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Functional integral representations of a model in
nonrelativistic QED with spin 1/2

NN KRPRESBEDI S BB 34 * (Fumio Hiroshima)
Faculty of Mathematics, Kyushu University

1 Feynman-Kac type formula

This is a continuation of [Hir97, Hir05]. In this article we are concerned with a
Feynman-Kac type formula in quantum field theory. In particular we investigate the
so called Pauli-Fierz Hamiltonian Hpr with spin 1/2 in nonrelativistic QED. Since the

model includes spin, we need the 3 + 1 dimensional Levy process,

(ét)e>0 = (Bs, Nt)tzo;

to construct the Feynman-Kac type formula, where B, denotes the 3 dimensional Brow-
nian motion and N; a Poisson process taking dichotomic values. Then the Levy process
& takes values in R® x Z,, wheré Z, denotes the additive group with degree two. The
Pauli-Fierz Hamiltonian [Hir04, Spo04] describes a minimal interaction between non-
relativistic electrons and a quantized radiation field in the Coulomb gauge. Specifically
we impose an ultraviolet cutoff on it. The field quanta of the quantized radiation field
are massless bosons referred to as photons. While electrons are assumed to be in low
energy and treated as q\iéntum mechanical particles. Then the number of electrons
are conserved, and for simplicity it is assumed to be one in this paper. The qua.ntized

radiation field is described by an infinite dimensional Gaussian random process

(A (gef ))feL’(R"’),tek-
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Then combining the Levy process & and the Gaussian random process A;,(j.f), we
construct the Feynman-Kac type formula. In the spinless case the functional integral
representation of the heat semigroup is established by [Hir97] and in the translation

invariant case by [Hir06]. Here we extend them to the Hamiltonian including spin 1/2.

2 Definition of the model
2.1 Fundamental facts

Let us begin with defining the Pauli-Fierz Hamiltonian as a self-adjoint operator on
some Hilbert space. Let hyy := L?*(R®x{—1,1}) denote the Hilbert space of one-particle
states of photons, where R® x {—1,1} 3 (k, j) is the momentum and the polarization
of photon, respectively. The Boson Fock space, Fy,, over hpy is defined by

F ==é éhph]»

n=0 m

where ®:ym denotes n-fold symmetric tensor product with ®2ym hpn = C. Fp is the
Hilbert space with the scalar product (¥, @)z = 32 ,(¥™, 3™)gn; .. Let us define
the free Hamiltonian H.q on Fy, which is given as the infinitesimal generator of a one-
~ parameter unitary group. This unitary group is provided through second quantization
and the second quantization through the functor T'. The set of contraction operators
from X to Y is denoted by C(X — Y). We define the functor I',

I : C(L*(R®) — L*(R®%)) — C(F — Fo),

by [(T) == @3, T®---®T, where T ® - - - ® T is the identity operator. Particulary

for‘the self-adjoint ope;a.tor h on hg, I‘(e?*"), t € R, is the strongly continuous one-
parameter unitary group on F,. Then there exists the unique self-adjoint operator
dI'(h) such that

[(eh) = T®) ¢t e R

dI’(h) is called the second quantization of h. Now we define H,.q. Let w, be the
multiplication operator on hy, defined by wy : f — wy(k)f(k,5) = |k|f(k,j). Then
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H,.4 := dl'(wp) and the spectrum of Hi,4 is [0, 00) with the simple eigenvalue {0}. Of
course the semigroup e*Fr4 can be also expressed as e *#md = I'(e~**). Next we define
the annihilation operator and the creation operator on F,. With each f € hg,, one
associates the creation operator a'(f) defined by (at(f)¥)™ = \/nS,(f®¥"~1) where
Sy, is the symmetrizer. The domain of a!(f) is maximally defined. The annihilation
operator a(f) is defined to be the adjoint of a'(f): a(f) = (at(f))*. We symbolically
write as a!(f) = Tjou1 [ f(k,j)a*(k, j)dk. The operators a'(f) and a(f) obey the

canonical commutation relations;

a(f),a'(@)] = (F 01, [a(fra@)] =0, [a'(f),a'(g)]=0.

