lim lim GQr = S(ps) - S(pi) - S(oslpe)

where S(p,) = —Tr{p,Inp,} (v = ¢, f) is the von Neumann entropy of the
density matrix py,, S(pz|pt,) = Tr{ps(In ps, —Inps)} > 0 is the relative entropy
between density matrices p; and p,, and p; = exp(—B(Wo — 3, uaVa))/ =,
Pto = Us,Pilsy, Py = exp(—B(Wy — 3, uaNa))/Ey, with =;, Z; the grand parti-
tion functions. The unitary element u, € Fg is the solution of %ut = tuW(t),
Utle=0 = Ls.
Proposition 6: Staircase perturbation

Suppose that T = ZjilT, and the interaction W(t) has a staircase form:
W(t) = Wo+ (G — 1 + ot — Tj—1))(Wy — Wo)/N for T, <t< T; where
T‘j =S _ Ti,(To = 0) and ¢(t) is a twice continuously differentiable real-valued
function with ¢(0) = 0, p(t) =1 for t > to. Define W; = W, + j(W; — W,)/N
and introduce the group agj ) by

do{(4)

—C=af (5(A) +iW; 0L+ 1V, 4]) , o (A=A, (‘Ae D).

Let w; be a KMS state with respect to &) = ag’)a_sﬁ at B, and (M;,;, £2;)
be its GNS representation. Then, if the initial state w is the unique KMS state
and the Liouvillian L; defined by e“itr;(A)%2; = 7;(a’(A))2; (A € F) has a
simple eigenvalue at zero and the absolute continuous spectrum, one has

. . . 1
Il lim_60r = S(pp) = 560 +0 ()

NB 7: Because of the return-to-equilibrium property, the final state (and every inter-
mediate state in Proposition 6) of the whole system is an equlibrium state. The limit of
& — 0 implies that the coupling between the system and the reservoir is negligibly small.

*) Namely, there exist a Hilbert space H 7 and a *-morphism 7 from F into the algebra of all bounded
operators on Hy and a unit vector {2y € Hy, such that the closure of 7y (F)f2; is equal to Hy.



Thus, the processes treated in Proposition 5 and Proposition 6 precisely correspond to
those in the classical thermodynamics.?® The Clausius inequality follows from Propo-
sition 5: lim,—plimp_, 1o QT < S(ps) — S(ps) because of the positivity of the relative
entropy. On the other hand, Proposition 6 implies that, if the whole system changes very
slowly (N > 1) so that the whole system is in equlibrium at every instant, the Clausius
equality holds. Thus, the thermodynamic entropy is given by the von Neumann entropy,
as expected, and the process described in Proposition 6 is nothing but a quasistatic pro-
cess. Note that, as KV is responsible for the equlibration, the weak coupling limit x — 0
should be taken after the long term limits.

NB 8: The two propositions deal with the entropy change of a subsystem in contrast
to the previous works,®:11:18)-18).27) which have discussed the entropy production of the
whole system. In this respect, the present work shares a common interest with that by
Maes and Tasaki,?® who derived a relation equivalent to the Clausius inequality from
dynamics for a class of finite classical systems. The difference between the present set-
ting and that of Ref. 28) lies in the fact that we deal with an infinite-degree-of-freedom
reservoir in order to have equilibrium states as the final state of Proposition 5 and as the
intermediate states of Proposition 6.

NB 9: Frohlich, Merkli, Schwarz, and Ueltschi?”) have discussed the Clausius equality
for ‘adiabatic’ processes where the difference between the true and the reference states®
restricted to a certain subsystem is small for all times. However, conditions on the dy-
namics which realize the ‘adiabatic’ processes are not given. Instead, Proposition 6 gives
a concrete example of quasi-static processes, which is similar to the one studied for the
classical stochastic systems by Sekimoto.?®

Proof of Proposition 5: The heat is rewritten and, then, the assertions are shown.
Expression of heat: Let I} be solutions of &1} = zI’t'T',(I) W(@)® 11+ kV), L= =1,
where 1 = 15 ® 1;, then 7V (A4) = I"trt( )(A)I‘t and

