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On complementary spaces of the Lizorkin spaces
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§1. Introduction
Let R" be the n-dimensional Euclidean space. For a multi-index

o= (o, ,0a,) and z = (z1,--+,2,) € R", we let
, olel
z* =zt 28, D% =

= a .
axl s 8:1:?{"

The Schwartz space S(R") is defined to be the class of all C*—functions
@ on R" such that

Pa,s() = sup |z*DFp(z)| < oo
z2ER"

for all multi-indices @ and 8. We introduce two kinds of the Lizorkin
spaces ®;(R") and ®,(R"). The Lizorkin space ®;(R") of the first
kind is defined to be the class of all functions ¢ € S(R"™) which satisfy

/n p(x)z*dx =0

for any multi-index «. The Lizorkin space ®5(R") of the second
kind is defined to be the class of all functions ¢ € S(R") which
satify

/OO o(x1,- -z, zn)2bdz; = 0

—00 ) s yn Jo g J
for j = 1,---,n and £ = 0,1,2,---. Clealy ®(R") D ®5(R").
An example of a function belonging to ®;(R") (resp. ®3(R")) is
F(e~Wl-WWP)) () (resp. F(eWF~Zi=11/%)(z)) where Fy is the Fourier
transform of ¢:

Fo(z) = /Rne Ydy.
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The Lizorkin spaces appeared in the theory of fractional deriva-
tives, hypersingular integrals and Riesz potentials ([Sa2] and [SKM)]).
The properties of the Lizorkin spaces have studied by several au-
thors. The denseness of the Lizorkin spaces in the Lebegue spaces
was proved in O.l.Lizorkin [Li2] and S.G.Samko [Sal]. Moreover
P.I.Lizorkin [Li3] showed that the space ®;(R") is dense in the Sobolev
spaces and T.Kurokawa [Ku] deals with the denseness of the space
®,(R") in the spaces of Beppo Levi type. = The invariance of the
space ®;(R") relative to Riesz potentials was noted by V.I.Semyanistyi
[Se], P.I.Lizorkin [Li3] and S.Helgason [He]. T.Kurokawa [Ku] es-
tablish the invariance of the space ®;(R") relative to more general
operators. In this note we are concerned with comlementary spaces
of ®,(R") and ®3(R") in S(R"). For a subspace V C S(R"), if a
subspace W C S(R") satisfies the condition

S(RY=VeWw,

then we call W a complementary space of V in S(R") where the
symbol @ indicates a direct sum. In section 2 as a preparation we
introduce dual functions of polynomials and tensor product func-
tions, and study their properties. In section 3 we sketch our plan
to give comlementary spaces of ®;(R") and ®,(R") in S(R").

§2. Dual functions of polynomials and tensor product functions

Let h € C*(R!) be a function which satisfies the conditions 0 <
h(t) < 1,h(—t) = h(t) and

_J1,  for|t|<1/2
A(t) = { 0, for|t| > 1.

We fix the function h(¢). We denote by A the set of sequences
a = {a;}j=0.1,.. which satify 0 < a; < 1 and a; > aj;;. Fora =
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{a;}j=01,.. € A we put

oty = Dr(l), j=01,2
TI] - ]' a; y ] =U 1,4
and y
7o ,
03(t) = o= Fui(t), §=0,1,2,--.
Then 6% € S(R') and

(21) [T 63yttt = { (1) Z;j k,j=0,1,2,--.

