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Note on a class of convex functions

Mugur Acu!, Shigeyoshi Owa?

ABSTRACT. In this paper we define a general class of convex functions, denoted by SL4(q),
with respect to a convex domain D (¢(2) € Hu(U), ¢(0) = 1, q(U) = D) contained in the right
half plane by using the linear operator Df defined by

Di:A- 4,

Dif(a) =2+ (1+G - DN s,

=2

. o0

where S,A€R, §20, A 2 0and f(z) = z+ Y _a;27. This operator generalize the Siligean
o

operator and the Al-Oboudi operator. Regarding the class SL5(q) we give a inclusion theorem,

a preserving theorem (we use the Libera-Pascu integral operator) and many particular results.
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1 Introduction

Let H(U) be the set of functions which are regular in the unit disc U, A = {f € H(U) :
f(0) = f(0) =1 =0}, Hy(U) = {f € H(U) : f is univalentin U} and S = {f € A :
£ is univalent in U}.
Let D™ be the Siligean differential operator (see [13]) defined as:
D':A— A, neN and D°f(2) = f(2)

D'f(z) = Df(2) = 2f'(2) , D"f(z) = D(D"'f(2)).
Remark 1.1 If f € S, f(z) = 2+ 3" a;27, z € U then D*f(2) = z + f;j“ajzj.
Jj=2 J=

Let n € Nand A > 0. Let denote with D} the Al-Oboudi operator (see [7]) defined by

DY:A— A,
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D3f(2) = f(2) , DAf(2) = (1 = Nf(2) + A2f'(2) = Daf(2),
D3f(2) = Dx (D37 f(2)) -

0
We observe that D} is a linear operator and for f(z) =z + Z a;2’ we have
=2

Rf@) =2+ 1+ (G -1)N) a2’

j=2
The aim of this paper is to define a general class of convex functions with respect to a
convex domain D, contained in the right half plane, by using a operator which generalize
the Sélégean operator and the Al-Oboudi operator and to obtain some properties of this
class.

2 Preliminary results

We recall here the definition of the well - known class of convex functions

S°=CV=K={feH(U); f(O)=f'(0)—1=0,Re{1+zf{'£(z§)} >0, zeU} .

Remark 2.1 By using the subordination relation, we may define 'fhe class S°¢ thus
if f(2) = 24a92%+..., 2 € U, then f € S¢ if and only if{l + 2f (z)} =< 1+2 zeU,

T _ f'(z) 1-2’
where by "<” we denote the subordination relation.

Let consider the Libera-Pascu integral operator L, : A — A defined as:

1+a
za

1) f(e)=LaF(2) =

/F(t)-t““dt, a€C, Rea>0.
0

In the case a = 1 this operator was introduced by R.J.Libera and it was studied by
many authors in different general cases. In this general form (e € C, Re a > 0) was
used first time by N.N. Pascu in [12].

Definition 2.1 [6] Let ,A € R, 820, A 2 0 and f(2) = 2+ Y _ a;27. We denote by
=2
Df the linear operator defined by
DP.A-A,
Dif(z)=2z+Y 1+ G- 1)N a2

=2



Remark 2.2 Ii is easy to observe that for 3 = n € N we obtain the Al-Oboudi operator
and for B=n €N, A =1 we obtain the Sdldgean opcrator.

The next theorem is result of the so called ”admissible functions method” introduced
by P.T. Mocanu and S.S. Miller (see [9], [10], [11]).

Theorem 2.1 Let h convex in U and Re[Bh(z) +7] > 0, z € U. Ifp € H(U) with
p(0) = h(0) and p satisfied the Briot-Bouquet differential subordination

p(2) + 6—;’2% <h(z), then p(z) < h(2).

