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Abstract
Defining the subclasses MD(a, 3) and N'D(a, ) of certain analytic functions
f(2) in the open unit disk U, some properties for f(z) belonging to the classes MD(a, 3)
and N'D(a, () are discussed. In this present paper, some coefficient estimates and some
interesting applications of Jack’s lemma for functions f(z) in the classes MD(a, 3) and
ND(e, B) are given.

1 Introduction

Let A be the class of functions f(z) of the form

f(z)=2z+ f:a,,z"

n=2
which are analytic in the open unit disk U = {z € C||z] < 1}. Shams, Kulkarni and Ja-
hangiri 3] have considered the subclass SD(a, 8) of A consisting of f(z) which satisfy

)\ . | l
Re(f(z))>a ) 1+ 8 (ze )
for some a(a 2 0) and B(0 £ B < 1). The class KD(a,3) is defined by the subclass of

A consisting of f(z) such that z2f'(z) € SD(a,). In view of the classes SD(a, ) and
KD(a, ), we introduce the subclass MD(a, ) of A consisting of all functions f(z) which

satisfy f’( ) £
V4 2 ¥4 V4
R"(”?('S‘) <5y T
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for some a(a £ 0) and (B > 1). The class N'D(a, ) is also defined by f(z) € N'D(e, B)
if and only if 2f'(z) € MD(a, ). The classes MD(a,) and N'D(a, ) were introduced
by Nishiwaki and Owa [2]. We discuss some properties of functions f(z) belonging to the
classes MD(a, ) and N'D(e, 3).

2f'(2)

We note if f(z) € MD(e, ), then =—-* = u+iv maps U onto elliptic domain such that

f(2)
(u-az_ﬂ)2+ al az(ﬂ—1)2
(4

a’-p 2
a?-1 2—1“< (a? —1)?

for o < —1, the parabolic domain such that

1 2, B+1
u< 36 = l)v + 9
for & = —1, and the hyperbolic domain such that

_a’—ﬂz @ , a}f-1)?
(- 5=5) - 5>

-1 "1-a2’ ~ (a2-1)

for ~-1<ac<0.

2 Coefficient estimates for the classes MD(a,3) and
ND(e, B) |

By definitions of MD(a, 3) and N'D{a, 3), we derive

Theorem 2.1. If f(2) € MD(a,f), then

f(z) e MD (o,ﬂ'“).

l1—-a

Proof. If f(z) € MD(a, ),

(7)<

implies that

zj{;(z';)—l!-}-ﬂgaRe(ij%%l—l)-kﬁ (zel)

2f'(z)\ B-a
Re(f(z))<1—a (¢£0,8>1).

a
> 1, we prove the Theorem. O

Since
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Corollary 2.1. If f(z) € ND(a,3), then

f(z) eND (0[::2) .

Our result for the coefficient estimates of MD(a, ) and N'D(a, B) is contained in

Theorem 2.2. If f(z) € MD(a, ), then

<m0
Jaz] £ l-a

2(6-1)

and

28-1) Tr(,.206-1
“'"'g(n—l)(l-a),.ll(“’j(l—a)) (n29)

Proof. If f(2) € MD(a,3), then
B—a+(a—1)Re ("f'(z)) >0

f(z)
from Theorem2.1. And let us define the function p(z) by
!
B—a+(a— I)E%é—?-
(2.1) o) = ———— L
Then p(z) is analytic in U, p(0) = 1 and Rep(z) > 0 (z € U). Therefore, if we write
(22) P(Z) =1+ anzn,
n=1

then |p,| £2 (n 2 1). From (2.1) and (2.2), we obtain that

(@—-1) i(n —-Day,2"=(8-1) Zp,.z"(z + Za,,z").
n=1

n=2 n=2
Therefore we have

- B-1
% = - D{a 1)(p.._1 + Pn-202 + -+ + P20n_2z + P18n-1)

for all n 2 2. When n =2,

-1, A1)
< < ,
joal S Bl S T2
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And when n =3,
la3| = 2(1 )(IP2|+|P1||02|)

2(8-1) 2(6-1)
§2(1—a)(1+ l-a )

Let us suppose that

2(6-1)
E-1)(1-a)

26 -1) 2(8 - 1)
(k_l 1—0:)1-[( ](1_0)) (k;3)

(14 |ag] + - - + |ar—2| + |ar-1])

Then we see

k-2
24 Lt fal -+ laveal+osnal 8 I (14 222).