Let us define a quantized radiation field. Since the radiation field is quantized in the
Coulomb gauge, polarization vectors are introduced. Let e(k,+1) and e(k,—1) be
polarization vectors, i.e., e(k, —1), e(k,+1), k/|k|, k # 0, form the right-handed system
in R® with e(k, —1) x e(k,+1) = k/|k|, e(k,j) - e(k,j') = 6 and e(k,j) - k/|k| = O.
Thus the quantized radiation field with ultraviolet cutoff ¢ is defined by

j=%1

. —— ) 1’ —tk-z (P( ) +ik-z
Asul) = = T [ eulhi) m (ke + 7 =salk e \d.

Here ¢ denotes the Fourier transform of ¢, and ¢/v/w, € L?(R%) is assumed. By
k - e(k,j) = 0, the Coulomb gauge condition, ‘,=1[8,;“, A, “(:z:)] = 0, is obeyed. We
assume that @(k) = ¢(—k) = @(k). Then Ay ,(z) is symmetric. The states of one
electron coupled to the quantized radiation field are vectors of the composition of
L3(R3; C?) and Fy:
H = L2(R3; C?) @ Fe.

To define the quantized radiation field on H, we identify H with the set of C? ® Fo-
valued L? function on RS. Then A;, is given by (44, F)(z) = Apu(z)F(z). Now we

are in the position to define the Pauli-Fierz Hamiltonian, which is given by

j=1

2
Hpp = = (Z GJ(—’LV ®R1-— eA%_,)) +V®1+1Q® Hrag, (2.1)
J
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where e € R is a coupling constant, V' denotes an external potential and o, j = 1,2, 3,

are the usual 2 x 2 Pauli matrices given by

01 0 — 1 0
g1 == [1 ] , O9g :,= [Z O} , O3 .= [O _1} .

Using the formula ! 0,0, = 8, + 1 Y3, €70, we can rewite (2.1) as
Hioe = L(ciV — eApf? 4V 4+ Hug — £ 3" 0,B
pp=5(~IV —edp)"+V + rad‘ng_;"j oy

where we omit ® for notational convenience and By(z) = rot;As(z). Explicitly

‘ > /(k X e(k:,_7')),,(—"5—(1-6-)-—0,“(k,j)e""‘"c - Ma(k,j)e"‘")dk.

B .
2ul®) V2,55 yws(k) Vwn(k)

The fundamental assumption to guarantee the self-adjointness of Hpr is as follows.

Assumption 2.1 (1) /@, @/wn, € L*(R?) and §(k) = @(—k) = p(k). (2) V is
relatively bounded with respect to (—1/2)A with o relative bound strictly smaller than

one.

Under Assumption 2.1, it is established in [HirOOb, Hir02] that Hpy is self-adjoint on
D(—A) N D(H,aq) and bounded from below. Moreover it is essentially self-adjoint on
any core of —(1/2)A + V + Hiaq. ‘

2.2 Symmetry and polarization

In this subsection we discuss the symmetry of Hpp. See [Hir06] for detail. When the
form factor ¢ and the external potential V are translation invariant, i.e., @(Rk) = @(k)
and V(Rz) = V(z) for arbitrary R € O(3), then Hpr has the symmetry:

SU(2) ® Oparticie(3) ® Osad(3) ® helicity,

where SU(2) and O};micle(3) come from spin and the angular momentum of the par-
ticle, respectively, Ogaa(3) and helicity from the angular momentum and the helic-
ity of photons, respectively. Let R € SO(3) and k = k/]k|. Two orthogonal bases

. 1¢#¥7 is the antisymmetric tensor with €123 = 1.
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e(Rk,1),e(Rk,—1), Rk and Re(k,1), Re(k,—1), Rk in R3 at k satisfy

e(Rk, 1) cosfly —sinfls 0] [ Re(k,1)
e(RkA, —1)| = [sinflz3 cosfls O Re(k,ﬂ-—l) , (2.2)
Rk 0 0 1s) | Rk

where 13 denotes the 3 x 3 unit matrix and 6 := 6(R, k) := arccos(Re(k, 1) - e(Rk, 1))
Let R = R(¢,n) € SO(3) be the rotation around n € S? := {k € R3||k| = 1} by angle
¢ € R and detR = 1. Also, let £, = k x (—iVg) = (Lk1, €ka, Lx3) be the triplet of

angular momentum operators in L?(R}). Then (2.2) is rewritten as

O(R,k) X im-ék e(k,1) | _|R 0} e(k,1)

ere [e(k,—l) =10 R||etk,-1)|" (2.3)

where X = —i [10 _18}. To discuss the symmetry of Hpp, we introduce coherent
3 .

