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Introduction to Jet Schemes and Arc Spaces

Shihoko Ishii
28th, August—1st, September 2006, Noted by Ken-ichiro Arima

0 Introduction

1968 Nash, preprint (Nash problem)
1995 published in Duke Math [25]
1995 Kontsevich Lecture at Orsay [19]
Motivic integration = application
birational Calabi-Yau have the same Hodge number
Denef-Loeser [6][7] research on motivic integration
Mustata, Ein, Lazarsfeld, Yasuda
characterization of singularities by jet schemes [9]{10][11][23][24], ([11] with-
out motivic integration)

1 Jet Scheme and Arc Space

1.1 Existence
Notation. k =k, char k > 0. X : variety/k, dim X = n (fixed).

Definition 1.1. Let K D k : field extension, m € Z>o.

A k-morphism a : Spec K[t]/(t™*1) — X is called an m-jet of X.
More precisely, “K-valued m-~jet of X”.

A k-morphism « : Spec K[[t]] — X is called an arc of X.

Spec K[[t]] = {0 (= closed point), (= generic point)}.

More precisely, “K-valued arc of X”.

Theorem 1.2. X : variety/k. For Vm, 3X, : k-scheme of finite type/k s.t.
Homy(Z x Speck[t]/(t™1), X) = Homg(Z, Xm)

for YZ : k-scheme. Here Homy(Z x Speck[t]/(t™+!),X) : space of m-jets
parametrized by Z. “x” means “Xgpeck ”.
In particular, in case Z = Spec K (K D k, field extension).

Hom(Spec K[f)/(#**1),X) = Hom(SpecK, Xm)
w w

a «— o (usethe same notation)
K-valued m-jet of X K-valued point of X



Proof. There are three proofs: (1) See BLR [4]. (2) Concrete construction. (3)
See Vojta [33], more general construction, by “Hasse-Schmidt derivation”. For
X : S-scheme not necessary of finite type, VS : scheme.
(2) Here we show the second proof. X = Spec R, R = k[z1,...,zn]/(f1,--., fr)-
Z = Spec A. ‘ .
Homy(Z x Speckl[t]/(t™*1), X)
= Homk(k[xh ce 7mN]/(f1a oo afr)!A[t]/(tm+l))
= {p:k[z1,...,zn] — A[t]/E™) | o(fi) = 0 for Vi}
p:T; a;_o) + a,g-l)t + 0t agm)tm, a;-e) €A
o(f) = FO @) + F ()t + - + F™ (@)™,
Fm™ (ag-‘)) : polynomial in ag_e)
o(fi) = 0= FO0{), FP(af?), - . F™ (@) = 0
= {¢: k[a:l,...,xN,xgl),... ,m%),...,m%")] — A | Ff'(age)): 0}
£
0 o)

= Hom(k[a:j,a:g-l),. . ,a:;-m)]/Fiw)(xg-e)) —R , A)

= Hom(Spec A,Spec Rr), Xm = Spec Ry,

O

How to get equations of X, C AM (chark = 0). Derivation D on k{z;, z(M ,wg.m)]

is defined as follows: FRRERE
D(:z;g.‘)) = xyﬂ) (£ < m), D(x§m)) = 0 (otherwise).
By the embedding

Xm — AM
w w

a — (g,

we have equations {D7(f;)} of X, C AM.
Note 1.3.

o X :_a,fﬁne => X, : affine

e X : finite type over k = X, : finite type over k. )
Example 1.4.

e X : reduced variety, dim X =0 = X,, = X.

o X =AN = X =A§cm+41)Nf



Definition 1.5. We define ¥, m—1 : X;n — Xm—1 as follows. Let a € X,,,
fE€A a(f)i=ap+ait+ -+ am_1t™ ! + amt™. &/ = Yy m-1(c) is defined
by &/(f) :==ao+ -+ + am-1t™ L.

