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Asymptotic stability of small solitons for NLS with
potential

7KET  # (Tetsu Mizumachi)
UM RF I LGB (Faculty of Mathematics, Kyushu University)

1 Introduction

BB 2 LT 4 v H—FRR
(NLS) { iy + Au=Vu+ f(u) for (t,z) eRxR",

u(z,0) = uo(z) for z € R",
DINESRERBEBOREMIZOVWTEET D, 22T V(e) RELEBEHETHY, f(u) =
alufP~lu, @ = +1. £33, (NLS) ZL—¥—tE—ARBEC AR ¥, HENR -7t
OHVERRETRT 5EFAVHFBRAL L THARBECENS, op(z) %

{ A¢p + E¢p = Vg + a|¢ppP g for z € R?,

@) lim ¢z(z) = 0.

|z|—o00
DIRL L, ut,z) = e Flop(z) EBL &, uiIIRMEER ¢ IZHRTE L2V (NLS) D TH
5. ZORIEFRBRMELTH, EOFTYH (1) OF TR L= RAF—JERDEY ground
state & KT DAEH (NLS) DREDOF CEHEBEFI 2 R-T.
HRE L 2 LT 4 v H—FRAININV =T VRTHY,

2
H(u) = / (IVu|2 +V(z)uf + ~——E~|u|"+1> dr  (Hamiltonian),
R® ¥/ +1

N(u)= [ |ul®dz  (charge),
Rn

REDREFERERS. ThoDRFER%E AV T ground state DL EMIT 1980 FEEM HF
BRI, V=0,a0a<0 (#ﬁﬁ?rﬁbx attractive) OHFE, p < 1+4/n ThHhiL,
ground state XY ¥ 7/ JEETHY, p> 1+4/n THNERKER I LBMON TS
(16, 14, 34]). £72V £ 0DHBE, ground state DEEMIL [29, 32] Bic X W FFFE S -,
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(C) ground state REERFE, 1E& A D (NLS) DMREIFRFH RS & BEMED ground
state LB S DHEETIHEOEREDLEIIRD

TEDBHBENTVAR, EEbALRVIERELBRENATS (39 2R).
ERTIZV 2 0BT O (V1)(V3) 2273 CHZBROBEIC, NSREREMRD
WHEREMEIZ DV TEET 5.

(V1) V(z)iZ |z] = co THREL BET 5.
- n=10&& (1+2°)V(z) € L'(R),
— n=20& & sup,ep:(2)**([V(2)] + [VV(2)]) < 00
(V2) L=-A+V iZA=E, <0 TH—oDBAFELFD.
(V3) 0IZ LDV Y F U R TIER. .
UEDEEDTT, (1) DEHERSMETE 5 LBMEATVS ([35)).

Proposition 1. Assume (V1)-(V8). Let n = 1,2 and let § be a small positive number.
Suppose that E € (E,,E.+6) and a =1 or E € (E, — 6,E.) and a = —1. Then, there

exists a positive solution ¢ to (1) such that for every k € N,
1. (x)k¢E € Hl;
2. The function E s (z)k¢g is C* in H* for every k €N, and as E — E,,

(x>k (¢E —|E- E,,|1/(P—1) (”(]5*”23-1—1)/(?—1)(25*) =O(E - E*)) in HY.

2 BEREHICEATIRMOER
2.1 VZODHE

n >3, (V1)-(V3) DRED T T Soffer-Weinstein(36] iX, ||uo||pinm /M T, t =
00 T (B/NR) EHIE & BELE (60, ERENDE) DM TRENDI L EZIEHALY. I
DR 2D [17) 10k L — [P BB Th 5. % 7= Yau-Tsai[38, 40, 44, 45, 46 1
(V2) D&tEE—mib L, ERAR LB 2 U EOBEEEZHOBEEHALL. V=00
BEORIET HERIT[4) & BlICLVIEASIT.
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LTI bDEROIERE L 72 - 7~ Soffer-Weinstein DIEFA DRI 2 BN 5. MRETE
BROBMY LHEY OB ERT v(t,z) BT S.
(2) u(t,z) = e (g (z) + v(t, 7)).
E(t) 3Rig, 60(t) I HERTRTA—F—Th3. (2) % (NLS) ICRATH L,