3 Main results

Definition 3.1 Let g(z) € H,(U), with g(0) = 1 and g(U) = D, where D is a convez
domain contained in the right half plane, 3,A € R, 8 > 0 and A\ > 0. We say that a

42
Junction f(2) € A is in the class SL(q) if Dy f(z) <q(2),2€U.
] ﬁ:r(—

Remark 3.1 Geometric interpretation: f(z) € SL§(q) if and only if 55— o8 "'lfgz; take all

values in the conver domain D contained in the right half-planec.

Remark 3.2 It is easy to observe that if we choose different function q(z) we obtain
vdn’ously classes of convex functions, such as (for example), for 3 = n € N the class
SL:(q) (see [3]), for A\ =1 and 3 = 0, the class of convez functions, the class of conver
Sunctions of order vy (sce [8]), the class of convex functions with respect to a hyperbola (sce
[5]) , and, for B =n € N and A = 1, the class of n-convex functions (see [2]), the class
of n-convez functions with respect to a hyperbola (see [1]), the class of n-convez functions
with respect to a convez domain contained in the right half-plane(sec [2]), for 3 € R and
A =1, the class S§(q) of the B-g-convex functions (sce [4]).

Remark 3.3 For q1(2) < qa(2) we have SLi(q1) C SL3(g2) . From the above we obtain
SL5(q) 5L (“’"’) .

Theorem 3.1 Let B,A€ R, 83>0 and A > 0. We have

SL4i(9) C SLi(g) -
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Proof. Let f(z) € SL,,(q), f(2) =2+ Zajzj .

With notation Dﬂ"':f:: )
_L\ Jiz -
p(Z) - Wip(o) = 17
we obtain
@) Di¥f(z) _ DYPf(z) DA“f(z) _ 1  D§Tf(z)

D*’*“‘f(z) DM f(2) D"*”f(z) p(2) D ()
We have

3 14 (j = 1)N)P3 a2
Df“'af(z)_z-*.,z.;( + (= DA a;2

DY 1(e) z+i(1+(j-1)x)"+‘a,~z"

=2

and
!

(2) = (g; /) il z(DﬂTﬂz))
f@)  Df)  DE(e)
(D”“f(Z)) o). (g:lf(z))
f(2)

2 (z +Z 1+ - 1)/\)'3+2a_.;z’) z (z + Z 1+ (G = DN ;2 )

=2 =
: Df\’ﬂf(z - p(z) =

DY f(2)
z (1 + f: (1+ (5 —1)NP*2 ja,-zf-l) 2 (1 + Z 1+ (G- DAPH ja,-zf-l)

j=2 =2

1) ~ole): A0

or

z+ ij 1+ (G - )02 a,2 z+ ij 1+ G =N a;2d

_ J=2 -n(2) - j=2
(3) 20/ (2) = ) p(2)

DM f(2)
Also, we have

z+ij(1+(j-1)A)ﬂ+‘a,.zf=z+i(u;1)+1)(1+(j—1),\)*’+1a,-zf

=2 =2

=z+ f: 1+ (G- 1)NH a2 + i(j —1)(1+ (G = 1)NPH a5

i=2 =2



-D"“f(z)+2(1—1) (1+ (G = DV ay2

=2
= D f(2) + —Z (G=DN (I +G -1V a
_7—2
=D f(z>+,\2(1+(:—1) S (1= DY 0y
j=2

= D§*f(z) - -Z (1+ (G = DA a2 + ~Z 1+G - DNP*e

.1“"2 1=2
= D§ () - 5 (z>§’+1 ) -2)+3 (D’;“f(z) -2)
= D§¥f(2) - 3DET () + £ + TDVf(z) - £
,\ 1

WORSS D"*”f(z)
((A - )D§ f(2) + D§Y(2)) -

yh-- i

Similarly we have

2+ )oi § 1+ G = DA a;2 = 5 (A= DDFf(2) + DR (2)) -

>0

J=2
From (3) we obtain

zp (z) (’\ - I)Dﬁ+2f(z) + Dﬂ+3f(z) ( )(’\ - I)Df\’+lf(z) + D§+2f(z)
DY f(z) DY f(2)

- -i— ((,\ - 00t + Z - 0+ 100

D'9+3f(z) 2)
(Dﬁﬂ ) p(z))

Thus D43
Xep/(2) = ﬁ% - p(?
or
3
2 = e+ epa).

