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On some convexity of a weakly unitarily invariant norm
and A\- Aluthge transformation

IBESEREILRE  AAR Tl

1. XC®HIC
M, % n X n complex matrix £&NEE LT3, ,
TeM, LT, T=UP % T ® polar decomposition &35 (%7 L, P: positive
semi-definite, U: unitary *33,), 5
0 <A <1 LTT D XAluthge transformation % P)UP'™ TEHT 3 (T, = T;
Aluthge transformation([Al]).
Il Il #% M, L@ weakly unitarily invariant norm &1 ||[UXU*||| = |||X]|| (U € M,:
unitary, X € M) BRRYMUDET B, ¥£7, |||-||| B M, £ unitarily invariant norm

LENUXV]|| = ||X]l| (U,V € My: unitary, X € M, BRERYIo&T 3,

W(T) :={(Tz,z) | ||z|| = 1} (numerical range of T)
w(T) = sup{|z| : 2 € W(T')} (numerical radius of T) ¥ 3,

P> 0RMLTT € M, #% 3 Hilbert space K O C* & K L unitary oper- .
ator V 83HoT, TF = pQV¥|en (k = 1,2,---) W73 L %, pcontraction & &
& (Nagy and Foias([N-F)) 8/), 7271, Q iXK » b C* -~ orthogonal projec-
tion TH %, p-contraction 2K LT, T ® pradius w,(T) 23, w,(T) = inf{r > 0 :
+T is a p—contraction} TE# & 5 (Holbrook([H])). w,(T) IZBLTIX, 0< p < 0o
IZRLT,

wp(T + 5) < max(L, ) {w,(T) +w,()}

BERYOSIDZEBMOATNS, BIb, 0<p<2ITRHLT w,() X M, Lo/ rski
D, 2<p<ooiZHLTIL, '

wp(T +8) < E{w,(T) + w,(S)}

T quasi—nofm &%, 72, 0 < p < 00 XL T, wy(-) iX weakly unitarily
invariant & 7223,
S BIT, wi(T) = ||T|| (spectral norm of T), wy(T) = w(T),

Woo(T) := Plggo wo(T) =r(T) (r(-) : spectral radius)

Bz B,
Yamazaki([Y]), Wu((W]) i2& 0, T B8eA~_L hZR EOERRBERRO L &,
W(T) c W(T) (1)
LRBZLHRMBENATNS,

2. Convexity of [0,1] 3 A — w,(T)).

RDOZEBNZB,
Theorem 1. Let A, M € M,. Then the following assertions (i) and (ii) are equivalent;
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(i) W(f(A4)) c W(f(B)) for all polynomials f.
(i) wo(f(A)) < w,o(f(B)) for all polynomials f and 0 < p < 2.

RBR, Ito,Nakazato,Okubo and Yamazaki([I-N-O-Y]) T (i) 2% (i) 2BV T p = 1,
p=2DBELAMETHEIZLERLE, ¥, 1<pIHLT,
w(X)<1<=r(X)<1THVY,

) -1 ki, k=1 ) :
13 = g < gt o <1 @)
k=1 ’

THDHT L, £, 1<p<2iTRLT

W(T) = {pc{z €C [z — Al < w,(T - A} 3)

T&HSH 5, Theeorem 1 IXFEHTE 3,

Il il & M, £ unitarily invariant norm &% 3%,

gV =[IIPPUP (0<a<1)
t¥BLE,

Proposition 2. [0, 1] 3 A — g(\) is convez.
RBR, A, B,X € M, & unitarily invariant norm ||| - ||| {2k LT
114X BJII* < |llA4*X || - ||| x BB|{|

A3k Y 32> (Bhatia([B]). #-T, T = UP(polar decomposition), 0 < a, AMu<lizZ
DAREXEMES L

[Py piotertti=el|| < ||| PAU P« ||| peyy prou e
Bz B,
0<A<1EHLT F(A) = W(PAUP) £33,

[ 2 X DB o(T) DHMT 3 B rational function & LT, 0 < Mp<leEts, A, SeM,
T S 73 positive invertible &3 3 & X%,

| 41l < 31545 + 57 48] @
mwié:kﬁﬂbhrwéwv,:n%ﬁor
1 @ag)ll < SIAT) + FT}
BRD L, (3) 2EVTRRNZ B,
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Theorem 3. [Patel and Yamazaki([P-Y])]
[0, 1] 3 A+ F()) is convez, that is,