L
-2 (G- }jmﬁ’xn )=(51—ém&”)(rﬁ“(vv(t)ml+nv)>1“:

b‘

L
- - Z mILFE W) ® 1+ k)T =7 (31— 3 ma(ev)) (41)
A=1
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where we have used (6 -3 ~_, uAgf\l))(AB) (61—EA~1 uAf]f\l))(A)B+A(61—-Z,\ YN Wy(B),

& (W(t)®1;) =0 and ~(1)(W( t) ® 1,) = 0. Reminding

d o
= (N ® 1) =7 (BN @ 1) +ilW () @ 11 + KV, Na ® 1))

=1 (il Ny & 1)) = (G (x)) (42)

d W(W(t) ®1 +kV) =1 (61(W(t) L +sV)+iW(R)@ 1L, +kVW({)®1, + mV])

+7; (dW( ) ®1 ) =T (6 (nV)) (dW(t) ® 11) , (4:3)

dt

one obtains

*) The reference state is defined as an equilibrium state with instantaneous parameter values.



~i ((51 ng )

A (Wt ) @ 1; + kV) dw () L @V (N, ® 1)
= at - (T el - m—

(4-4)

A=1
and, thus,

Qr= (U(T;'IV(W(T) ®1; + nV)) w(W(0) ® 1, + kV)

/OT dsw ( (d"g ® 11>) Zu,\ w(tf (Nx® 1,)) — w(Ny ® 1,))
= —iw ( 0 — ZNAQ )(Ir) FT) : (4:5)

Proof of the assertions: Let I'Y) be the solution of I"("r ) = irP5 (1)(Wf ® 1; + V),
TP}, = 1, then, as in the derivation of (4-4), one obtams a(f )(A) Iz Ay,

-—z——{ 51 ZNAQ p(f) f)*} - a(f) ((51 Zp’,\g(l)) K:V))

A=1

d (.f) § :
lt ( f ® 11 K £l AV ® 1)

and, thus,
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L
~i(d - Zu )TN ED" = o <Wf—ZuANx)®11+nV> (W =Y i) @ L —kV.

A=l A=l

Then, because of I'; = I}oﬁ(: ) (Ft(f 20) for t > ty, the heat flow to the reservoir is rewritten
as

Qr = —iw (nono ((51 ng‘”xréf’ r‘f_’:o) F:;) iw ((61 ng‘“)(no)n:,)

=w (rﬁ‘)onoagg‘lto (W - Z AN ® 1, + kV)TAT "*)

—w (Ftoﬁo)((Wf - ZNANA) ® 1) ) —-w (Ftoﬁo (NV)F')
— W ((51 Z a3 () 1“0) , (4-6)

where a unitary element I“(') is the solution of %Ft(‘) = il}(")ﬁ(l)(Wo ® 1; + kV) with
I"t(‘)|¢=o =1, I} = ﬁ(ol) 1(1}0) is again unitary, and, in deriving the first two terms, we
have used a relation w(7"(A4)) = w(af” ("(l) (A))) = w(I'YAr®* resulting from the

a{-invariance of w.



Let us begin with the evaluation of the T-independent terms. Since (4-1) gives

L
61— 3 B (L) Iy = / dst)’ ((61 ZNAQ(I))(V), (47)
A=1

the last term is evaluated as

(51 Zl»’u\g )) Fto
. L
S|'€|/0 dsl’r,W ((51—ZMA9,(\1))( ))
A..
Since ||I}, || = 1 and [|F(V)|| = ||V||, the third term is bounded by [«l||V/||:

!w (I}ono ) (kV) I )

By taking into account the fact that 7 (W () ® 1;) = W (t) ® 1, and comparing the
equations for I; and u;, one obtains

L
(B =3 ma@ (T to)—’}';H

=

(6, - Zu,\g(l) (V)“ (4-8)