3) e =Lv+ g + 92+ g3+ ga,

ai(t) = —0(t)v(t), g:(t) = (E(t) - 6(t))drq) — iE(t)32¢E(:),

g3(t) = f(drw) +v(t) — f(Drw) — O-f(PE(e) + €V(E))|e=0,

au(t) = .S (gsio + v®)leco = 0y (B 000 + 15200 )
&5, V=49 ¢35E, 3)BBILIERIZ

W= ﬁE(t)V,
p+1
2

L:E DAY }‘/VU(EE) i3, U(EE = {O}Uagss(CE) O'C,,(ACE) ngﬁx“\ﬁ }‘/I/T Ue,,(,CE) —I
{keR:|k|>E}, OIXBEE2OEFMEL LS. £/ 0-EAHEAEMT

(%) (22)}

&12%. Pp % Lg DEMANT MV DZEM~D spectral projection &35 & &,
Pep)V(t) =0L,25 L5 ITROFINEEZRT.

Lg=(-A+V+——

4) (Ru(t), de@y) = (Sv(t), Opdrw ) = 0.
(4) % t WZOWTHa L (3) 2RAT 3L,

E(t) - t x
(5) (9(t) ()) O(||le=V1EWli=l/2y)12,)

BRoND. €5 Tlim, E(2) 7%3?—&1‘671&&!1, BUREHOESZEMEW LT5L,
v € L*0,00;W) £725 Z L ZRRIE L. (3) D gy ZEET HI-HIT, w(t) = e *By(t)
&L,

(6) (t) _ e—thw(O) Z / —-z(t—a e—10(s) g; (S)

2<j<4
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ERD. @ IRVICONWTORWEEFERHNIL (5) 2> TLEBTEXBDT, gs+g4i
DNTEZB.

g5(t) + 9a(t) = O(gr(t) + grs()),  91(t) = ()" 'v(t), g2(t) = [0(t)""u(t)
Thh,

o gi(t)I%, p#3Strauss DEERTEEL YV b RE TN, |Jv(t)| e ZFHET S Z & TLE
T&5.

© gl 1%, v(t) KOVWTIROEARDT, gy BRABDICH, ELRZEMX T
lo@)llx ~t10 T D Z L BUREIIRB.

”e“LPc”B(Lp,Lp') < $~n/2tn/p

THDHM0, |lullw = [(z)"ullz, |lullx < llullze, g >2n/(n-2) 2B L 51T X
BLBrl, EORERREXHFTHEN, ‘

t
/ =L P 0. (5)ds
0

X
t
< / (t - 8y~ 0/2=1)||g ()| o ds

t
S [ = sy gm0 s sup ((5)" /2D o))
0 s
<e(t)~"(1/2-Ya)
ThHY, ESE.DLEc>0LRBEITENS.

o Tllollx S (@) "WV 2RBIT IV, ZOEEp> 1+4/n BLEILRS ([36] T
i, n=3,p>20REEMALLI LI2-THER, BHUFAERORKOHA LR
RIETeDTIRARVMERS).

2.2 V=004

V=00%RE, EFRBEOELHTRT V¥ VIHg, #8BIE LTHRS Z LidHRR.
Buslaev-Perelman|[3, 4] IZn = 1 DA, Cuccagnal9] iin > 3 DFAITEEEBOAY T
DBMACERROERT 2 HOMMEL L, EFEMOWELEELIER Lic. 3EBRFR
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DYFE O R KIRHY 12 514 % 18 2 DIXEE LV DT, Buslaev-Perelman|3, 4] % Cuccagnal9]
T, lim,e B(t) = Ey THY, E(t)— E, B tIZOVTCAESIDOHEEEHZ>TWB (2
D& & ¢g, () 1T dpe(z) PEVIELEE X, EXEEBEDOE Y TCORMALIERRNERY
CHIZRTFELRWYY) .

Remark 1. Lz iZBECHREAR TR 1 OBREER T2 LizHRR .
Cuccagna(9] i n > 3 DJBEIT Yajima([42, 43]) (" X HEBIERAR D LP-AREICHET
BHEEGHAL, XI MEDOY 2 VT 4 v H—FBRAUCH LT LP — P 4580 L
Tz, eEPL IZONTD [P — P FEHRB LN, n>3DFEA, ground state DWIE
BIEMIT Soffer- Weinstein[36] L FRRICT T Z L B3HHKD. £ D% Perelman(30] 1%, 7%
WABNCHREERDIZE A LRV multi-pulse ROWHELREMEFEH LTz,

