oooooooogon
1538 O 2007 O 30-43

On Some Triply Infinite Sums by Means of
N-Fractional Calculus

** Katsuyuki Nishimoto, * Susana S. de Romero
* Josefina Matera and * Marleny Fuenmayor

* * Institute for Applied Mathematics, Descartes Press Co.
2- 13- 10 Kaguike, Koriyama, 963 - 8833, JAPAN.
Fax: + 81 - 24 - 922 - 7596
* Centro de Investigacion de Matematica Aplicada,
Facultad de Ingenieria, Universidad del Zulia,
Apartado 10482, Maracaibo - Venezuela.

Abstract
In this article some triple infinite sums, some related finite sums and mixed
sums, which are derived by means of N- fractional calculus, are reported.

§ 0. Introduction ( Definition of Fractional Calculus )

(1) Definition. ( by K. Nishimoto ) ([ 1]Vol. 1)
Let D={D_,D}, C={C_,C.,},
C_ be a curve along the cut joining two points z and — © +iIm(z),
C, be a curve along the cut joining two points z and o +ilm(z),
D_be a domain surrounded by C_, D, be a domain surrounded by C, .

(Here D contains the points over the curve C ).

Moreover, let f = f(z) be a regular function in D(z €D),

_ _ _Lv+D) S&)
fv(z) (f)v C(f)v Zﬂi .I;.(C-z)vq-l dC (Vaz-)v (1)
(f)m=lim (), (MEZ), (2)
where -xsarg(l-z)sm forC_, Osarg({-2)s2x for C, ,

E=z, zEC, vER, T ;Gamma function,

then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —v for v <0 ), with respect to z , of
the function f , if [(f),]| <.
(II) On the fractional calculus operator N* [ 3]



Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N* be

v (F(v+1) dt ,
N =( 2T fc(c_z)v-»l) (V$Z-)' [Referto(l)] (3)
with
N"=lim N (m€Z"), (4)

and define the binary operation o as

| NP oN°f =N°N°f=N¥(N°f) (a,BER), (5)
then the set

{N'}={N|veR} (6)
is an Abelian product group ( having continuous index v ) which has the inverse
transform operator (N*)™" =N to the fractional calculus operator N , for the
function f suchthat f €F ={f; 0= }, where f = f(2) and zEC.
(vis. ~®©<v <o),
( For our convenience, we call N’ o N® as product of N? and N°.)

Theorem B. " F.0.G. {N"} " is an " Action product group which has continuous

indexv " for the set of F .( F.O.G. ; Fractional calculus operator group )

Theorem C. Let

S:={xN}IU{0}={N"}U{~-N"}U{0} (vER). (7)
Then the set S is a commutative ring for the function f €F , when the identity
N*+N?=N" (N°,N°* N' €§5) (8)
holds. [ 5 ]
(III) Lemma. Wehave[1]
-,,aI‘a o I'(a - PB)
(1) (- ) ), =e 1(,( ﬂ’f) ~of ( 1(*( ﬁ’? oo).
(i1) (1og(z~c))a--e""'°‘r(a)(z ) (MN(e)l<»),
(iif) ((2=¢) ") =-€""——log(z-¢) (IN(a@)l<»),

F()

where z-c=# O in(i),and z-¢c= 0,1in (ii)and(iii). ( I'; Gamma function ),

(iv) (u-v), = o +D) Uy Vi (“'“(Z)')

~ k!T(a +1-k) vaw(z) )
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§ 1. Triply Infinite, Finite and Mixed Sums which are

Derived by Means of N- Fractional Calculus
In the following o, B,y,0 €ER ,

5,.pq s P 9 00 © ©
SEDID RIS JRED P D)
k,m,n=0 k=0 m=0 n=0 k,m,n= 0 Om-On 0
and ,
$.p K4 P oo o0 =]
o= IF e, TS,
k,m=0 kw0 m=0 k,m=0 =0 m=0

for our convenience.

We have then Theorem 1. below by the use of N- fractional calculus of products
of some power functions.

Theorem 1. Let

G=a,B,y ; k, m)

_ lNo+ DIy +DI(m-B)L(k-m-a+y) (1)
kl'm!T(@+1-kI(y +1-mI(-B)rk-a) '

H=H(a,y,6;k,m,n)

I‘(6+1)I‘(m+n ~-y)I'y +k-a-m+d6-n) (2)
n TG +1-mm-y)T(y +k-0c-m) '

and

R-R(a,ﬂ,y,é)

_ sint(y —a - B)-sinx(d - a) 4 (3)
sinn(a +B)-sina(y + 6 —a)

(IRI=M<») .