More formally,
kel (™) — klE]/ (™). e (%)
(%*) VZ : k-scheme, we have “
Z x Speck[t]/(t™*!) «— Z x Specklt]/(t™)
Hom(Z x Speck[t]/(t™*!),X) -—— Hom(Z x Speck[t]/(t™), X)
= Hom(Z, X,,) = Hom(Z, X;—1)-
Put Z := X,,. We get

Hom(Xp,, X;,) — Hom(Xp, Xm—1)
w w

id — Ymm+1-
We say this argument (**) is the argument “induced from (x)”.

Let m’ > m. Define ¥m/ m = Ym+1,m © *** © Y/ mr—1.

Example 1.6. X : non-singular variety, ¥ : X —+ X, locally trivial fibra-
tion with the fiber A(m —m)n,
In case X = A%, we have

X = A", X, = AR

w
a
a(z;) = Yoot — YT, aia
k[a:j,:z:g-l),. . ,:cg.m ] e~ k[wj,a:;-l), e ,zg-m)]
Am'+)n —s A(m+Dn  canonical projection.
Definition 1.7. We define
Tm: Xm — X Spec K[t]/(t™t) — X
w w w w |,
a — a0) o} — a(0)

induced from (x), k[t]/ (¢™+1) — k (discussion as before).

Example 1.8. Even if X is irreducible, X,,, is not necessarily irreducible.

For example, X = {z? — 2+ 2% = 0} c C® = X; = Z; U Z; irreducible
decomposition. Here 77 (0) = A? = Z;, 771 (Xreg) = Al-bundle. Z5 : closure
of 71 (Xreg)- '



Definition 1.9. m/ > m = Y m : Xy — Xy projective system. From

P ’, Y ’”
Xm’ - Xm =5 Xm”,

we can define X, := }ian_.me. Note that X = Spec R = X,,, = Spec R,,.
Put @Rm =: Roo, Xoo := Spec Ro.

Theorem 1.10. For any k-scheme Z,
Homy,(Z X Spec k[[t]], X) & Homg(Z, X).

") Homg(Z x Speck([t]]/ (tm“) X) = Homg(Z, X,,). Taking projective limit
m — 00, we have Homy(Z x Speck[[t]], X) = Homg(Z, Xoo).
Put Z = Spec A. We obtain Homg(Spec A[[t]], X) & Homy(Spec 4, X).
NB. A[[t]] # A ® k[[t]]. For example, A = k[z].

Example 1.11. X =A}. X =Speck[xj,...,xg.l),...,wg-z),...] =: Af°.

meN : {closed point of A’} = k™,
m=o0 : {closed point of A$’} # k*(if fk = R).

Definition 1.12. Define a k-morphism as follows:

Ym: Xo — Xm

W W
@ — Qun
a(f) =) at!, am(f) = azt.
j=0 3=0

Formally this morphism is “induced from” k[[t]] — K[[¢]]/(¢™*!). Here o is
arc a : Spec K[[t]] — SpecA Cc X «— ring hom K[[t]] & A

Define a k-morphlsm
T: Xoo —m X
\\Y \\V)
a +— a0)

where 0 is the closed point of Spec K[[t]]. Formally this morphism 7 is “induced
from” k[[t]] — k.

We have Xoo 2= X, ™3 Yt X, ™™ X, Xoo = X. If X : smooth then

P surjective.

Proposition 1.13. ¥, (X ) i constructible set (finite union of locally closed
subsets).



1.2 Functoriality
Proposition 1.14. Let m € NU {o0}, f: X — Y k-morphism.
Spec K[t]/(t™t1) = X
NS
Y

Then
fm: Xm — Yn k-morphism

w w
a — foa

18 commutative.

Proposition 1.15. Let m € NU {c0}. Then X L v is étale = Xm &
Ym XY X-

Corollary 1.16. Let m be as above. Then U — X : open immersion = Um
(7X)~Y(U). In particular, U,, — X, is an open immersion.

IR

Definition 1.17. Main part of X,, <==) w,?,l(X,eg)

Note 1.18. Z C X closed immersion = Z,, C X, closed immersion.
'NVZCXC AN, Oy,~n DIz DZIx, Ognem+ry DIz, DIx,,.