Remark 2. EXIIZZHRTHREVIEE DK VEEL,
el peer Loy S t72

BROT, n=120HEITIT[9, 36] LIIRLRDHBRPLETHS. Buslaev-Perelman/s, 4]
X, n =1, limy,0 f(u)/|ul® = 0 DHEIC

)" E P fll1a S 72/ (2) f | 1412

ZRWT, ground state DEHEREME L FEH L 7=, BT Krieger-Schlag[24] 23 ZEMRk T3
IRTOREI S| OHBEFERXRRL, p > 1+4/n OFBEHELL. £, Kimr
Zarnescuf23] 1%, [85] LR UHER%E n =2 ORI ZHMEORMNFELRER IR L
. TRLOFERIITH D u~0Tf@)] ~ [uf p>1+4/nOHEEEFR->TNS.

23 H'IZHBITE2WEREM

V=0p21+4/nDHE, H THERMZ, EY%Ru, € HHIZHLT, t & o0
Tebuy [IRET B ([12] 22 Y). Gustafson-Nakanishi-Tsai[15] 1%, n >3, p > 1 +4/n
V £ 0T (VI)=(V3) BB FRAIE, Juollm /NS AR At — oo TREME & #EL
REOTITRENBZLERLE. V=005aLB25AI1,

o [l eI P.g/(s)ds DEA

o (5) 95 limyyoo B(t) BEHET B = & 27T
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D2RTHDHN, 151X Strichartz D AFFEMZ AWV T R AT —ZERHICEIT 2WERE
MEAFERA L=,
n o n

2
22 -+ —-—=— s Ty 2) ,2
©r2% ot o=5 (g,7,n) # (2,00,2)

A4 & &, (q,r) D% admissible THDH L 5.
Lemma 2. (Strichartz estimate,[20]) Assume (V1)-(V3).

(a) Suppose that (g,r) is admissible.‘ Then there exists a positive number C such that
for every f € L*(R),
le™* Pefllzsr; < CllFllLa-
Furthermore, it holds that

/ e*LP.g(s,)ds
R

< 0“9“1,3’1,;"
L;

(b) Suppose that (qi,71) and (g2, T2) are admissible. Then there ezists a positive number
C such that for every g(t,z) € S(R x R?),

t
/ e =)L Pg(s,-)ds
0

< C”QHL:QL;E'

L;u L:l

[15} i3 Lemma 2 T, (g,7) = (2,2n/(n—2)) n > 3OHEE AT im0 B(t) BT
BZEETRLE. LML, n=10¢ X, g DESEL/NMELARBZ8IL, (¢,r)=4,0) T
HY, n=20%EY (¢,r) # admissible 2 Hif g > 272DT, n =1, 20%HE1 Strichartz
P71 Ol limes oo B(t) WEFEL, EHEMIWERETHS 2 L2 ERTORITF+
S2THB.

3 EIHRLME
UTICHBEFOKERERRS. Pu= (u,¢.)d., Pu=(I - Pu t$%.

Theorem 3. Assume (V1)-(V3). Letp > 1+ 4/n and let o be a sufficiently small
positive number. Suppose ||upllgm < €9. Then there exist an E; < 0, a C* real-valued
function 6(t) and v, € P.H'(R?) such that

: 10 —itL —
lim lu(t) - €*Ogg, — e o, g an = 0.
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Theorem 3 i3, Strichartz D¥RAFHEDORI Y 12, K KIKAS 72 BRET 1B (Lemmas
4-7) Z W TEERA L7z, Kato([18]) I & 0 % L4172 KAV FERA D local smoothing effect
ERTAERIL, BED Martel-Merle D#FFE T KAV FRXOMNEROWIEEL EEEL T -
TETEERZ LDl Va2 LT 4 o H—FHEKD local smoothing estimate i, &
B DBE Constantin-Saut[8] X° Kenig-Ponce-Vega[21, 22], [47, 31] e Kz X W r & h,
n >3,V # 0 D%HAE1T Ben-Artzi & Klainerman[1] {2 & Y 7R& 7z, Theorem 3 DIERH I
%, Lemma 2 DMIZLATORERXZAWS.

Lemma 4. Let n =1. Assume (V1) and (V2).
(a) There exists a positive constant C' such that for any f € S(R),
m 1(2)™*e™Q ll1gor2 < Cfllz,
(8) 10:6"* Q|| Leor2 < C||fl| v

(b) There exists a positive constant C such that for any g(t,z) € S(R?),

(9) fm L Qq(s, )ds

< Cll(z)s’zgllmg,
LZ

Lemma 5. Letn = 1. There ezists a positive constant C such that for any g(t, z) € S(R?)
andt € R,

(10) )

j=0,1

t
s [yt

< Cl{z)gllLrz-
LeL?