polarization vectors in some direction. We have Assumption (P) as follows.
(P) There ezists (n,w) € S? x Z such that polarization vectors e(-,1) and e(-, —1)
satisfy for arbitrary R = R(n,$) € SO(3) and k+#n,

] - ey e 6 Al e

or for each u=1,2,3,

eu(Rk,1) | _ [cos(¢w) —sin(¢w)| | (Re(k,1)),
[e“(Rk,—l)] = [sin(q&w) cos(¢w)] [(Re(k,—l))u] : (2.5)
By assuming ‘(P), we have by (2.5),
. ~ (k1) | | (Re(k, 1)),
exp {z¢ (wX +n- ek)} [ei(gc, _z)] = [(g%e(gc, _B)“] , (2.6)

o _
1
Assumption (P).

where X = —i (1)] : R? — R2. Here is an example for polarization vectors satisfying

Example 2.2 Letn € S8, and e(k, —1) := kxn/sin8 and e(k, +1) := (k/|k|) xe(k, 1),
where 0 = arccos(k-n). Then, since R = R(n, @) satisfies that Rn = n and Rux Ry =
R(u x v), e(k, j) obeys (2.4) with (n,0) € S x Z.
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Assume (P) with some.(n, w) € S? x Z. We define S; := dI'(wX) and L¢ := d['(4x).
0 -1, L?*(R3) & L*(R%) — L*(R®) © L?(R3). S; is called the helicity

Here X := —1 Ll 0
of the field and L the angular momentum of the field. Define J; :=n - L + S;. Then

we have for translation invariant f,

et gh (fe_ik'z [ e“(l) ])e‘id"]f — aﬁ( feiﬁ()-f+n£k)e—ik-z [ eu(l))])

e#(_l) eu("l
3
= aﬂ( femiRka [(gz?(_l])-glj‘“]) = ,; R‘wa"( fe_ik'R-lz_ [eizgi)] ), (2.7)

where R = R(¢,n). Let J, :=n-£; + 3n - o be the angular momentum plus spin for
the particle, and define

Jtota[ = Jp®1+1®Jf.

Lemma 2.3 Assume (P) and that ¢ and V are translation invariant. Then for arbi-
trary ¢ €R,

ei¢JtDtll HPFe _i¢']totll — HPF .

Proof: By €7t = ¢i#SteimLt (2.6) and (2.7), we see that (R = R(n,¢))

€9 Ay (@)~ = (RAp(R7'2)),, €%z e7m% = (Rr),
e‘¢""=(—ivz),‘e"¢"'e' = (R(—tV2)) s ez¢n.(1/2)aa“e*t¢n-(1/2)o = (Ra)#.

Then we complete the proof. qed

Note that o(n- (¢z+(1/2)0)) = Zy/3, o(n- Lg) = Z and o(Ss) = Z. Then o(Jiotal) =

Z,;> and we have the theorem below.

Theorem 2.4 We assume the same assumptions as in Lemma 2.8. Then H and Hpp
are decomposed as H = @,ez,,, H(2) and Her = @,ez,,, Hpr(z). Here H(z) is the
subspace spanned by eigenvectors of Jiowa with eigenvalue z € Z;;; and Hpr(z) =

Hpr|[#(s)-

Proof: This follows from Lemma 2.3 and the fact that o(Jiota) = Z/2. qed

Next we consider incoherent polarization vectors. However we can show that the

Pauli-Fierz Hamiltonians with different polarization vectors are isomorphic with each
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others. We will see it below. Let e(1),e(—1) and n(1),n(—1) be polarization vectors.
The Pauli-Fierz Hamiltonian with polarization vector e(1),e(—1) (resp. 7(1),n(—1))
is denoted by Hpr, (resp. Hpr,).

Lemma 2.5 Hpp, and Hpg, are isomorphic.

Proof: We learned it from [Sas06]. Since both polarization vectors form orthogonal

base on the plan perpendicular to the vector k, there exists ; such that

e(k,1) | _ |cosbkls —sinbkls| | n(k,1) or ek, 1) | _ Ry Nu(k, 1)
e(k,—1) sinfly  cosfcls| |n(k,—1) eu(k,-1)| Nu(k, =1)|’
cosby —sinby f (®) o
sinfy  cos Bk]' Define R : hpn = hpn by R[ (k) = [ (k)] **
U : v — Fy, by the second quantization of R, i.e., U := I'(R). Then U is the unitary

on F,. Note that R [ n‘i(lg f] [ ]; e,é_li)] which implies that UHpp,U~! = Hpp.,.
M "

Hence the lemma follows. ’ qed

where Ry, =

Combining Lemma 2.5 and Theorem 2.4, we have the corollary below.