FlaA+ (1= a)p) CaF(A) + (1~ a)F(u)
'mSqugn

SDIEND, h(X) = w(PAUPY) &B< &, [0,1]3 Ao A(X) 28 convex 12723 = &
15,

)

w(PX*A=eluy pi-(eX+i=aw) < ou(PAUPI) + (1 - a)w(PHUP*H)
BREND, -

Lemma 4.[Mathias and Okubo([M-O])] Let A € M,. then for 0 < p < 2,

)

0 (1-pA

Proposition 5. Let S € M, be a positive and A € M,,. Then for 0 < p <2, we have

wo(4) < 2w, (SAS! + S-1AS)

B, (iTkoT, AeCitsLT

SAS™'+ S71AS

A=) < - Al
2

Thb, EoT, (3)2b

-1 -1
W(A)CW(SAS -;—S AS)

BNZD, TOZLnb, positive matrix SR LT
w(A) < %w(SAS‘l + 57148)
BRYILD, ZOZLEES L,

(o Y5a)

EE ) “a<i;ﬁf*><5:))s%>+<3: =) A6 5)
L V(2= p)(SAST! +57248)\)

2 0

(1= p)(SAS! + S-1AS)

A
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BNZ D, Lemmad 2256, ZDZ Lt
wy(4) < Jw,(SAS™ + §14S)

ZEH®RT 3, , .
T @ polar decomposition # T =UP £ LT,0< A\, u < 112 LTA = PXypr-2
L33
w(PHUP-) < %w,,(sﬁﬁupl--*%*s—l + 8PPt g)

PWORB, ZOLE, S=(P+el)T Le— 0 2EXDEKRD corollary RV %3,
Corollary 6. T=UPeM, & 0<p<2iT®LT,
(0,1) 3 A > w,(PAUP™)

¥ convex TH 3,
ER 0<\Lu<liZHLT

wa (P UP-H) < %{w,,(P"UPl"‘-{-P“UPl‘“)} < -;—{wp(P"UPl"‘)+wp(P“UP‘"“)}
L1725,

3. W(Th), w,(Ty) DxFrte, B/
SORBOREL LT, 0< A< LITHT B W(TL), wp(Th) DRFHE, w,(T)) DR/l
HICETOMEREZLND, ZOZ LIZET BV ONDRREERT,

Proposition 7. For T € M; and 0 < p, we have
() minocr<s wp(Th) = wy(T).
In particular, _
ming<xgt ||| = ||T| and
minos,\s]_ w(T,\) = w(T)

(i) mingcrcs W(Ty) = W (7).

KB, O<a<1itHLT P=(1 2),U=(“11 "12) (umitary matrix) &$<, =

0 U1 U2
DL x,
B, = P\UP*™ = ( U Uual*)‘)
A= U21a’\ Uooa
ET5e,

BB\ = (‘u11|2 + (1= [un*)a® uaTi(a > — alt) ) |
AT Tmun @ - ) junfe? + (1 - fug 2)att-¥



T, B3{Bx ® characteristic polynomial f(z) %
@) = 2° = (Juus]* + (1 = |un[*)a®
Hun26? + (1 = fun[?)a®*V)z + a® = fi_x(2)
BIs, [Tl =||Tioall £7%253. [0, 113 A g(N) 3% convex 7535,
min ||T3|| = ||T|

0<A<1
L3,

0SALIEEHLT o(T) =0(Th) = {o, 8} L+ 5. T matrix (g g

similar & LT, T 4% matrix (g %\) (Z unitarily similar &35, ||T}]| = ||T1-a|| 72

b, mingaxg ||Thl| = ||T|| &% 9, 61/2] S 10A| = [61-AJ(0 S A< 1) Bx B, Ty ©
numerical rangeis I3MR%E a, § & LTEER |6, OMBEDL W(T)) = W(Ti_,) B
iéo E[”f), (11) 733152‘0 ﬁ"-)o if\'_, minos,\s'l 'w(T,\) =w(T) t)b\iéo

f % any polynomial &%, ZDt X,

f(T) = ( f (Oa) 5}’(2[;)7) F(D) = (f (0"‘) ‘sf*(ﬂ’)’) LY, (Sip-] < |6x- ] EDB,
IFDONSNFDII E72B. #>T, (2) 2B () BVR B,
Corollary 8. Let T € M,. For 0 < A < 1 and for any polynomial f

W(f(T3)) = W(f(Ti-»))-

Moreover, for 0 < A\ < A < % and for any polynomz’al f
W(f(Tx,)) C W(f(Tx)).

) (T unitarily

Remark. Proposition 4 is not true for the case of n > 3.

1 00
P=10 2 0},
0 0 3

(1/\/5 1/v3 1/\/5)
U=

Example 9.

