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Abstract. A Banach space X is said to be B-convex if it is B,-convex for
some n > 2. As is well-known, B-convexity is an isomorphic invariant, but
B,,-convexity is not so. In this short note, we are concerned with the stability
of By-convexity under norm perturvations. It is known (cf.[7]) that X is
B,-convex (n > 2) if and only if the n-th von Neumann-Jordan constant
C}\’,'}(X ) is less than n. We show that for isomorphic Banach spaces X
and Y it holds Ci)(Y) < C®(X)d(X,Y)?, where d(X,Y) denotes the
Banach-Mazur distance between X and Y; and this implies that if X is B,-
convex, then there exists A, > 1 such that all Banach spaces Y satisfying
d(X,Y) < A, are B,-convex. In the case X = I, or L,[0,1], 1 < p < oo,
it is also shown that all Banach spaces Y satisfying d(X,Y) < n'/" are B,-
convex, where r =max{p,p'} and 1/p+ 1/p' = 1. Moreover, if X = I or
L,[0,1], 1 < p < 2, then there exists a Banach space Y with d(X,Y) = n!/?¥
such that Y is not B,-convex.

B2 F 220 X, Y 123 L, Banach-Mazur distance d(X,Y) X X L Y DiE &
ERTLEEZLND. X,Y 2 isometric THIIE X Db OBTEOME kBN, —
BROES) X RTY ITRIZT D, X, Y MisometricD & & d(X,Y)=1THDH, —&
CEDBIIBIL L. d(X,)Y) =108 &, BBEMEIRIET D LIIRL RV, —
RS OBER I TR TRIET 5. Ty "EWRTIIRTHER, &Y biTE4E
(super property) DBFRENEE TH 5. —HkiE, —HRFERME, uniform non-squareness,
type p, cotype q, B,-convexity, J,-convexity, MBI ¥ RF y N NBHOBERER D
ZUIBERTHD. BRETAToNERICETBHTRWVEEOBMERE P LT
D&, BRRITENALUL NER L isometric e ZRIIME PE2FL, £i-, K P %
BT HEBOEMIZERD cotype & b2, D%F Y, AUV 22 & isometric TH B
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T EEIEMOBYETHY, ARD cotype b O LIIEFOBEE THS. T TH
HRBENETS X, Y BEV (d(X,Y) B/hEW) & &, X OBMEIRY CIET ST
HAHIM? FAHFREANNV MEF LI, TRTOBREEZETS. YL LRETHH
i, 1< d(l,Y) <o ThB. dlp,Y)=1R%51E 4K Y RI<TOBERYET 5.
Tix, dl,Y) <A ERDBTRTOY BEBERPEL2LIRA> 1RFETETHA
53? BERM D BV B-convexity D & 5 RALHHERIZOVWTIY, YR, FETS
A > 1IMEETEW). L LR, —fRiiikd 2V IE—HRTFRED X 5 B maitt
RicoCHIERRRD. K, EEOA> LICHL, dl,Y) < AERBY T—
M (HBVIE—HRER) TRVWHDORHD. LITAHT, —RRulE (HDWVIX—HRTEE) &
BEYRE & OICH > EELBS L LT uniform non-squareness (B;-convexity 3 5 v
iX Jo-convexity & RIfE) 233 3. (BEWRMZZEMIE, —RMEMAF T2 TITOMNME
BMREIETHZEBMONTVS (Enflo [1])). B3, uniformly non-square Téh 5
X 5 722/ i3 8 Rt (fixed point property) b 2Z LAREh, F, d(,Y)< A
THEHIIRTRTOY BRBRELZ OIS ERO N BRI TNS (cf.[2], (8],
[9]). &ZTAT, d{l,Y)<ATHB L5 2T~TOY A uniformly non-square &72%
A DBEKMEIX N =2 Th 5 (cf[11)).

/NER D BRYIX, uniform non-squareness 3 5V MI X Y —f&X D B,-convexity IZ2VV T,
OB OEEH % Banach-Mazur Bl & DOBR TERT S5 &, EiZ, B,-convex T
b5k 5 AL X IR L, d(X,Y) < M\ THEZTRTDY # B,-convex & 72
DEORBEBmK)DON FRETIZLTHS.

1. Definitions (i) For isomorphic Banach spaces X and Y, the Banach-Mazur dis-
tance between X and Y, denoted by d(X,Y), is defined to be the infimum of ||T'||||T}||
taken over all bicontinuous linear operators T of X onto Y.

(ii) A Banach space Y is called finitely representable (f.r.) in a Banach space X
if for any finite dimensional subspace F' of Y and for any € > 0 there exists a finite
dimensional subspace E of X with dim F = dim F such that d(E,F) <1+e.

(iii) Let P be a property for Banach spaces. We say X has super P if any Ba.na.ch
space Y f.r. in X has P. P is called super property if P = super P. Of course, X is
super-reflexive if any Banach space Y f.r. in X is reflexive.

2. Definitions (i) X is called uniformly non-square (James, 1964) if there exists
6 > 0 such that

min(||z +yl|, [l —yll) £ 2(1 - 6) if |lz]| = lly]l = 1.
(ii) The James constant of X is defined by

J(X) = sup{min(||z + ||, |z — yl}) : llzll = llyll = 1}.
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It is obvious that X is uniformly non-square if and only if J(X) < 2.
(iii) The von Neumann-Jordan constant of X is defined by

Iz +yl)? + ||z — y|?
Cny(X) = sup{
ws(X) 21l + 1)

It is known that X is uniformly non-square if and only if Cns(X) < 2 (cf.[5],{10]).