(i) When « ,[3 ,Y,0 &Z ; , we have the following triply infinite sums ;

oo

_ m+n k
k.m.En-oG.H.(ZZC) <zic)

LTy -a-PpIE-o)z-c'"*"
R I'~a-B)'(-a) ( z)

, (4)



where
I(z=c)lzl , lcl(z-0)| <1, (5)
Cy-a-B)| [Ck-a+y-m|_ _ 6)
[T-a-p | | Tk-o)
and

IF(y +k—a-m+6-—n)| Il"(é—a)|<°° -

b (7)
| Ty+k-a-m | [Tl

(ii) When o,B.y€¢Z, and ,0=q€EZ" we have the following mixed sum ;

k

kym=0 n=0 2z
_ Ty-a-plg-a)(z-c¢ yra-e q
R(o, By .q) T plam \ Z) , (8)

(IR(a,B,y, @) =M <)

having (5),(6) and

|F(y +k-a —m+q—n)|<cxJ _

(9)
| I'(y +k-a-m)

(iii) When o,B€Z), and ,y=p.,8=q (p.q€Z") we have the following

mixed sum ;
& z-C m+n c k
> G(a,ﬁ,P;k,m)'H(a,p,q;k,m’n).(_.) ( )
k,m, n=0 z R
..F(p"a'ﬁ)F(CI"a)(z-—c>’+”’“ (10)
I(-a-pB)I(-a) z ’
where
l(z-c)/ zl<®, lcliz=c)l < 1. (11)

(iv) When B&Z, and a=s5,y =p,0=¢ (s,p,q EZ") we have the following

triply finite sum;
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521 m+n
Z—-C c
G(S’ﬁvp;k,m)'H(s,p,q;k’m,n)-(__z._.> (____)

k,m,n =0 I-cC

C(p-s-P(g=s5)/z-c\""" .
= , 12
[(-s- BT(-s5) ( ) (12)
where
l(z=c) zl , lel(z=¢c)l <® (13)
and

Il"(k-—s+p—m)|<°° ‘

14
L'k -s) (14)
Proof of (i). We have
z“=(z—c)“(l-—i—) (15)
c-2
o CT(a+))

a-k
= Z-C icliz-¢)l<1 (16)
=t k!I‘(a+1—k)( ) (el ) )
Make ( 16 ) xz°, then operate N- fractional calculus operator N’ to its both
sides, we obtain

& e+
2 kI T(a+1-k)

((z—c)“"‘ -z”) (17)

a _B -
(z"-2"), ,

S cTa+l) «w T(y +1) - .
= - , 18
&6 kT (a+ 1-k) ,; m!T(y +1-m) ((Z ) )r-m(z Im (18)
by Lemma (iVv).
Now we have
«@ ~ir F - — a+f-
(2% +2"), =" Pla, By YL =B v (19)

I'(-a-§)

i
I'(-a-$) '

where
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sinwa -sinz(y - a— )

Pla,B,y) = (20)
() sinz(a +B)-sinw(y - a)
| Pla,By)l =M <o,
\Re(a+ B+1)>0, (1+a -Y)$Z0')
( Refer to J. Frac. Calc. Vol.27,pp.83-88)[191].
Next we have
- —imty-m Lk—a +y —m) akeyd m
_ ek = ®(y-m) _ Y , 21
(-0, cerom (21)
(»II"(k- a+y -m)’<w)
\ [k -a)
and
~inm F(m-ﬁ) B-m
(), =e " —=L2 7 (22)
L'(-p)
by Lemma ( i ), respectively.
We have then
S G(a,B.y sk, myct(z=c)>* """
k,m=0
- Pa,py) L2 =P ey ()

N-a- )

(lr(r—a-ﬁ)lw)
A T(-a-§)
from(18),(19),(21)and(22).