‘ INHQ

< el VI

to
Iy=u,®1, + AL, , AL, = z'n/ dsT, 7D (V) ((uhug,) ® 14) (4-9)
0

Then, because of %t(ol)((Wf — i mN) ® 1) = (Wy — Sk uaNy) ® 14, the second
term is evaluated as

W(Fto‘fco)((wf - EL:IL\NA) ® 11)1—'[3) - w((“to(Wf - i PN )ug,) ® 11)

A=1 ) A—l

_ 'w (ﬂo((Wf _ i“"NA) ® 11)1“;;) ((ueo(Wf - ZMANA)MO) ® 11)
A=1

w( (o (Wy - ;mm» ®LAL)

w(A'Ro((Wf - ZL: V) ® 11)11;) +

<2 AT W) = 3 i) @ Ll € 2eltolV] W, = S N @ Lal,  (410)
A=1 A=1

where we have used || AL || < |&lto{|V .
Now we turn to the first term, which is estimated with the aid of the following lemma:

Lemma:

lim w(Aa‘f’(B)C) = w(AC)wy(B) (411)

Proof: As the KMS state wy is the bounded perturbation of the unique KMS

state w and &%) commutes with o} ¢ for all t, 5 € R, wy is a(f )invarinat and,
thus, L; is well-defined (cf. Corollary 2.3.17 of Ref. 3)). Then because of the
assumption on the spectrum of Ly, one has, for t — oo,

e d(®, EQ) @)

(%, 750" (B))2y)~ (%, 29)( 21, 71(B)2y) = ($,€'"'Pp) = / e G B
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where ¢ = ¢ — (£24,4)2; and @p = 7p(B)2; — (25, m;(B)2)2; are abso-
lutely continuous vectors, { ()} is the spectral family of L ¢ and the Riemann-
Lebesgue lemma is used. Corollary 5.3.9 of Ref. 3) asserts that {2 is separating
for the bi-commutant 7¢(F)” of m;(F) since wy is a KMS state. Then, as in the
proof of Theorem 4.3.23 of Ref. 3), one concludes

lim (9, 770t (B))e) = (¥, )24, 71 (B)2y) = (¥, 9)s(B)

from the above formula. As w is a bounded perturbation of wy, it is expressed by
a vector 2o € Hy: w(A) = (20, 75(A)2)/]|2]|* (cf. Corollary 5.4.5 of Ref. 3))
and, thus, one obtains the desired result:

lim w(Aa{"(B)C) = lim (%, 7y (A)ms(o” (B))ms(C) )/ || 2ol
— w1(B)(20, 75 (A5 (C) %)/ |90l = w(AC)wy(B) . D

From this lemma, one immediately obtains

L
lim_w(T T, (Wy = 3 i) @ 11 + 5V ) FT%)
A=1

—+00

= wy ((Wf _ iﬂANA) ®1, + K,V) w<F£it)oI-‘toF* I"(‘i)-r)
A=1

= wy ((Wf - Z,UAN,\) ® 11) + Wf(KV) . (4-12)
A=1

Moreover, |ws(&V)| < |&]||V]].
In short, we have shown

L L
Tl_i.r&o Qr= wf((Wf - ZMAN,\) ® 11) - w((uto(Wf - Z /J)«NA)'U:O) ® 11) + O(lxl)
A=1 A=1

Remind that w and wy are KV-perturbed KMS states of the product states p; ® wge and
pf ® wee, respectively, where wee is the reservoir grand canonical state (a KMS state at

B with respect to 7, (’) &l )t) Then, the stability of KMS states (Theorem 5.4.4 of Ref. 3))

leads to lim._,o wf(A® 11) = Tr(psA) and lim,ow(A®1;) = Tr(p;A) (YA € Fg, see also
Ref. 25)) and, hence,

L
lim lim BQr=p Trps (w; - Z il = B Teps (o (Wy - ZuANA)u:‘,)