: z,y € X, not both zero}.

3. B-convexity and B,-convexity X is said to be B,-convezr (or uniformly
non-t’") provided there exists € (0 < € < 1) such that for all z,, ..., z, € Bx there exist
€; (e; = £1) satisfying

llerzy + ... + €nzn|l < n(1 —¢),

where By denotes the closed unit ball of X. X is called B-convex if X is B,-convex
for some n > 2. It is well-known that X is B-convez if and only if /; is not finitely
representable in X; and if and only if X is of type p for some p > 1.

4. Theorem Let 1 < p < 2. Suppose that there exists £ (0 < € < 1) such that for
all z, ..., zn € Bx there exist ¢; (¢; = £1) satisfying

lerzy + ... + €xn]] < nMP(1 —¢).

Then X is of type r for some r > p.

5. n-th von Neumann-Jordan constant In [7] the authors introduced the n-th
von Neumann-Jordan constant C’(") 7(X), n > 2, by

O =500 { T | s /2 S ois Sl 20,

It was shown in 7] that X is B,-convex, n > 2, if and only if C'(") 7(X) < n; and for
1<p<2,CP(1,) = CP(L,) = n/P~! for all n > 2, where dim L, = co. Note that for
2 <p< oo, COl,) = (2)( L,) = 2¥/7-1 but C(")( 1,) = CY)(L,) < n*7~1 for some
n > 2, where l[/p+1/p = 1.

6.Remark Let1<p<2andl/p+1/p =1.If (p,p’)-Clarkson inequality holds
in X, then C{)(X) < n2/P-! for all n > 2; and if I, is finitely representable in X, then
C{M(X) > n?! for all n > 2. In general, if Y is fr. in X, then C coNY) < c(X).
The following result was proved in Kato-Maligranda-Takahashi [5].
7. Theorem Let X and Y be isomorphic Banach spaces. Then:
J(X)/d(X,Y) < J(Y) < I(X)dXY) (1)
Cns(X)/d(X,Y)? < Cny(Y) < Cns(X)d(X,Y)? (2)
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8. Remark There exist Banach spaces X and Y such that
J(Y) = J(X)d(X,Y) and Cn,(Y) = Cns(X)d(X,Y).

Of course, if both X and Y are not uniformly non-square, then equalities hold if
and only if d(X,Y) = 1. On the other hand, if X = Z and Y = 2, 1 < p < oo,
then both equalities hold (cf.[12]). Let us mention that there are infinite dimensional
uniformly non-square Banach spaces X and Y such that both equalities hold. Hence
the inequalities (1) and (2) in Theorem 7 are sharp.

We shall extend the inequalities (2) in Theorem 7 to n-th von Neumann-Jordan
constants.

9. Theorem Let X and Y be isomorphic Banach spaces. Then for all n > 2, we
have

CENX)/d(X,Y)? < CPUY) < CYX)d(X,Y)?

10. Corollary (cf.[12]) Let 1 <p<g<o0. If1<p<g<20r2<p<qg<oo,
then d(I3,17) = nl/P-1/a,

Using Theorem 9, we easily have
11. Proposition For each B,-convex Banach space X, there exists A, > 1 such
that all Banach spaces Y satisfying d(X,Y) < A, are B,-convex.

12. Theorem Let 1 < p < o0, 1/p+1/p’ = 1 and r =max{p,p’}. Then all
Banach spaces Y satisfying d(I2,Y) < n!/T are B,-convex. In the case that X = [, or
L, (dim L, = oo), all Banach spaces Y satisfying d(X,Y) < n!/" are By-convex. (For
n =2, if X is one of the spaces 2, I, and L,[0, 1], then there is a Banach space Y with
d(X,Y) = 27 such that Y is not B,-convex.)

For a B,-convex Banach space X, we denote by A,(X) the best value of A, in
Proposition 11, that is, all Banach spaces Y satisfying d(X,Y) < A(X) are B,-
convex. whereas there exists a Banach space Z with d(X, Z) = M\,(X) such that Z is
not By,-convex. ,

Now we shall consider the best values A, for some B,,-convex spaces X. Let 1 <p <2
and 1/p+ 1/p’ = 1. If X = I2, then by Theorem 12 we haxe A\,(X) > n!'/¥, and so
An(I%) = n'/7 since d(I2,17) = n/? and I? is not B,-convex (cf.[12], see also Corollary
10).
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The next example shows that if X = L,[0,1], 1 < p < 2, then the best value
Ao = Ap(X) = n/7.

13. Example For 1 < p < 2and XA > 1let Y3, be the space L,[0, 1} with the norm
2llp = max{llp, Mslls}. Then C§)(Y,) = minfn, Non?e-1} and d(Ly, Yoz) = A
Hence Y, is B,-convex if and only if A < n'/?; and if A = n'/”, then Y, is not
Bp,-convex and d(Ly, Y3 ;) = n'/?. (Note that Y3, = L,[0,1] if A =1.)

14. Theorem Let 1 < p < 2. Then, M(I%) = Aa(L,[0,1]) = #*/#". In particular,
An(lg) ES ﬁ

Let X be a Banach space with dim X > n and 1 < p < co. Define the constant
dp(X) by
d7(X) =sup{d(l3,E) : EC X, dimE = n}.
15. Theorem Let X be a Banach space with dim X > n. Let 1 < p < oo,
1/p+1/p =1 and r =max{p,p'}. If d*(X) < n'/", then X is B,-convex. In particular,
if d2(X) < 2'/7, then X is uniformly non-square.
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