NB. Z C X closed, Z,, € 7.1(2), Zoo G 731 (2). (codim Zoy = 0.)
Proposition 1.19. Let m € NU {o0}. Then (X Xspeck Y)m = Xm XSpeck Ym-

Theorem 1.20 (Kolchin [18], Ishii-Koll4r [14, Lemma 2.12]). Letchark =
0. Then X : irreducible => X, : irreducible.

Example 1.21. chark = p > 0. X, is not necessarily irreducible. X =
{xP — yPz = 0} C A} = X is not irreducible. (See IK'[14].)

Note 1.22.
o f: X — Y surjective # fp, : X;n — Yo, surjective,
e f: X — Y proper # fn : X;n — Yy, proper.
Assume that X has A,, singularity C A3. Then f is proper surjective:
cz L ce=x

c2, I~ X, fm : dominant.



X, is irreducible (Mustata) and C? 5 0 . PeX, (C€)~! is irreducible. But
if m > 0, (7X)~1(P) has n irreducible components (Nash). Therefore fr, is not
surjective, in particular it is not proper.

1.3 Cylinders and valuation
Definition 1.23 (ELMJ11]). Let C C X be an irreducible constructible set.

C:thin €5 32 c X proper closed (CC Zy)

C : fat <d=°f> notthm

Note 1.24. Let a € C 1rreduc1ble constructible set C X. Then

C:fat <= «a(n): generic point of X

[

E[t] <& A (X =SpecA)
= n !
K((t)) «— K(X) extendable,

where 7 is the generic point of Spec K{[t]].
Let vo(f) == orda(f) (f € K(X)\{0}). Then v : discrete valuation.

Definition 1.25. C C X is a cylinder &k 35 ¢ Xoo construct1ble set,

C =971(8).
Note 1.26. X: non-singular, C = ¥;}(S) : cylinder.
(0) Xoo — X locally trivial fibration with the fiber A%.

(1) §=S51USU---US, irreducible decomposition
= C =¢;}(S1) U--- U9p;1(Sr) irreducible decomposition.

(1)’ In particular, cylinder’s irreducible components are finite.
(2) C: cylinder = C = ¢;}(S) cylinder.

(3) V irreducible components of cylinder is fat.
Corresponding valuation is divisorial valuation, i.e., 3E : divisor over X,
ve = gvalg (¢ € N).

If X has singularity, (1)’ also holds but (0), (1) and (3) are not a.{ﬁrmatlve (2)
is open problem. -

Example 1.27 (Thin cylmder [De Fernex-Ein-Ishii, preprmt]) Let F =
z2 — y?z, X = {F =0} Cc A}, am € X, closed point.



on(z) =t
ClH/ (™) &2 Cla,y, 2/(F), {“m% o

Then cylinder ¢, (am) C (Sing X)o is thin! |
Proposition 1.28 (De Fernex-Ein-Ishii). X : singular.

(1) #(components of cylinder) < oo. |

(2) A thin component of a cylinder C (Sing X)co.

(3) C: fat component of a cylinder = v¢ : divisorial valuation.

Proposition 1.29. C: cylinder => Vm € N, ,,(C) is a constructible set.

2 DMotivic Integration

Exposition text Craw [5], Veys [32], Loeser [§].
On Nash problem, see [3],[12],[14]-[17],[20]-[22],[27],[28],[30],[31].

2.1 Grothendieck ring

Varc := {variety /C}. Ko(Varc) := abelian group generated by {[V]|V €
Varc}/(equiv.), equiv. means as follows:

VI=[W]if VW, [V]=[V\Z]+[Z], ZCV closed.
This has a multiplication [V][W] := [V x W].

Ko(Varc) = “Grothendieck ring.”

VC : constructible set in some variety V. C = [[ A; = naturally [C] :=
Y"[A:] € Ko(Varc). Here A; : locally closed.

Convention: [point]=: 1, [A!] =: L.

Example 2.1. ,
(1) X ={y? 2% =0} € A = [X] = [A'\ {0}] + [{0}] = [A!] = L.