= —Tr(psIn ps) + Trpi(ug(In pf)uto) = —Tr(ps Inps) + Tr(ps, (1n Pf —Inpy)) + Tr(piIn p;)
= S(ps) — S(pi) — S(pyloe,) -

Proof of Proposition 6: The formula (4-5) is still valid:
Qr = —iw((3: - 3" ma) ()
A

N
=63 [o( - a0 1) - (- S0 05, 619
A A

j=1



Let I\” be the solution of [ = 1, dl’(’) = il W; ® 1, + xV) and ;'Y be

the solution of I3 = 1, dtl“”(’) = I’"(’) (W1 + o(t)AW) ® 1, + KV) with
AW = (Wy — Wo) /N, then, by comparing these equatlons with that of I}, one has

P = oP4), w@E®4) = w@QFEQA)) = w@QAFD,
_ ~(1) =) ~(1) '(35)
T, = Ty sioTr e, (FT;,'—to) and I, o =Ty Tg (I}o’ ) Moreover,

=i(6=) md YT = o (Wy- me)@hw ~(Wj— me)@ll—w
Hence, v:e have
—iu (= R mdE5) 1) i = S md) 00 )
i1y o) (6~ SR )
w(( - Z md) (s, +to) A +to) +zw( o — Zméﬁl))(l"f,.,,)r %,._1)
- zw(I” 1+,°~1<,:’_1+t0((51 Z G (T, T )r;j Mo)
- (0,78, (6 I-Zm““ D)1, o)
= 0( Ty (@ ,_to((W ZpANA)®1l+nv))r* i)
—w(FTj_ﬁ,o"}”l +to((W ZMNA ®11+nv)r* , +to)
_u,,(pTJ_1 5 1((51 Z g 9))( /0N F nm*) p;}_l)
=w(f£°7),1 l_tOFT,_1+to{aTj_to((W ZMNA ®11+nV)}[" 1“01"5"};_140)
—w(F- ¥ ~;i’l(r;;°)ffj)((w ZMANA)ep 11+nv)r"“")r;,1 )

_W(FTJ Ao ((51 ZMﬁgl))(lq"(]))rt';m‘)F;,-l) ’

where I; = 77)([}). On the other hand, the states w,w; and the evolutions o)
G=12,--N ) satisfy the assumptions necessary for the Lemma, we have

lim w(F(O) Iy Tj—1+toa7q) (A) ry re; )

Tj—+00 ~Tj_1—to i—to Tj_1+to” —Tj_1—to
=0 (P o Trynolh oD% ) s (A) = w5(4) (414)
Tj~11iﬂl+oow (FT - (1) LA ) = 73-111—11:1+oow (Ff“:‘—ﬁto ~1(":) 2+to (a%) 1—to (A)) T4- 2+t0)
=w (I ,_mfr,--,mf%,_,+toff‘%'_,-,o) wi—1(A) = wj_1(A) . (4-15)

Therefore, by taking the limits T; — +o00 ,Tj—; — 400 in this order, we get
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lim lim [ zw((<51 Zu,\ ) (I"TJ)I’;,) +iw((51 —*Zﬂ,\g,(\))(l"r, 1)1"%._1)]

Tj._l—»oo T]‘—'OO N

= w]( Z paNy) ® 1, + K/V) — wj— 1([’;; ”“‘(01)( Z mN) ® 15 + Iﬁ:V) F”(J)*)

— iw;_ l((gl Z g O) (T n(a)*)_

As before, one has

max {u; (<V), [wy-1 (B 27 (V) Fe) [} < Iel IV (416)
R 2w T <l to 16y = 3o ma VI (417)
e (L5 (O, = ) )T (00, - T e 01|

<2l to VI W) —A; mN) @, A (418)

where 7 is the solution of u§) = 1s, & a9 = 5’)(W,~_1 +¢(t)AW). Moreover, the state
w; is a kV-perturbed KMS state of the product state p; ® wge, where
p; = exp(—B(W; — 3, ualN»))/E; with Z; the grand partition function, and, thus,
limeow;j(A® 11) Tr(Ap;) (YA € Fs). As a consequence, one gets