Corollary 2.6 Suppose that ¢ and V are translation invariant. Then Hpp with arbi-
trary polarization vectors is isomorphic to @,cz, 12 Hpp(z), where Hpp(2) is defined in
Theorem 2.4.

2.3 Q-representations and dichotomic variables

To construct the functional integral representation, we have to take Q-representation of
Hpy instead of the Fock representation. To introduce Q-representation, we define a bi~
linear form and construct the Gaussian random process with mean zero and covariance

given by this bilinear form. Let us define the field operator Ay f) by
; 1 N N F .
4= 75 & [eulk. NFRa! k. 5) + F(-Ralk, 3))ak
j=%1

and 3 x 3 matrix D(k), k # 0, by D(k) := (8, — kuku/|k|>)1<up<3. Note that
j=z1€u(k, 5)ey(k, ) = Dy (k). Then the bilinear form gp : @*L*(R®) x @*L*(R®) — C
is given by

w(f,9) = 3 (4(5)% 4,(0)%)5 = 5 [, F®) - DRI (k)

wv=1
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Just as the Euclidean free field is exhibited as a kind of path integrals over the free
Minkowski field in constructive quantum field theory [Sim74, Theorem III.6], we intro-
duce an additional bilinear form ¢; to define an additional Gaussian random process.

The bilinear form q; : @3 L*(R3*!) x 3L?(R3**!) — C is given by

a(F,G) =3 [, Fli ko) - DI, bo)dkdko,

From now on {3 stands for 0 or 1. Let S;4 := @35, (R¥*#), where S;(R*#) denotes the
set of real-valued Schwartz test functions. Define '

Cﬂ(f) = exp(—qg(f, f))7 fe Sr/S

It is immediate to check that (1) 37, ; Ziz;Cs(fi — f;) 20 for z, €C,i=1,...,n, (2)
C5s(g) is strongly continuous in g, (3) Cs(0) = 1. Let (¢, f)s denote the pairing between
Qp = S;3 and S;5. By the Bochner-Minlos theorem there exists a probability space
(Qp, Bag, up) such that Bg, is the smallest o-field generated by {(#, f)s, f € Sig} and

(¢, f)p is the Gaussian random variable with mean zero and the covariance given by
/Q e Noduy(g) = e~ BEh, e S,y (28)
8

For a general f = fre + ifim € ®3S(R3*P), we set (¢, fg := (@, fre)s + (P, fim)s-
Since S(R3+4) is dense in L?(R3*#) and

Jo, 1 DaPaus(®) < figszacesss

by (2.8), we can define (¢, f)g for f € @3L*(R3*#) by a limiting argument.

So we define the multiplication operator Ag(f) labeled by f € @®3L?(R3*+%) in
L2(Q5) by (As(F)F) (9) := (9, F)sF(¢) for ¢ € Q5. We denote the identity functions
in L?(Qg) by 1g, and the function Ag( fig, by As(f) unless confusion may arise. It
is known that L?(Qp) is divided in the infinite direct sum as

I3(Qp) = éo I2(Q5),

where L2(Qp) = LH.{:As(f1) - - - As(fn):|f; € @3 L3(R3+F),j = 1,2,...,n}, n > 1, with
L3(Qp) = {alg,la € C} and :X: denotes the Wick product. Next let us define the
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second quantization I'gg on Q-representation, which is also the functor
T : C(L*(R**F) — L*(R*)) — C(L*(Qp) i— L*(Qp))
defined by

Tpp(T)lgy =10, Tpp(T):As(fi) - Ap(fu): = :Ap(Tf1) - - - Ap (T fu):.