(2) Vf : Y — X piecewise trivial fibration with fiber F,jie, X =]]X;
locally closed and

f’f—l(x‘,) : f—l(X,;) — X;.
X, xXF
then [Y] = [X][F]. |
2) [Y] =X ~H(Xa)] = [F] ZX:] = [F][X], since [f~1(X;)] = [X;] x [F],
> [Xi] = [X]. .

Note 2.2. Ko(Varc) is not integral domain. See Poonen [29]. 34, B : Abelian
varieties, [A] # [B] and AxA = BxB = ([A]-[B])([A]+(B]) = [4]*-[B]* = 0.



Definition 2.3 (Hodge-Deligne polynomial). Let V' € Varc, dimV = n.
n  2n ) )
H(V,u,v):= Y > (-1)*RP(HE(V,C))uPv? € Z{u,v]
P,g=0 i=0

where h?? is dimension of (p, ¢)-Hodge components In partlcula.r, H(V,1,1) =
x(V) Euler characterlsmc

Note 2.4.
Varc A, Z[u,v] factors.

N / H
Ko(vaf‘c)
Example 2.5.
(1) H(P* u,v) =1+ uv+ (uww)?+ - + (uv)™

) hm(Hi(P",C)) ={ (1) Egt:etll'w__i-sj) .

(2) H(A™ u,v) = (uv)". In particular, H(L,u,v) = uv.
) B = A7+ P
1+uv+--+ (uo)? (w)*  1+4uv+---+ (uw)*?
Definition 2.6. M := Ky(Varc)L, localization by L.

Definition 2.7. F™ := subgroup generated by []Lﬂi dimS—i < ~m. = {F™}
descending filtration, F™ . F* C F™+". Mc/F™ — Mc/F™ 1: projective
system. Mc = !illmMc/Fm,

We say “Y.,.cz amL™™ converge” (am € Varc) <= 3, czamL™™ € Mec.

(<= X anl™eMc/F~)

dimam—m>k

For example, >,z L~™ does not converge.

2.2 Motivic integration

There are two ways.
(1) in Mg, Denef, Loeser, Veys. (2) in Z[[u~*v~]][x;v], Mustat4.

(1) C: cylinder C X, n =dim X.

motivic measure 4(C) = lim E[Qf)(mg-n) ] e Mc. (Df..[b'])



C
(Note that Veys defines u(C) = lim_ W]I"jrin ) )

In case X is non-singular, C = ¢ 1(S), S C X,.
m > 7, Ym(C) = Y51.(S5), [hm(C)] = [SILIm=m,

m C ' S
g[l,p(ms-l))r]z = ]L(E'i']l)n for Vm. u(C)= Tﬂg"-i-]ﬁ
Picture
] 4 4
[C] — %
Xr % jAzL é A4=L W—l(P) =
Xr—l S VA
Xo s’ L
“[C]” — [S]A = [S]B/]Lrn = ']I[':Lg'],;

Here by putting B = 1, we can think that -l[;],; is a “volume” of C.

Example 2.8 (Singular case). X = {zy = 0} Cc A2, X : cylinder,
[¥m(Xoo)] = 2L™+! — 1. When m = 1, ¥1(Xo) = horizontal part. A2 U A2,
L2+L%2—-1=2L2-1. v

[Ym(Xoo)] _ . 2L™H —1
HHoo) = B Tt = i, g %

Definition 2.9 (Motivic Integration). F' : X, — Z U {oc} function s.t.
F~"(n) is a cylinder.

LFdy := Z p(Fl(n))L™ € Mec
Xoo meZ

Example 2.10 (Example of F). Z C X = Spec A closed subscheme. Fy :
Xoo — ZU {0} (a —> orda(Z) = ord:a(lz)) satisfies the condition for F.

©) F2(Z2m) = Yn1(Zm-1) (Exercise). F7'(m) = yrL1(Zm-1) \ ¥ (Zec)-
(2) by Mustaté. F : as above.