. . . -(1) =(1)
i [‘“" ( b= 3w NI )“‘” (“’1 2 BT )T, )
=Tr(p,-(W,-~ZuAN,\)) - (PJ 1 (@) (W — Zu,\NA)ﬁﬁf,) )
A

= ﬁ-l {—Tl‘(pj lnp,-) + T&'(ﬁj-l lnpj)} = ﬁ {S(pj) - S(pj-—l) —_ S(ﬂ]lﬁ]—l)} )

where p;_; = u§g’ Pi- 117%), and, thus,

lim lim lim ... hm BQr = S(ps) - S(p,)——ZS(pJIp, 1)

k-0 T} —+00 Tp—+00 7
j=

where p; = po and py = pn.
Now we investigate the contribution from the relative entropies. Reminding that N,
commutes with Wy and Wy, one finds

S(pslfs-1) = BUATIWEL") i1 + BT WiaT")j1 = Wioa)j) + Ine?™sre ™) 1y
where (A);_; = Tr(p;j—14) (VA € Fs). On the other hand, we have
TP AWTD* = eMi-rto AW e~ Winito 4 Wi-to AW AT + AT AWEI" |
to i
uto)WJ luto — Wi = ZA dS(p(S)C'Wj'la[AVV, VVj_l}e-iwj_”

to . ) ) .
+i | dsp(s) {eWi 1 [AW, W;_q] ATP* + ATY [AW, W, |5} |
0
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B
ePWi-1e=PWi = 14 -—f dre™Vi-t AW e~ ™Wi-1
0
B8 T
+ / dr / dr'e Vit AW e Wi-1 AW e Wi
0 0

where Aﬁgz) =if° dsp(s)a’ AWeWi-1tt=9) and, since pj-1 commutes with W,_; and
Wil < [Woll + 3/N||Wy = Wo|l < |[Wall + Wy — Wall = K,

(@AW - (W),ea| < 2AaW IR [ o)

W18 -1 = Wicadyos| < kW [ s [ asholsrol)

(esmte )1 = 1+ B(AW) ) < AW [ ar [ arexesrn,

- where we have used ([AW,W;_,]);—; = 0. Therefore, if N is large enough, we obtain

1S(p;1pj-1)| < K'||AW |2 = K'||W; — W,||>/N? with some positive constant K, and the
desired result:

< KIW; - Wol?
— N .

lim lim lim ... lim BQr— {S(ps) — S(p)}
TN—+o0

£—0 Ty —+00 To—+00

§5. Conclusion

In the first half of this article, we have shown that, if the evolution is L!-asymptotic
abelian and the Mgller morphism relating a nonequilibrium steady state to a local equi-
librium state is invertible, the natural non-equilibrium steady states can be regarded as
MacLennan-Zubarev nonequilibrium ensembles. At first sight, invertibility of the Mgller
morphisms seems to be too strong since one can easily find a counter example. However,
for several systems, the division of the whole system without a finite part (i.e. the case
where Fs = @) provides invertible Mgller morphisms and, thus, we believe that Proposi-
tion 2 holds generically provided that the system is divided appropriately. Also it should
be emphasized that Proposition 2 does not exclude the possibility that the class of natural
nonequilibrium steady states is wider than that of MacLennan-Zubarev ensembles since
the generator of the automorphisims defining the steady states takes MacLennan-Zubarev
form only in a subset of its domain.

In the second half, we have shown that the small system coupled with a single reser-
voir would follow ‘thermodynamic’ processes and satisfies the Clausius inequality /equality.
However, it should not be regarded as a dynamical proof of the second law of thermo-
dynamics since we start from canonical ensembles which are very outcome of the second
law. We think that the importance of this observation lies in the facts that (i) the dy-
namical evolution is consistent with thermodynamics, (ii) one can define thermodynamic
heat microscopically, (iii) entropy generation is identified for step-wise evolution, and (iv)
a characterization of a quasistatic change is given.
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