Make (23 ) x 7', then operate N’ to its both sides, we obtain

00 k a-k-y+m __y-m F(}’ - -—ﬂ) a-y
kgog.c (@ =ey=rm2), = P(a,ﬁ,y)m(z 7). (240)

hence
[+ ] 00
EG‘ Ck F(é + 1)
- “ nl'd+1-n)

( a-k~y +m y-m
((z=0)* "), @™,

Dy ~a=B)(ay _y
- P D), - 2s)
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Now we have

("7 )y =Ha-y,y,0) (%), (26)
- i su.m(a—.y)-smn(é—a)_l"(é-a) o - (27)
sinwa *sink(d+y -a) I'(-a)
2l
[(-a)
| P(a-y,y,0)l=M«< o0,
Re(a+1)>0, (1+a-—y-—6)$lg)
( Refer to J. Frac. Calc. Vol.27, pp.83-88)(19].
Next we have
a-k-y+m —im(d-n F(k+Y“a"m+6"n) m+ a—y=k=08+n
k-y (d-n) 14
- = - , 2
(z-0 )y =€ Tty —o—m) (z-¢) (28)
(l[‘(k+ y -0 —m+8-n) <°°)
'k+y-a-m)
and
-m ~-inn r(m—}’ +n) -m-n
(277", =™ ———t 77 (29)
Lim-y)
by Lemma (i), respectively.
Therefore, we obtain
E G(a, B, v ;k,m)H(ax,v,0 1k, m,n) c'(zg-c)* 7 0rmm-b gy -mn
k,mn=0
'y —a -6 -a) o_s
= R(a,B,y,0) z (30)
[(~a-B)(-0)
from (25) ~ (29), since
P(a,B,y)P(a-y,y,0)=R(a,B,y,0) . (31)

We have then ( 4 ) from ( 30 ), under the conditions, using the notations (1),(2)

and ( 3).



Note 1. When we use

a a+ ~in F(Y_a“ﬁ) a+f-
By o By y N 2 M B~y (32)
(z72), =(z277), =e (o - B)
instead of  (z° 'zﬂ)y (see Lemmé(iv) ), we obtain
S Gl By sk myct(z- ot e DLEEZ B e ()
k,m=0 r(-a "'/3)

instead of ( 23), from ( 18 ).
Therefore, we have the following doubly infinite sum ;

el R == e A

k, m=

from ( 33).

This result is 'reported in a previous paper of the author ( cf. JFC Vol. 24, (2003),
pp.68 - 70.). [ 11]
When
P(a.B.y)=1, (35)

(23 )1is reduced to (34 ).

Note 2. When we use

- e L0 =) s ’rw a)
A =8 oo (36)
@ 2= - (-a) T
instead of (z°" -z"), , we obtain
2 G_H_Ck(z_c)m+n-k+a-y—6 Zy-m—n
k,mn=0
’P(aﬁ )F(}’ - ﬁ)F(a a)za -4 (37)

~a-B)I(-a)

instead of ( 30 ), from ( 25).
Moreover, for the case of ( 35), we have the following triply infinite sum ;
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k

k,mn=0 Z Z-C

- F(JI/K:Z:I/;))II?((:;:)(;C)” (38)
from (37).
And this result is a special case of (4), in which
R(a,B,y,06)=1. (39)

In a previous paper of the author, this result ( 38 ) is reported as Theorem 3. in
JFC Vol. 24,(2003),p.71 . [11]
Note 3. The identity (4 )is same as the one shown in a paper by S. - D. Lin, H. M.

Srivastava and S. - T. Tu ( cf. JFC Vol. 27,p. 48.)[ 21 ].
Proof of (ii). Set 6=gEZ" in(4).

Proofof (1ii). Set y=p, 6 =q (p,q€Z") in(4).

Proofof (iv). Set a=s,y=p, 6=q (5,p,qEZ*)in(4).

§ 2. Direct Calculation of Triply Infinite Sum

In the following G, H and R are the ones shown in § 1, respectively.

Now we have

S on (3975

k,m,n =0

k

[-al[-7]1,[-8] [ Bl Im-v],
k,m,n=0 k!'m!-n!.(__l)-k—m-n

>(l"(k—oc+y+¢S-m-n)(z—c>""'"( c ) (1)

IN'k-o) b4
using the relationship

DA +1)I(=A)
(k- 2)

FA+1-k)=(-1) ' (2)



where

(AL, =AA+1)-A+k-1)=T(A+k)/T(}), [Al,=1. (3)

( Notation of Pochhammer ).