From (2) we obtain
DEf() _ 1 7/(2)
D)~ @ P+ AP @) =)+ AT
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where B,A€R, >0, A>0.
From f(z) € SLj,,(q) we have

p(z) + ,\%gl <q(2),

with p(0) = ¢(0) =1, B,A € R, 8> 0 and A > 0. In this conditions from Theorem 2.1,
we obtain
p(2) < q(2)

or

D1 (2)
C O
This means f(z) € SL§(q) .

Corollary 8.1 For cvery f € N* we have SLg(g) C SL§(q) < S°.

Theorem 3.2 Let B,A€R, 320 and A > 1. If F(2) € SL§(q) then f(2) = L. F(2) €
SLg(q), where L, is the Libera- Pascu integral operator defined by (1).

Proof. From (1) we have
(1+ a)F(2) = af (2) + 2f'(2)

and, by using the linear operator D{*', we obtain

(1+a)D§* F(z) = aD§* f(z) + DI (z ¥ ijaj”j)

j=2

=aD{P f(2) + 24 Y (1+ (G = DV jaj2d
=2
We have (see the proof of the above theorem)

4305+ (= DN = 5 (0= DDE5(2) + D3*21(2)
j=2
Thus
(1 +a)DE1F() = aD§¥ £(2) + 5 (A~ DD (2) + DEY*1(2)

= (a+252) D21+ 308210)

or

A1+ a)DEHF(z) = ((a+ 1)A— 1) DI £(2) + DV 1(2).



Similarly, we obtain

A1+ a)DYP2F(z) = ((a+ 1A= 1) DP*2f(2) + DPH34(2).

Th
i DE516) | oy gy. DA
DYY'F(z) _ DYMf(2) DY f(2)
DYMFz) DY) _ '
A W +((a+Dr-1)
With notation e
D§+1ﬁ3 = p(2), p(0) =1,
we obtain D"+3j'( )
st _ B (-0
@ DFFG) ~ p@)+(@FDA=1)
We have (see the proof of the above theorem)
+3
%‘Hgl_i% = p(2)? + Aap'(2).

From (4), we obtain

DYY’F(z) _ p(2) + 2 (2) + (@ + DA = 1) p(z) _ p(z) + A 2p/(2)
DS F(2) p(2)+ ((a+1)A-1) p(z)+((a+ 1A -1)"’
wherea € C, Rea >0, 3, € R, >0and A > 1. From F(2) € SL%(q) we have
pla) + 27(2) <4,

3 (p(2) + ((a+1)2 - 1))
where a € C, Rea > 0, B,A € R, 8 > 0, A > 1, and from her construction, we have
Regq(z) > 0. In this conditions we have from Theorem 2.1 we obtain |

p(2) < q(2)

i DE4(2)
5,\ 'f (2)
This means f(z) = L, F(2) € SL§(q).

<q(2).

For #=n € N and A = 1 we obtain
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Corollary 3.2 If F(z) € CV,(q) then f(z) = L F(2) € CVy4(q), where L, is the Libera-
Pascu integral operator and by CV,(g) we denote the class of n-convez functions subordi-
nate to the function q(z) (see [2]).

For 8 =n € N we obtain

Corollary 3.3 [3/ Letn € Nand X > 1. If F(2) € SL:(q) then f(2) = Lo F(2) € SLS(q),
where L, is the Libera-Pascu integral operator defined by (1).

For B € R and A = 1 we obtain

Corollary 3.4 [4] If F(z) € 85(q) then f(z) = LoF(2) € S§(q), where L, is the Libera-
Pascu integral operator defined by (1).
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