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On minimality of the boundary of a Coxeter system
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AR T, Coxeter ROER DB/ NMEIZBT B BIEOERERMNTS. 7, &
D —DBFAB TH D CAT(0) HOERDOE/IMER X UH 2 MER ST DR
FRIEZEN L, FD%, Coxeter ROERDBAIZEAL TR 3.

§1 CAT(0) BEOBERDORABERITONT

FEEH R E R ORHRZH & LT CAT(0) ZHAEBEIN 5. CAT(0) =M X
B IO OHR 0X OEHS L ORAIE [4] B8N\ . CAT(0)ZM X t
288 {TTHH1Z (proper, cocompact, isometry (Z) fEF T AB T % CAT(0) B & X
A. CATO) L 2 DHERITBH LT, UUTO X 5 RRBREENH 5.

Question 1. Suppose that a group I' acts geometrically on a CAT(0) space X.
Is it the case that the set {y* |y € I, o(y) = oo} is dense in the boundary 0.X7

ZIZT, ¥ 0%, R OX EDERT, {vizeh PIEKRETHD (zo € X DBV F
IZE 6.

CAT(0) T @ CAT(0) 2] X E~DERIL, - 0X EoERZ BRICHL.
HEHROX H 48/ (minimal) TH3 L, ZOERIC X HEEOYEHFER L TH
LB EE\VS. T T, hyperbolic DB EITIEHICHERIIB/NIR D DI
B, =ML, BRI E R ORVFEERHD. 22T, TWoBRIENE 2
O] EWHRERRESND.

Question 1 & CAT(0) BOHEA O/ MEIZBIL T, AT/ Y AL,

Proposition 2 ([17]). Suppose that a group T' acts geometrically on a CAT(0)
space X. If the boundary X is minimal, then the set {y° |y €T, o(y) = oo} is
dense in 0X.



¥/, BER O/ MEIZE LTk, CAT(0) Z=Ef# o splitting theorem ([19], [16])
MOLUT &GS,

Theorem 3 ([17]). Suppose that a group I' acts geometrically on a CAT(0) space
X. IfT' contains a subgroup 'y x I'y of finite index such that Ty and 'y are
infinite, then the boundary 0X is not minimal.

ZOEREDHE L LTROMENBESND.

Question 4. Suppose that a group I' acts geometrically on a CAT(0) space X.
Is it the case that if I' does not contain a subgroup I'; x I's of finite index such
that I'; and I'; are infinite, then the boundary 8X is minimal?

ORI, DRV EEBRRITNE D, BELL, —ROBEITIX, *
DEZiEno THBLRLND. ZOREE LI EORBEBIEORMIZIE, LTD
R B 5.

Theorem 5 ([17]). Question 4 contains Question 1.

725, Question 4 NDEZXD yes L7725 CAT(0) D7 F RITBWTH,
Question 1 DEEE Y yes £ 7125,

§2 COXETER RDERDRBEEAITONT

12 Coxeter R & ZDEADFEIZH L THRAS.
% 9%, Coxeter B33 X (R Coxeter ROEE S 52 5. Coxeter H &I, LLTOX
FIZREDEW 2V

(S| (st)™*%) =1 for s,t € S),

772, S iIXEREETHY, m: S xS = NU{oo} IZUAT AT
(i) m(s,t) = mf(t,s) for any s,t € S,
(ii) m(s,s) =1for any s € S, and
(iii) m(s,t) > 2 for any s,t € S such that s # .
DL &, (W,S) DA% Coxeter & K5
Coxeter & (W, 8) izxt LT, £® Cayley graph % ®#i#4 & L T Davis com-
plex & XiXh 3 CAT(0) Z/ (W, S) BE®E 5 ([6],(7],(20]). Davis complex
(W, S) R (W, S) # (W,S) DRR L L&, Coxeter B W X X(W, S)



WCBRIZERAL, Z0ERIIRAZEHR LD THS. 74205, Coxeter B W i3
CAT(0) B TH 3.

BILDHFEDOFER L LT, £7°, Coxeter & (W, S) DERBB/NE 72 BT DD
B2+ 0% G2BTND.

Theorem 6 ([13],[15],[17]). Let (W, S) be a Cozeter system. Suppose that Wiz}
is quasi-dense in W with respect to the word metric and o(sptp) = oo for some
So,to € S, where o(sgty) is the order of soty in W. Then for any o € L(W, S),
the orbit Wa is dense in 0X(W, S), that is, 05(W, S) is minimal.

ST, Wl 3 W OESEET, W OTE S DRED word TRLZE XIZ
0 word DEEN sp ERBDLDODEE N THB. £z, “Wi} is quasi-dense in
W with respect to the word metric” & 1%, W EiZ word D& X CEREEZ Ah 7 &
I, MAEAEWES 2H2BE NS>0 ETFRLEDRZETW EEXDHEND
BHRTHD. T4bb, FEOwe W IZHL T, ve Winl T dy(w,v) <N &7
BYLDONBFEETD. T T, do(w,v) 28 word IZ L HEERETH 5.

TOEEE, 29 18] TBVWT, ZOFBORHET THLIMELRES L TRE
LI2B T LEIERAL, £0H%, [15] BI U 17 IZBWTHRZITV, B X 51,
EEOWMENER L TREL 22 (TROLERPSEBNERD) ZEEZRLE.