Since {6};=0,1,. satisfy (2.1), we call {6%};=0,,.. dual functions of
polynomials associated with a sequence a € A. For 1 < p < n we
denote by M, the set of subsets of {1, 2, - - -, n} which have p elements.
For {i1,43,---,i,} € M, we always assume that i; < i3 < ++- < 1.
For multi-index o = (a1, -, o) and {1, -+,%,} € M, the notation
({eiy, -+, i, }°) stands for

({ain T a'ip}c) = (akv Ty akn-p)
where {ky, -+, kn_p} = {1,---,n} — {¢1,--+,4p}. Similarly, for z =
(z1,-+-,zn) we denote :

({miu Tt mip}c) = (:Ukw Ty xkn—p)'

Moreover we denote

iy, oy @ Jo) oo} = gk gtem

b/

n—p
({Di,+ -, Dy Yo)ea29)) = Dk .. Dir=r.
Let o, 3 be multi-indices and {i;,---,4,} € M,. For a function

e({xiy, -, 2, }°) € S(R"P) we define

p({a,;l,-..,a,-p}c),({ﬁ‘l,...,gip}c)(ga)
. rey({aig a6, }6)
sup Ti, -, L . )
({xil ,"',xip}c)eRn-p I({ 1 P} )

({Dila e ,Dip}c)({ﬂil:"',ﬁip}c)cp({xz.l, I mip}c)l'
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For {iy,---,ip} € M, we denote by C. _,; the set of p-multiple se-
quences of functions {@s,...,({Ti, -, 25,}%)} sy, sp=0,1,. C S(R"F)
which satisfy

Z p({au: ' vatp} ) ({ﬂtly : >,6lp} )(9951"‘5;:)0’51 e a'sp < o0

81, Sp=

for all multi-idices @ and ,6 We note that the sequence
{@sys,({T1y*+ ,Zn}) }oys . is a n-multiple segence of numbers

{bsl"'sn }sl’...’sn_o’]_’... and

P({ar,0n})(181,0n3) (B 50) = [bsy-an |-

Therefore
[ <]
Cyon= {{bs,..s, }s1,8n=0,1, ° O 0 |bs, ..., |@s, -+ - as, < 00}
P

The basic fact is

LEMMA 1. Let {i1,-:*,ip} € M,. If a p-multiple sequence of
functions {@s,...s,({Ti, i, }) }oy, 5501, belongs to Cf ;. , then
the p-multiple series

E ‘psl sp({mzl’ T ’xip}c)egl(xil) Tt ggp(x‘p)
Sy, 7sp""
converges in S(R™).
We introduce two kinds of tensor product functions associated
with {65}. If a function f has the following form

o0

(2.2) flx)= 3 bs.s, 51(:61) (xn)

§1,,8,=0

where {b;,...,} € Cf .., then f is called a tensor product function of
the first kind associated with {67}. If a function f which has the
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form
(2.3)

[o @]
flz)=2 (-1 > Do i ipisnsy (1Tis 00 Ty 1)
p=1 {i1,---,i,,}€Mp 31,“',81,:0
9:1(xi1) T ogp(xip)
satisfies the conditions

(i) {Aili"')ip;sl""’sp}811"'13}2:0:17"' E Cgl,"-,ip’
(ii) for2<p<n,{i1, - +,ip} € M, and s1,--+,5, 2 0,

)\,‘_1’...,,’p;sly...,sp({xil, ey, :L‘ip}c)

= /_0:0 . /—0:0 Nigiss ({1, 1) ;? - afrdey, - 2};: .- dz;,

where £ = 1,--.,p, then we call f a tensor product function of the
second kind associated with {6¢} where the symbol ~~ indicates that
the variable underneath is deleted. We denote by 7*(R") (resp.
T2(R")) the class of all tensor product functions of the first kind
(resp. the second kind) associated woth {6¢}. By Lemma 1, we
see that 7°(R"), T*(R") C S(R"). A fundamental property of the
tensor product functions is the following. |

LEMMA 2. (i) Let f be a tensor product function of the first kind
with the form (2.2). Then

/n flzy, - zp)al - alrdey - dx, = by,

for ty,---,t, > 0.