1/v2 -1/¥/2 0
1/v6 1/v6 -2/V6
EB< &, g(1/2) = 2.798077, 9(2/5) = 2.795949 and g(3/5) = 2.813729 £ 25,

KROKERIE, Rose and Spitkovsky i k> TELNT-,

Theorem 10. [Rose and Spitkovsky] Let T = UP € M; where P has at most two distinct
eigenvalues. Then for A, A2 €(0,1], |A2— 3| < |\ — 1| implies that W(T),) C W(T,),
in particular

W(T,\) = W(Tl_.,\)
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for all A € (0,1). )
In this case, ming<a<i w(Th) = w(T).

4. Normaloid, spectraloid and convexoid matrix O%&{t(+
T € M, is normaloid &1 ||T|| =r(T) &3z &,
T € M, is spectraloid &% w(T) =r(T) &+ &,

Proposition 11. Let T € M,. Then the followings conditions are equivalent :
i) T is normaloid.

i) ||T|| = {|T].

ii) ||T|| = ||Tx|| for some X € (0,1).

w) ||T|| = ||Ta|| for all A € [0, 1].

v) T is normal.

fRIx

= %{(1 — a)?un|® + 20 % (1 - a)luy |y/(1 . a)?uns |2 +4a}

Ly, )

IT]|=1=||T|| <= |un| =1
THIPD upg =uyn =0 &Y T ik normal 2725,
3<n IR LTI} i) = i) HETRAW,
Example 12. 0 <\ <1 &£F 3,

100 001
P=j010|, U=|100
00 A 010
&8 L, P>0, U unitary, ||UP||=1, r(UP)=A} &%3,
—5T
Lo, [00 ﬁ]
PiUP: = |1 0 0
0VvX 0

Kb, ||PRUP||=1=|[UP||, but r(UP) < |[UP|| L% 3.,
Proposition 11 D—f&{t& LTRD = LA 2 3,

Proposition 13. Let T € M; and 0 < p < 2. Then the followings conditions are

equivalent :

i) wp(T) = r(T).

i) wp(T) = w,(T).

i1i) wp(T) = w,(Ty) for some X € (0,1).
w) wp(T) = wy(Th) for all A € [0,1].

v) T is normal.

iv) =>v) 2R% 5, T % Proposition 7 D& 51z %, A =3 &73&, fiplz)=0
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Proposition 7 DFEFD L S, T = (g 5) € M; B, Z?DL &, Nakazi and Okubo

(IN-O]) 2285, w,(T) <1 ThBIBDOLEFEML |, |8]<1ELT

l6|2 + }Ct _ mz < icnefl(p"' (1 - P)CTC)(P ';C(l — P)ﬁ() - 'd'ﬁlCIz (5)

RERD DT & ThB, foT, S= (g ‘;) and |6] < |8] &7 & & w,(T) < wy(S)

THLTEBBERITHND, BT, b LS| < |0 THIITE w,(T) < w,(S) &%25B, %k,
Proposition 7 225 [0,1/2] 3 A = w,(Th) BB T, w,(T) > r(T) 25, i) = ii)
=iii) AR Eh 3B,

iil) BSRRY SIO L X LMD, HD Ao TS| = [rg] PRV I, BT, ||T)| = [T
&729, Proposition 11 225, [§] = |6y forall 0 < XA < 1 THHZ Lpbhb, T ik
normal &723,

Corollary 14. For T € M,,
T is normaloid <= T is spectraloid.

Proposition 15. [Yamazaki([Y])] .
A bounded linear operator T' on Hilbert space is normaloid <= ||T|| = ||Tk|| for all k,
where Ty, is k-th Aluthge transformation.

T IR TEHESh S, )
Ti = (Th—y) for k=1,2,-- .

%72, T € M, S LT, Ptak KL > TRBHBATNS ;
ITII=1>r(T) = |IT"| < 1
Ando X T € M, KA LTRDZ & &R LI,
1Tl =1>r(T) = ||Tauall < 1.
oL, KO LITVEA,

Proposition 16. Let T € M,..
T is normaloid <= ||T'|| = ||Tn-1]|.

T € M, is convezoid & iZ conv(o(T)) = W(T) where conv(-) denotes the convez hull T
EEEIND, DL &, Ando i3 Aluthge BREAWVT, RO & &AL,

- Theorem 17. [Ando([An])] For T € M,,
T is convezoid if and only if W(T) = W(T).

BIE4 58ERE L LT, Spectraloid iZB8 L T Patel and Yamazaki iZ & - T¥&R® Conjec-
ture BHIF N T3,



Conjecture [Patel and Yamazaki([P-Y])] For T € M,,
T is spectraloid if and only if w(T) = w(T).
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