ZOEBRORMER, EEICERHRRENREGETHDOEH, TNIZLEKL
WH DT, £< D Coxeter R THRIT S, LL, BERNRH, ZOEED
Gfix, —AXD Coxeter RIZBWTiX, LE+ARETIERW. Th iy, Bl D
WEDOERIZL Y, right-angled Coxeter RIZBW T2 b, ZHIILBE+25&EF
LB L EB/BTVWA. B, Question 4 % Coxeter OB SIZE VB R 2 L &,
(W1 x Wy &5 EROBEOMEBEEROESHEL LTW BEERITIE, £
OBEFIRB/NE 72207 L) REIZEE LT, right-angled Coxeter & TiX, =
DEZN yes THHZ L2/, bbb, ROEENKY L.

Theorem 7 ([17]). Let (W, S) be a right-angled Cozeter system such that W is

infinite. Then the following statements are equivalent.
(1) 9%(W, S) is minimal.

(2) W; is irreducible.
(3) Wis} is quasi-dense in W and o(spto) = oo for some So,t0 € S.



=T, W 13 W DA RO parabolic HAETR/AD LD TH Y ((10)),
_ﬂ’b7b>ﬂﬂé#’31&>5 L, W HRBEEEROMIEEL LTEROBOEEL I E RN
ZLITEETHS.
ZDEEL L Theorem 5 725, K&2HBS.

Corollary 8 ([17]). For a right-angled Cozeter system (W, S), the set {w™ |w €
W, o(w) = oo} is dense in the boundary 0X(W, S).

Z D & 1T, right-angled Coxeter BEOBAIZE L Tit, BEMNLAEREZEBS =
ERTE, SEIOFERITEY, AR ORI, —# D Coxeter ROBFEITAL T
HbEEWICHRTELSTFEERHD L OIBbhS. 4%, 1V —BRDOBEIZHE
LTERD ATV,

REFERENCES

[1] N. Bourbaki, Groupes et Algebrés de Lie, Chapters IV-VI, Masson, Paris, 1981.

[2] P. L. Bowers and K. Ruane, Fized points in boundaries of negatively curved groups, Proc.
Amer. Math. Soc. 124 (no.4) (1996), 1311-1313.

{3] P. L. Bowers and K. Ruane, Boundaries of nonpositively curved groups of the form G xZ",
Glasgow Math. J. 38 (1996), 177-189.

[4] M. R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, Springer-Verlag,
Berlin, 1999. ‘ '

(5] K. S. Brown, Buildings, Springer-Verlag, 1980.

[6] M. W. Davis, Groups generated by reflections and aspherical manifolds not covened by
Euclidean space, Ann. of Math. 117 (1983), 293-324.

[7] M. W. Davis, Nonpositive curvature and reflection groups, in Handbook of geometric
topology (Edited by R. J. Daverman and R. B. Sher), pp. 373-422, North-Holland, Am-
sterdam, 2002.

[8] M. W. Davis, The cohomology of a Cozeter group with group ring coefficients, Duke Math.
J. 91 (no.2) (1998), 297-314.

[9] M. Gromov, Hyperbolic groups, in Essays in group theory (Edited by S. M. Gersten), pp.
75-263, M.S.R.I. Publ. 8, 1987.

[10] T. Hosaka, Parabolic subgroups of finite indez in Cozeter groups, J. Pure Appl. Algebra
169 (2002), 215-227.

[11] T. Hosaka, Determination up to isomorphism of right-angled Cozeter systems, Proc.
Japan Acad. Ser. A Math. Sci. 79 (2003), 33-35.

[12] T. Hosaka, A splitting theorem for CAT(0) spaces with the geodesic extension property,
Tsukuba J. Math. 27 (2003), 289-293.

[13] T. Hosaka, Dense subsets of the boundary of a Cozeter system, Proc. Amer. Math. Soc.
132 (2004), 3441-3448.

[14] T. Hosaka, Addendum to “Dense subsets of the boundary of a Cozeter system”, Proc.
Amer. Math. Soc. 133 (2005), 3745-3747.

[15] T. Hosaka, On dense orbits in the boundary of a Cozeter system, J. Math. Kyoto Univ.
45 (no.3) (2005), 627-631.

[16] T. Hosaka, On splitting theorems for CAT(0) spaces and compact geodesic spaces of non-
positive curvature, arXivimath.GR/0405551 (2004).



[17] T. Hosaka, Minimality of the boundary of a right-angled Cozeter system,
arXiv:math.GR/0606020 (2006).

(18] J. E. Humphreys, Reflection groups and Cozeter groups, Cambridge University Press,
1990.

[19] N. Monod, Superrigidity for irreducible lattices and geometric splitting, J. Amer. Math.
Soc. 19 (2006), 781-814.

[20] G. Moussong, Hyperbolic Cozeter groups, Ph.D. thesis, Ohio State University, 1988.

[21] D. Radcliffe, Unique presentation of Cozeter groups and related groups, Ph.D. thesis,
University of Wisconsin-Milwaukee, 2001. "

[22] E. L. Swenson, A cut point theorem for CAT(0) groups, J. Differential Geom. 53 (1999),
327-358.

[23] J. Tits, Le probléme des mots dans les groupes de Cozeter, Symposia Mathematica, vol.
1, pp. 175-185, Academic Press, London, 1969.