Furthermore, if sup,.g €|V (z)| < 0o holds for an a > 0, there ezists a positive number
C such that

(11)

< CllgllzyL2-
LyL?

Lemma 6. Let n = 2 and s > 1. Assume (V1)-(V3). Then there exists a positive
constant C' such that

(12) | e Pf 3y < Cl s,

for every f € S(R?) and that

/ e“L'P.g(s, )ds
R

for every g(t,z) € S(R x R?).

t
/ Bae ™= Qg(s, )ds

0

(13) < Clglguae,

L3




Lemma 7. Let n =2 and s > 1. Then there ezists a positive constant C such that

t
(14) / e~ =L P g(s,-)ds
0

< Cligllgzrzs-

22

for every g(t,z) € S(R?) and t € R.

Remark 3. [2]iX, L divergence form D312 Paley-Littlewood 53#% % AV T

(15) e fll gz S 11 fllza

ERLTWS. LL (5) 2AWVT limq BE(t) DFEEEZRTIIIE, (7)DOK D ICHEuIlS
SBRIPNLRVRIEZHIETILERD S, (15) L R0, (NIZ0BVLY T RADBEIT
FERRIL LRV, [27] T, JostfE%E VT Green 82 EX T L, non-resonance condition
DS Y SLOBEITIE, (T) BT HZ L Z2RLT.

4 REBARD A& ([27, 28])

R 1IKRTOHESERBATSE. vITOWTOFEMIUTOEZAVWTHALS Z LA
k5.
My(T) = sup |E(t) - E.|, My(T) = [[(z)"*?Pewll sz r20m);
0<t<T
M3(T) = ”Pdw“LgoLﬁ(o,T) + Hazpdw“Lg%?(o,T),
My(T) = ||(L - E.+ 1)1/2P cw”u(o,T;Li’)an(o,T;Lz) + P C“’HL‘(O,T;L;")’
M5(T) = ”PdwllL4(0,T;W,1,'°°)nL°°(0,T;H,1)’ M6(T) = ||0chw”Lg°L2(o,T).

=L, 4/g=1-1/p LT 5. #iZ,
gs + 94 = O(gr + g11)

OFECSVTHRIAT S, g IL20THE, V=0, [luollin PBE L RERCMETE 5. —
77‘Lemma 22BN TCEHELE ngHquerl2 (q2,79) = (2,00) ETAZELIIHERLRVDOT, £

DR Y (2 Christ-Kiselev D#E ([7]) #F\ T Lemma 2 & Lemma 4 2 A EbELH
DERNS.
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Lemma 4 DFEFADF S OBMBBIITIERD L EBY. RA) = (A-L) 1 &35&, t#£0
feSizwLT,

Re-—ith — / e’“’\dEac(/\)f

1 /°° e P(R(A — i0) — R() +10)) fdA.

3

“omi J_
MER Y LD, AT DOV T D Plancherel DEE (IEREIZI duality argument Z AV 3) H b
€L Pl 2 DFFAfiIE, [|R(A £140)|| ;2 DFFEICIBE SN S,

Lemma 8 (B EHF DFE). Assume (V1) and (V2). Then there ezist positive numbers
M and C such that

sup | R(A £ 20)ul| 12 (m00) < Cllullzem),
- sup [|8:(R(A — i0) — R(A + i0))ul| 12 (as,00) < Clluell rrragwy
for every u € S(R).

Lemma 9 ({&/&KEH OM). Assume (V1) and (V2). Let M be a positive number

given in Lemma 8. Then there exists a positive number C such that for every u € S(R),
sup {2) "> R(A £ i0)ul| 30,1 < Cllull o),
sup 0, R\ £ i0)ull30,0) < Cllulia
Lemmas 8, 91281F 5 ||[R(A £ i0)|| .2 DEFfliZ [13] Fifk, HEAMEE Jost iE% BV TH
L, Deift-Turbowitz[10] iZ & % Jost AR DFF %2 @A 3 5. %7 Lemma 5 i3,

1

2

=2 / dse™ "L p g(s ) + / dse~ =L P, g(s,.) — / dse =)L P g(s, ).
—00 0

#AWT Lemma 4 ¢F LRV 5 TIERT 3.

f DR\ — i0) + R(A + i0)}P(F g (A, )
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