Simply we write as I'g for I'gs. For each self-adjoint operator h in L2(R3+9), T'5(ei?)
is the one parameter unitary group. Then I'g(e®") = e®*s(h) ¢t € R, for the unique
self-adjoint operator dT's(h) in L?(Qg). Thus we can see that Fp, A,(f) and dI'(h)
are isomorphic to L?(Qp), Ao(®3_,0,.f) and dT'o(h), respectively, where i = FhF-?
and F' denotes the Fourier transform on L?(R®). This isomorphism maps Hpr to the
self-adjoint operator on L?(R%; C?) ® L?(Q,). We will see it bellow. Let A := (¢/+/@,)V
and Ao, (A(- — 2)) := Ao(®2_;8,A(- — z)). Then we have H & L2(R%;C?) ® L*(Qs)
and '

1, . . 3
Hpp = 5(=iV —eAo)? +V +dlo(wy(~iV)) - -;-Z o;Bo;
Jj=1
1 v 2 . _ € Bys Boy — iBog
= 5(=iV = eA)’ +V + dlo(wn(~iV)) ~ 5 |g B> e 29)

In this representation A, . and By are transformed to the multiplication operator
Ao, and By,, respectively. From now on we write the right-hand side of (2.9) (resp.
dlo(w(—iV)) as Hpr (resp. Hi.q) without confusion may arises. Preserving the discrete
structure of spin components as discrete random variables, we introduce dichotomic
variable o with values in the additive group Z, = {—1,1}. Then the Hamiltonian under

consideration is the self-adjoint operator on the Hilbert space
H = L*(R® xZ,) ® L*(Qo)
defined by
1 . .
(HpeF)(0) = {5(-—iV — eAo)? + V + Hopa — -;-azsos} F(0)—elo8lf (Bori-o)Boall py_ g,
(2.10)
In the last term we take logz = log|z| + iargz, 0 < argz < 2m. The right-hand

side of (2.10) is our main object, i.e., we want to construct the functional integral

representation of semigroup generated by this.
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3 Functional integral representation of e t#pF
3.1 Levy processes

Let us begin with defining notation on the wiener measure and the Brownian motion.
Let (Bt)téo = (Bit)t>0,1<i<3 be the three dimensional Brownian motion on (W, By, P%)
with the natural filtration ; = 0(B,,s < t), t 2 0, where W = C([0, 00); R?) and P®
denotes the wiener measure such that P*(By = z) = 1. le., B;;(w) = w(t) for
w = (w;, wp, w3) € W. :

In order to construct a Feynman-Kac type formula of e~*#PF in addition to the
Brownian motion, we need a Poisson point process. Here we explain minimum prop-
erties of Poisson point processes and counting measures we need. Let (S,S, P) be a
probability space with a right-continuous increasing family of sub o-fields (S;):>0. Let
Ep denote the expectation with respect to P. We fix a measurable space (M, Bp)
and a stationary (S;)-Poisson point process p on M defined on (S, S, P) with intensity
A(t,U) := Ep[Np(t,U)] = tn(U) for some measure n on M with n(M) = 1, where N,
denotes the counting measure on ((0,00) X M, B(p,c) X Ba) defined by

Ny(t,U) := #{s € D(p)|s € (0,t],p(s) e U}, t>0, U € Bp,

where B(q ) is the Borel g-field on (0, 00). Hence Ep[N,(t,U) = N] = e A®A(t)N /N,
We set N; := Npy,)(t, M) and dN; := [, Ny(dtdm). Since #{s € D(p)|0 < s <t} is
finite, for each 7 € S, there exists N = N(7) € N, 0 < 87 = §1(7),...,s8y = sn(7) < t
such that
t+ ' N N '
[ fNydN = 3 £ N =3 flsi, No) = 2 flopnd): (3)

l’ED(P) j=1 j=1
0<s’<t

Finally we note that the expectation of (3.1) is reduced to the Lebesgue integral:

i f(s, n);—:e"ds.

n=0

Ep| /0‘* (s, No)aN,) = e [ " #(s,N.)ds] = / ‘

Set (Q,Bq, PE) == (W x S,Bw xS,Pj; @ P)andw:=wx7 € WxS§ =Q. For
w = w x T, we put By(w) := By(w) and p(s,w) := p(s,7). Let Oy = F; x S, t 2 0.
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Let Z; be the additive group. We denote the sum in Z; by @g,, ie., 1 ®z, 1 = —1,

~1@®z,1 =1, =1@®,, —1 = 1. Then the Z,-valued random process, o; : Zy X ) — Z,,
is defined by

Op =0 @z, Ny = o(=1)M, o€z,
So we constructed the (3 + 1)-dimensional Levy process
€t = (Bta Nt)
on (2, Bg, P§). We set for simplicity
E7[f(¢)]i= [ f(@+B,o @z N)iP= [ f(z+ B,o(~1)")dP}
Q Q
and 26fd$ .f(:ra 0') = Zoélg fR3 d:cf(:r, 0').
3.2 Functional integral representations

In addition to Assumption 2.1, we need specify the class of external potentials V. We

assume the assumption below:
t
Assumption 3.1 V satisfies that Vi := sup egs E*[e” Jo V(Ba)ds) < 0.