J=1
By using (2.3) and (2.4),
2(—1
jaesal € 221 (1 4 fag) -+ aacal + fanca + o)
k(1 —a)

§(1+ 2(8-1) )2(ﬁ—1)"‘2(1+ —1))

-1 -a)) Mi=a) i \' 5=
26-1) 1 'ﬂﬂ—n)
-ka-)£](1+ (-
This completes the proof of the Theorem. a

Corollary 2.2. If f(z) € ND(a, ), then

2(8-1)
loal = 300

and

26-1)  Tr(;, 26-1)
| 'anl é n(n - 1)(1 - C!) Jl;! (1 + m) (n g 3).

Proof. From f(z) € ND(a, () if and only if zf'(z) € MD(w, B), replacing a, by na, in
Theorem2.2, we have the corollary. O
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3 Applications of Jack’s lemma for the classes MD(a, )
and N'D(e, )

In this section, some applications of Jack’s lemma for f(z) beloﬁging to the classes
MD(a,B) and ND(a, ) are discussed. Next lemma was given by Jack [1].

Lemma 3.1. Let the function w(z) be analytic in U with w(0) = 0. If

max |wiz}| = | w2
max fu(z)| = (o)l

then
zow'(20) = kw(zo),

where k 1s a real number and k 2 1.

Theorem 3.1. If f(z) € MD(a, ), then

-1

z

<1494 (6 20)
for some a(a £ 0) and B(8 > 1), or

(..

<1+6 (620

for some a(a £ —1) and B(8 > 1).

Proof. Let us define
_(1+0(1-0a)

G R

fora £0and 8> 1, and
_(1+9(1+a)

BRNCEDICESY
for « £ ~1 and @ > 1. Further, let the funcion w(z) be defined by

(2)\"
)_(_f"_?__).: (620)

w(z) = 1446

<0

which is equivalent to
@) (1+9)w()
f(z) (1 +d)w(z) +1}
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Then we see that w(z) is analytic in U, and w(0) = 0. On the other hand, if f(2) €
MD(a,l) (¢ £0,8 > 1), then

zf'(z) 2f'(2) 1 (1+0)zu'(2) \  a | (1+8)zu'(z)
Re(f(Z)) o =R ((1+6)w(z)+1) M T o) +1

Furthermore, if there is a point z, (zo € U), which satisfies

< f.

‘gﬁW(N=WMH=L

then Lemma3.1 gives us that
1 1+ 8)20w'(20) a
1+ ;Re (((1 +5)Zv(zo) + 1) “hl (14+8)w(z)+1
k(1+46) ( 1 ) _ak(1+9) 1
0% (1+6) +e¥ vl (1+468)+e
k(1+98) 1484 cosd—av/(1+9)%+2(1 +0)cosd +1
v (140)2+2(1+6)cosf + 1

(1 + 8)zow'(20)

=1+

= F(8).

When 4 > 0,
k(1 +6)(1 - )
v(2+4)
(1+6)(1-a)
7(2+96)

_(1+9@-a)
S E+9(-1)

F6) 21+

21+ =8,

p—

because

Further, when v < 0,

k(14+6)(1+a)
(2 + )

(a+a+a)
¥2+6) 7

This contradicts our condition of the Theorem. Thus there is no zo € U such that |w(z)| = 1.

This completes the proof of the Theorem. O

FO) 21+

>1+

Corollary 3.1. If f(z) € N'D(a, ), then

(@) B9 ~ 1| <146 (620)
for some a(a < 0) and B(8 > 1), or

|(f’(z))g—1f'}&% - 1| <1+6 (620)

Jor some a{a £ —1) and B(8 > 1).

Proof. Replacing f(2) by zf'(2) in Theorem3.1, we have the corollary3.1. ‘ O
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