Next we have

[(k-a+y+b-m-n) [y+dé-a-m-n], T'(y+6-a-m-n)

(4)
'k -a) [-al, I'-a)
_[y+6-a-m-—n],¢_(_1)_(,,,+,,, I'y+d6-a) (5)
["a]k I‘(—a)[a—-y—6+1]m+,,
'y+d-a)ly+d-oa-m-n],
F("a)[—a]k
1
_1-(m+n) (6)
x(=1) [a-y-6+1], [m+a-y~-0+1],
since
[a-y-d+1],,, =[la-y-6+1],[m+a-y-6+1], . (7)
Therefore, we obtain
[+ 4] Z_cm+n c k
G. .
2ou(39) (5
_ R Ly +8-0) [-y],[-8L[-Bl,Im-y],
&y T(-a) klml-nl-(-1)*
m+n k
g ly+é6-a-m-nj, (Z—-C) ( C) (8)
[a-y-6+1],[m+a-y-0+1],\ z z-c¢
from(1)and(6).
Next we have the identity
o [Z‘]k k - A
—z =(1- , (9)
AT

hence



2 +d-a-m-n, (1= >k=( R
k=0 k! i—C

Then applying ( 10) to ( 8 ) we obtain

S on (2297 (%)

k.mn=0 "

_I‘(y+6—a)( z )“”"5 « [-v].[-Bl,
I'(- a) Z-c ey m!-loo-y-06+1],

y d [-6],[m-v],
“onllm+o-y-06+1],

Ty +0-a)(a-y -8 +)I(a+ B+ 1)(z-—c y+o-a
'~a)(a-6+Dl(a+B-y+1) z )

because ( see Note 4.)

& _ 61, Im-vl,
2

o n'fm+a-y-0+1],

_F(m+a—y—6+1)F(a+1) ( Re(a+1)>0,
F'm+a-y +DI'(a +1-0)

_la-y-06+1], T(@-y-6+DNa+]
[a-y+1], T(a-y+DI(a+1-48)

and

« -v1,[-B],

m=0 m![a-—y +1]m

= ,F(-y,-B;a-y+1;1)

_Da-y+DI@a+p+D (Re(a+ﬁ+1)> 0,)
T(a+ DI+ B -y +1) (a-y+D)&Z; )

Therefore, we obtain

=,F(-6,m-y ;m+a-y-6+1;1)

)

(m+oa-y-0+1)&Z,

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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k

Z—C "l#ll/ C
.H.
k,m.n-OG ( Z ) \Z—C>
_sina(d- o) sinz(y ~a-f) Ty -a- BIT'(6- a)(z— c> r+b-a
sint(a+B) sinaly +é ~a) I['(-a-pB)I(-a) z ’
(§1. (4))
from ( 12 ), using the relationship
TA(1-A)=—— (AEZ). (18)
sinzA
Note 4. We have the following identity ;
E[i]"—@-!‘--zﬂ(a,b;c;l) (19)
£ kifd,
L)L (c-a~-b) (Re(c— a-b)> 0,)
- _ . (20)
['(c-a)l'(c-b) CEZ;

. Acknowledgement
The second, third and fourth authors thank to CONDES - University of Zulia for

financial support.

References

(1] K. Nishimoto; Fractional Calculus, Vo. 1 (1984), Vol. 2 (1987), Vol. 3
(1989), Vol. 4 (1991), Vol. 5 (1996), Descartes Press, Koriyama, Japan.

[2] K. Nishimoto; An Essence of Nishimoto’s Fractional Calculus (Calculus of
the 21st Century); Integrals and Differentiations of Arbitrary Order (1991),
Descartes Press, Koriyama, Japan.

[3] K. Nishimoto; On Nishimoto’s fractional calculus operator N*(On an
action group), J. Frac. Calc. Vol. 4, Nov. (1993), 1-11.
'[4] K. Nishimoto; Unification of the integrals and derivatives (A serendipity
in fractional calculus), J. Frac. Calc. Vol. 6, Nov. (1994), 1-14.



[5] Ring and Field Produced from The Set of N-Fractional Calculus Operator,
J. Frac. Calc. Vol. 24, Nov. (2003), 29-36.

[6] K. Nishimoto, Ding-Kuo Chyan, Shy-Der Lin and Shih-Tong Tu; On
some infinite sums derived by N-fractional calculus, J. Frac. Calc. Vol. 20
(2001), 91-97.

[7] Pin Yu Wang, Tsu-Chen Wu and Shih-Tong Tu; Some Infinite Sums via
N-fractional calculus, J. Frac. Calc. Vol. 21, May (2002), 71-77.