The Kato class potentials satisfy Assumption 3.1 and, especially, the Coulomb potential
does. We study the self-adjoiht operator H; pro(¢@) defined for each ¢ € Q. Assume that
A € C°(R®) in a moment. Then Ay, (A(- — 2),8) = (¢, ®3_10LA(- — z))o € CL(RE).
Define the multiplication operators Ay, (¢) and Bo,(¢), 1 = 1,2,3, in L?(R®) by

Aou@)= [ AouO\C = 2),9)dz,  Bou(8) = [ Bo,(\(- — 2), $)da

and the Pauli operator on L?(R3x Z;) by

(Brra(@)1)(2,0) i= {5(—iV = eda(@))? + V + Vilz,0)} (@,0) = " f(z, ~0),

where we set

Vo(@,0) = —=0Bus($), Wa(z,~0) := logl;(Bux(9) ~ ioBoa(9))]
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Lemma 3.2 For.each ¢ € Qy, Hpro(¢) is self-adjoint on D(—A) and it follows that
(e~tHrro(d)g)(z, 0) = E*°[e” Jo V(Ba)ds g Zy ) g(&:)], where

~ . 3 t t t4
Z¢(t) = —-Z;/; AOp.(A( - Ba), ¢)dBH,a ""/0 V¢(B,,0'3)ds +‘/(; W¢(B,, —0’,)dN,.

Proof: Since ﬁppo(¢) is a Pauli operator with the sufficiently smooth and compactly
supported vector potential .Ay(¢), the lemma follows from [ALS83]. - qed

Define Hpro := [§ Hpro(¢)duo and
Hpp = Hppo + Hiyea-

Here + denotes the quadratic form sum. The next lemma is the key lemma in this

note.
Lemma 3.3 Assume that \ € C°(R3). Then (F,e~tHPrG) = (F, e tHrr Q).

Proof: Let L2_(Qp) denote the finite particle subspace of L?(Q,). Define the dense
subspace H := CP(R® x Z3)®LZ,(Qo), where & denotes the algebraic tensor product.
It is seen that Hpp = Hpp on -'Ro, which implies that ﬁpp = Hpr as a self-adjoint

operator, since H, is a core of Hpp. Hence the lemma follows. qed

By Lemma 3.3 it is enough to construct a functional integral representation of
(F,e~tHPr Q) instead of (F,e~*#PFG). By the Trotter-Kato product formula for the
quadratic form sum [KM78], we have (F, e~*APF Q) = lim,_oo(F, (e~ m)Aprog-(t/n)Haa)n (),
To compute its right-hand side, we factorize e *#¢ as usual. Let j, : L*(R®) —
L?(R%+), t > 0, be defined by

- —itho R
(ko) = S \j%(,:)’;(f)lkolzf(k), (ky ko) €R® x R

Thus j; is a reality-preserving operator and jj, = e~lt=*s(=¥V) 5.¢ € R, follows.
Define J; : L*(Qo) — L*(Q:) by J; := TF'a1(je). Hence J;J, = e~ lt-#lHxa follows on
L?(Qp). We denote the LP-norm on (Qp,ug) by || - |l- As is explained previously,
T's(T) for ||T|| < 1 is a contraction operator on L?(Qg). It has also a particularly

strong property, so-called hypercontractivity. From this the lemma below is proved in
[HLO7].
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Lemma 3.4 Let ® € L*(Q;) and F,G € L*(Q;). Then, for a # b, (JLF)®(JG) €
LY(Q;) and

L 1GF)2(O)ldu < 121Gl (32)
Let Ejo4 be the projection to the range of J;, t € [a, b].