(ii)  Let f be a tensor product function of the second kind with
the form (2.3). Then

o< 00
A ‘ “ s t] , tq .
'/_°° /‘00 f(ml’ "r"’)x’n T ‘rkquln ©e da?kq

= Akl;“‘,kq;tly"'atq({mkl’ e xkq}c)
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for1 < qg<n,{ky, -, kg} € My and ty,---,t, > 0.
§3. Complementary spaces of the Lizorkin spaces
For {i1,--+,ip} € Mp, 51, -, 8p 2 0 and ¢ € S(R"), we define
By, ipisn,osp (L) {Tigs 5 33, }F)
= /_O:O"-/o;sa(%'--,xn)xff'--wf:dwil--'dwip-

Moreover, for a € A and {4, -,i,} € M, we set

= {(p E S(Rn) : {/'Lila"')ip;sly""sp((’o)({wil’ e ’xip}c)}sl:”')sp:o:l!”' )
€C . i}
and

Sa(Rn) = n;zl n{il,...)ip}eMp S?l,“-,ip(Rn)'

If ¢ € ®;(R"), then p,..nsy,s,(¢) = 0 for s1,--+,s, 2 0. Hence
®(R") C 8¢.., forany a € A. If p € ®2(R"), then pi; . iis,,5, ()
=0forl<p<n{i  ,ip} €M, and s1,---,5, 2 0. Hence
®y(R™) C S%(R™) for any a € A. Moreover, By Lemma 2 (i), (ii)
and the definitions of 7;?,7; we see that 7(R") C Sf . ,(R") and
T2(R*) C S%R").  We introduce some operators. = For ¢ €
Sf .. 2(R"), we define

o0

Tf”nQQ(.’B) = Z Nl,---,n;sl,---,sn(SO)OgI (.’L‘l) s 9;(:::,,)

81,"',Sn=0

and
Ul.np=¢—T1. np
Further, for ¢ € S?(R") we define

Tip(z) = g,“j:s(w)({xj}c)eg(%)a i=1--,n



113

and

Uipo=p—Tj¢.
Moreover

Ulp=Ui---Uyp.
We see that

Ulp=p~ 2 (1" ¥ Ti..¢

p=1 {31, ip }EM)

where

Ti?,---,i,,@(x)
o
= Z l‘l‘il»"‘vip;slv"'asp ((P)({x'il’ T ’wip}c)9:1 (mil) e agp (xip)'

$1,,8p=0
We put
n
T =Y (- X T,
p=1 {ir,ip}EM)
We establish properties of these operators which are necessary for

decompositions of S ,(R") and S*(R"). About ranges of these
operators we have '

LEMMA 3. (i) Ifp € 8f . (R"), thenT{ 0, Uf . . € Sf. ,(R").
(ii) If ¢ € S*(R"), then T%p,U%p € S*(R").

LEMMA 4. (i) p € Sf...(R"), then UL, ,p € ®1(R").
(i) If ¢ € S“(R"), then U%p € ®o(R").

LEMMA 5. (i) ¢ € 8§ (R"), then TY .o € T*(R").
(ii) If ¢ € S*(R™), then T%p € T2(R™).

These operators become the identity operators on each proper
subspace. In fact we have

LEMMA 6. (i) ¢ € ®;(R"), then U...p=¢.
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(i1) If p € ®o(R"), then Up = ¢

LEMMA 7. @ € T R"), then T . ¢ = .
(ii) If p € TS(R™), then T = o,

Now we give decompositions of Sf _ (R") and S*(R").

THEOREM 8. (i) S . .(R") = @1(R") & T;*(R").
(ii) S*(R") = ®3(R") & T,'(R").

In order to give a decomposition of S(R"), we need a relation
between S(R") and S*(R") (or Sf . ,(R")). We have

LEMMA 9. S(R") = UgeaS*(R"), S(R") = UaeaST... o (R").
Taking Lemma 9 into account we put
T(R") = UsedTE(R"),  To(R") = Uaeud TS (R").
Then we have

TEOREM 10. (i) S(R") = ®,(R™) & T1:(R").
(i) S(R") = @2(R") ® T2(R").
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