[8] Susana Salinas de Romero and H.M. Srivastava, Some Applications of
Fractional Calculus Involving Summation of Infinite Series, Applied Math.
and Comp., Vol. 90, (1998), 129-142.

[9] K. Nishimoto; N-Fractional Calculus of the Power and Logarithmic Func-
tions and Some Identities (continue), J. Frac. Calc. Vol. 22, Nov. (2002),
59-65.

[10] K. Nishimoto, Susana S. de Romero and Ana I. Prieto; Some Doubly and
Triply Infinite Sums derived from The N-Fractional Calculus of a Logarithmic
Function. J. Frac. Calc Vol. 24, Nov. (2003), 59-66.

[11] K. Nishimoto and Susana S. de Romero; Some Multiple Infinite Sums
derived from The N-Fractional Calculus of some Power Functions, J. Frac.
Cale. Vo. 24, Nov. (2003), 67-76.

[12] K. Nishimoto; Examinations for Some Doubly Infinite, Finite and Mixed
Sums, J. Frac. Calc. Vol. 25, May, (2004), 25-32.

[13] Shy-Der Lin and H.M. Srivastava; Fractional Calculus and Its Appli-
cations Involving Bilateral Expansions and Multiple Infinite Sums, J. Frac.
Calc. Vol. 25, May, (2004), 47-58.

[14] K. Nishimoto, Susana S. de Romero and Ana 1. Prieto; Examinatios for
Some Doubly Infinite Sums derived by Means of N-Fractional Calculus, J.
Frac. Calc. Vol. 26, Nov. (2004), 1-8.

[15] K. Nishimoto; Some Multiply Infinite, Mixed and Finite Sums derived
from The N-Fractional Calculus of Some Power Functions, J. Frac. Calc.
Vol. 26, Nov. (2004), 9-23.

[16] K. Nishimoto; On Some (g + 1) Multiply Infinite Sums (g € Z*) derived
from the N-Fractional Calculus of Some Power Functions (Part I), J. Frac.
Calc. Vol. 26, Nov. (2004), 53-60.

[17] K. Nishimoto and Susana S. de Romero; Numerical Examinations for
Mixed and Double Finite Sums obtained by Means of N-Fractional Calculus,
J. Frac. Calc. Vol. 26, Nov. (2004), 91-99.

[18] K. Nishimoto, Susana S. de Romero and Ana I. Prieto; Some Doubly
Infinite Sums and Mixed Ones derived from the N-Fractional Calculus of a
Logarithmic Function, J. Frac. Cale. Vol. 27, May (2005), 77-82.

[19] K. Nishimoto; N-Fractional Calculus of Products of Some Power Func-
tions. J. Frac. Calc. Vol. 27, May (2005), 83-88.

42



[20] K. Nishimoto and Susana S. de Romero; Some Douby Infinite, Finite and
Mixed Sums derived from The N-Fractional Calculus of a Power Function,
J. Frac. Calc. Vol. 27, May (2005), 89-99.

[21] Susana Salinas de Romero and H.M. Srivastava; Some Families of Infinite
Sums Derived by Means of Fractional Calculus. East Asian Math. J., Vol.
17, No. 1, June (2001), 135-146.

[22] K. S. Miller and B. Ross; An Introduction to The Fractional Calculus
and Fractional Differential Equations, John Wiley & Sons, (1993).

[23] Igor Podlubny; Fractional Differential Equations (1999), Academic Press.
[24] R. Hilfer (Ed.); Applications of Fractional Calculus in Physics, (2000),
World Scientific, Singapor, New Jersey, London, Hong Kong,.

[25] A. P. Prudnikov, Yu. A. Bryckov and Q.I. Marichev; Integrals and Series,
Vol. I, Gordon and Breach, New York, (1986).

[26] S. Moriguchi, K. Udagawa and S. Hitotsumatsu; Mathematical Formulae,
Vol. 2, Iwanami Zensho, (1957), Iwanami, Japan.

Katsuyuki Nishimoto Susana S. de Romero,
Institute of Applied Mathematics Josefina Matera and
Descartes Press Co Marleny Fuenmayor
2-13-10 Kagitiike, Koriyama, Centro de Investigacién -
963 - 8833 JAPAN de Matemaética Aplicada
Facultad de Ingenieria
Universidad del Zulia
Apartado 10482

Maracaibo-Venezuela

43