Lemma 3.5 Assume that A € CP(R3). Let 0 < €< s<t, F € &gq and G € Epy-
Then

(F, Jie o 1;G) = 3 [dopsefem V@ | Fle)etCOE,G(E)dm].  (33)

Here X,(0,t) is defined by

- 3 t _ : t e .
X0.0) = e X [[ AU = Ba)dBus = [[(~5)owBusli\(: ~ Be))ds
+ ‘/OH. IOg[';' (Bol(js)‘(' - Ba’) - io’s’BO(jaA(' - Ba')))]dNa'- (3'4)

Now we define the L2(R3+1)-valued stochastic integral f; jsA(- — B,)dB, . by a limiting
procedure. Let x,(s) be the step function on the interval [0,#] given by

Xn(8) == 2": ti—1

Jj=1

)X(t(j-n/n,tj/n](S) (3.5)

n

Define the sequence of the L2(R3*1)-valued random variable & : Q@ — L?*(R**!) by
€% := [§ jxn(s)A(- — Bs)dB,,,. Since this sequence is Cauchy, we define

t
[) j.!)‘(' - Bs)dBF-,sr:= $— nli—iglo &:a _/" =1,2,3,

and set .
i t
/(; A-Op(JaA( - Ba))dBp,s = AO/J(A jBA(' - Bﬂ)dBM»G)‘

The next theorem is the main results of our investigation.

Theorem 3.6 It follows that

(F,eHerG) = 3 / dz E® [ Jo V(B /Q du ToF (&0)e* @D J,G (&) (3.6)
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Here the exponent X (0,t) is given by

X0, = e [ UM = Ba)dBus ~ [ (~2)0uBus(iiA(- — B))ds
0 o 2

p=1

i € . . . .
+ [ 10g{=(BuiaA(- = B.)) = ieuBiz(G,A(- — B)}dN,.

Proof: We outline the proof. See [HL07] for detail. In a moment we assume that
&//o5 € CL(R®). We can see that E>7[e~ o V(BIHeX:00G(¢,)] € H for G € H. Then
we define S; , : H — H by |

(S04G) (3, 0) = E27[e~ Jo VBB G (g,)].

Here X,(0,t) is defined in (3.4). By making use of Markov properties of both B, and

N,, we can see that
t+t! - o
(Se,0S:sG)(z,0) = E=[e= o™ VEMX QIR )G (g, ). (3.7)

Let E, = J,J; and [T%; Tj := TiTs---T» up to the order. Then using the identity

Hpr = Hpp, we have

(F,e~tH*@) = (F, e—t(Apro+ Head) Q)
= lim(F, (-e__(t/ n)Hpro e~ (/7 Hraa )n G)

n

-1 _
= r}llblgo (JoF, (1"% Jjt /ne—(t/n)pro J;t/n) J;G)
J=

n-—1 '
= ’}lI’IgO(JQF, (H Ejt/nst/n,jEjt/n) JtG)

=0
n-1
= nli_{xgo(JoF, (H St/n,tj/n) J:G)
j=0
= lim Y [doEs7le fo v@aes /Q A JoF (§0)e ) 1,G(&)),
o . 1

n—rod

where we used the formula J*J, = e~/#~*1#w4 in the third line, Lemma 3.5 in the forth
line, the Markov property of Ei..; in the fifth line, and (3.7) in the sixth line. Here we

set
Xn(0,8) = Xy0(t) + Xon(t) + Xsal(t),
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where
. 3 t .
Xin(t) = ~ieA(@fm [ S = B)dB,),
¢
Xg'n(t) = "/0 ‘/x,.(s)(Bs,o's)dS,
t
Xon® = [ Wi (B, —0,)dN,,
and
Vi(,0) = —z0Bis(iuA(- - 2)), (38
W,(z, —0) = 1og[§ (B11(GsA(- = 7)) — i0Biz(js M- — )))]. (3.9)
We have

S [dzE=e [ dumemh VO L (G)IAGE IO — 5O

_ ' 1/2
< anGuﬁE“"[(Z [ 1F@, o)l - e’“"ll?) ! (3.0)
o
We show that the right-hand side above goes to zero as n — oco. For each w € Q, there
exists N = N(w) € N such that A

2 e
IO < exp (S [, oIk (Y Wl RN = O

Then E*°[C(-)/?] < oo follows. Similarly ||eX® ||, < C'(w) and E*?[C'(-)/?] < oo
follows for some C’'(w). Note that C and C’ are independent of (z,0) € R® X Z; and
n. Thus by (3.10) and the dominated convergence theorem, it is enough to show that
for almost every w € , eX*® — ¢X® a5 n — oo in L}(Q;). We have

eXn0) _ X0 —  Xin®eXan®)Xan(t) _ oXa(t) Xan(t)gXsm(t)