[T = T HE )L € 2

meZ

= ¥ HWF () (w)™ € Z{u~ v"|[u,1].
meZ
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Theorem 2.11 (Change of variables formula, DL [6]). p:Y — X
proper birational morphism of non-singular varieties. Then

/ L-Fdy / L=Fove—Fry/x gy,

Xz £

Corollary 2.12. X, X’ : smooth Calabi-Yau varieties. X ~ X' birational
= [X] =[X'].

Proof. Ky/x = Ky/xl = Ky.
| Y
e/ Y
X X'

Xoo == Z U {00} (zero map), X, F,zu {00} (zero map) = F 0 Yoo =
F' 0 oo : Zero map.

e L~ Fdp = u(F1(0)) = LO+hn — Tn°’
!
L Fove~Fryx = [ L-Fdy= [—Xn—] = [X] = [X"] € Mc.
Yoo Xoo L

O
Corollary 2.13. X, X' : birational Calabi- Yau varieties => hP4(X) = hP4(X"’).

2.3 Application of motivic integration
Characterization of singularities via jets.

Theorem 2.14 (Mustata, [23]). X : smooth, Y C X closed subscheme. Then

log canonical threshold ¢(X,Y) = dim X — sup dim Yo, .
m>1 m+1

Theorem 2.15 (Ein-Mustaté-Yoshida, [9]). X : locally complete intersec-
tion variety (Ici for short). Then

X has canonical singularity <= X, is irreducible for Vm € N.

(<> X : rational in this situation)

Theorem 2.16 (Ein-Mustata, [10]). X : normal lci. Y = Y a;Y; (a; € R),
Y; C X irreducible closed subscheme. Then z — mld (z; X,Y) (minimal log
discrepancy) is upper semi-continuous.



We show Mustata’s proof of Theorem 2.14.

Theorem 2.14°(M[23]). X : smooth, Y C X closed. Then
(X,qY) is log canonical <= dimY = (m + 1)(dim X — g), Ym € N.

Theorem 2.14’ => Theorem 2.14.
*.') log canonical threshold = sup{q|(X,qY) : log canonical}. a
Let ¢ : X' — X be a log resolution of (X, Y). o 1Y) = XI_, aiD;,
a; > 1, D; € X' irreducible divisor. Kx//x =3 [_, biD;, b; > 0. Then
(X,qY): log canonical <= b;—gqa; > -1 (i= 1,...,7)
< gqa;—b;—1<0.
Here (X, qY) : log canonical &
Kx'=¢'Kx +qp ' (Y)+ ) _nD;, ri>-1 forVi.
From this,
Kx —o*Kx = qcp"l(Y) + Zr,-D,—
| |
Kxyx =) bD; g) aD;,  bi=ga;+ri, ri > -1
Recall motivic integration. |
Xoo 25 ZU {00} & ZU {0}

where F~1(s) : cylinder for Vs € Z. We define f later.
We have two expressions

/ e = / e FoPeFixr/x
Xoo X!
We compare the left and right of this equality.

NB. Fy'(m) = %11 (Y1) \ 95! (Yom)-

p,(F;l(m)) = [}];Jm-;zl] - ]L([‘:::]l)n

Put f(m) =s.
foeF = X HEE ) @) = 3 H () )

s€Z>0 me€Zxo
T F~l(s) = Fy(f~'(s))

= 3 (H(Ym-1)(uw)™™ — H(Ym)(uv)~m+Dm) (yy)=Fm)
me€ZL>o

= Z H(Yim—1)(uv)~mn—fm) _ Z H(Yon) (up) = (m+Dn—£(m)
=: S], - Sg.

11
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Definition 2.17 (Definition of f). We define f : Z U {00} < Z U {oo} as
follows: '
m<0: f(m)=m ,
| m>0: inductively, f(m+1) > f(m) +dimY,, + ¢(m + 1), '

bi —
a;

1
where ¢ > ln - I tor Vi.

Now, looking at Sy, we have

{ deg of monomials in }

H(Yip1) (u)—mn=9em [ < 2= mn = f(m)

| -2(—mn—~f(m)) <

» +dimY, _1) .
=: 2P,(m) =: 2P;(m)
without f. Possibly \,
i : } -
Py(m) Py(m-—1) P(m) Pi(m-1)
with f Pym)  Pi(m)
Pi(m+1) P(m—-1) FA(m-1)

Next, looking at Sz, we have

deg of monomials in }

2(— (m+1)n—f(m)) < { H(Y,,)(up)~(m+n=fm) | < 2(~(m+1n

—f(m) + dimYy,).
=: 2Q2(m) =: 2Q1(m)

Qi(m+1) Q2(m+1)
Q2(m) Q1(m)

~Compare Q1(m), Pi(m). We have
Pi(m) 2 Q1(m).

Here, “=" holds <= dimY,, =dimY,,_; + n.
) By dimY;, < dimY;,_1 + n the inequality of P, and Q; follows. a
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Put 4(Y;,-1) = #i(maximal dim components). Then
o The term of deg = —2P;(m) in Sy = £(Yy—1)(uv)~F1(™ (Exercise).
o The term of deg = —2Q;(m) in Sz = £(Y;,)(uv)~Q1(m).

Change of variables formula,

/ e Fove=Fryx Z Sy, (For “=7", see Batyrev[l], Theorem 36)
o0 Jc{1,...,r} :

Sy = ZH(D?)(W — 1)V (gp) =T i+ D-f(Taa) _, E(*)’

D;= (N D:)\UDs

ieJ igJ
We have
2Ry(osli€ J)—2n< deg of (%)) <2 (cu(bi+1)— f(O_ cuay))
. i€J
=: 2R2(ai|i € J) =: 2R1(a,-|i € J)

Put T(m) =dimY,, — (m+ 1)(n — q).
Ri(ai|i € J) =
P (Y aia;) — 7(Fauia; — 1) (o) + > ai(ga; — b; — 1) oy (1)

Py (X asa; + 1) < Ra(ay|i € J)
< Ri(os|i € J) < min{Q2 (> cua; — 1), P (X aua; — 1)}

fx' e’

o0

R, | R1§

S1

Py (m+1) Pi(m) Py(m—1)
Qi(m)  Qz(m-—1)

[ s,

Assume (X, qY’) : log canonical. Then (*x) < 0.

KFImst. 7(m—1)>0 <> (*¥) >0 form=)_ oja;
= Ri(a; | i € J) < Pi(3 aiay).

== (uv)P(™) does not appear in [, e~F. Therefore, the monomial (uv)?P:(™)
in Sy should be cancelled by a term of Js.

= Pi(m) = Q1(m) = dimY,, =dimY,,_; +n.

Tm)=7(m+1)—g> 0> ZE™™ b (m 1) =Qi(m+1)



= dim Y4 =dimY,+n=r(m+1)=17(m+2)—¢g>0=>.---..

Therefore, 3mg s.t. Ym 2> mo = dimY,, =dimY,,_1 +n
= Yoo D %71 (Y;2), Y : maximal dim component.

Yoo : thin, ¢ -2(¥,9) : cylinder, fat. “thin D fat” : contradiction.

(The proof of the conwverse was not shown in the talk because of the shortness
of time. One who are interested in can see it in Mustatd’s paper [23]. Here we
see just the sketch of it.)

Assume 7(m) < 0 for all m € N. Fix m such that a; | m + 1 for every i
Here, if gaj — bj — 1 > 0 for some j, define

. mil (4= j)
T=teda={ % (27
Then,
= Rl(a,-IieJ)=P1(m+1)—1'_(_@<0+%jﬂ-(qaj—bj—1)
= Pi(m+1) < Ri(ey | i€ J).

>0

By this and some other discussions, it follows that there is d in the inter-
val (Py(m + 1), min{Pz(m),Q2(m)}) such that the term (uv)~? appears in
fx' e~Fove—Fx//x But for any d in this interval, the term (uv)~% does not
ap;ear in [ Xo e~ F, a contradiction. Therefore the inequality ga; — b; —1 > 0
should hold for every i, i.e., (X,qY") is log-canonical. O
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