=1

+ exl (t) ex2,n (t) exs.n (t) — exl (t) ex2 (t) ex3.n (t)

. =II
+ ex;(t)eXQ(t)eX:;,n(t) _ Xl(t)exz(t)eX3(t) . i (311)

=II1

We estimate I, II and III. We have
I1llx < [|le¥1n® — X103 ||eXanBeXan®]],, (3.12)
11T}y < [|le¥2n®) — X2y ||eXon @], (3.13)
ITIT}}; < [|eX2@jpljeXen® — Xs @5, - (314
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and that there exists N = N(w) such that

¥ @eXonOf < /DA (e 2V @MY\ IKIBIY,  (3.15)

lle¥= 1% < (e/2)*" NI/ Ikll|*", (3.16)
X2 O |2 < ele/27E /Rl | (3.17)

From (3.12)-(3.17) and the dominated convergence theoreni, it is enough to show that
|leXin® — eXi®)||; — 0 as n — oo for j = 1,2, 3 for almost every w € Q.

First we estimate I Let on = @}y /ot {xn@A( = B,) = isA(- = B,)} dB,. Then
we have (eX1»() ¢X1()), = exp (—%ql(g,,, gn)). Since

E*[as (on, 00)] < 3BT {2INIP = 2RO — Bo),e-be®=sx(. — B} ds] 0

as n — 0. This implies that there exists a subsequence n' such that for almost every
w € Q, lim,_e(eX1n® X1®), = 1 and then ||eX1~® — X1®)|, — 0. We reset n’
as n. Then lim,_ . ||Il; = O follows from (3.12). Second we estimate II. A direct
computation yields that

=3
= exp (( —)? / ds / ds'c,0 / dkl(p(lg’zl) e H*(B=By) (| 1y |? + |k2|2)e—l><u(a)—xn(c')|wb(k))
o (( 3y ds [ asoron | dkw(’(c;)gl) TR "’(Ik1|2+|k2|2)e-ls-a'lwb(k>)
= [le®* @3
and

- (4(2)2/ ds/ ds'o,oy /dkltp(l(clztl) —HR BB (1R [? + |2l

w (el 1n(®) | gmlo=xn@lwn®k) 4 g~ —xn (@ (®) e~ n()=xn @)len(4)))

— exp (( )2/ ds/ ds a,as:/dkl(’o(l(izl) e~ Ba=Bu) (|, |2 + |k2|2)e‘|8—8’|%(k))

= le*®|3
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as n — oco. Then lim, . ||II}|z = 0 follows from (3:13). Finally we estimate III. For
the notational convenience, we set By, (jiA(- — B;)) := By,(l,s). For each w € Q2 we

have

n . .
exp(X3a(t)) = H1 H() -g(Bn(t(j —1)/n,8) = io(=1)"*Bu,(t(j — 1)/n, 9)).
j= s€D(p

t(j~1)/n<s<ti/n
For sufficiently large n, the number of s;’s contained in the interval (¢(j — 1)/n,tj/n]
is at most one. Then assume that n is sufficiently large and we denote the interval
containing s; by (n(s;),n(s;) +t/n], j =1,...,N. Hence

N .
exp(Xsa(t))le = [ 5(Bui(n(s;), s5) — o (—1)™i B1o(n(s5), 85))1e,

i1

N
e . .
- I1 5(311(31',3:') —io(—1)N Bi3(sj, 85)) 1,
j=1

= €xp (/:+ 103[%(81;(.73’\(' - B,)) - 7:03312(.73)"(' - B,)))]dN,) 1o, = exp(Xs(t))le,

strongly as n — oo, since n(s;) — s; as n — 0o. Then lim,,_,c [|eX2n®) — eXs®|, = 0
and lim,_,o ||III|| = O follows from (3.14). Combining these estimates we can conclude
(3.6). Finally we show (3.6) for ¢ such that \/w,@,$/vw, € L*(R3) by a limiting
argument. : qed

4 Concluding remarks

4.1 Breaking of degenerate ground states

It is established that Hpr has degenerate ground states for sufficiently small coupling
constants [HS01, Hir05]. Let us consider some toy model defined by Hpr with spin
interaction replaced by the Fermion harmonic oscillator:

1

1 1 ) .
H(e) = 5(—2'V —eA))*+V + Hpa + —2-6(03 + i02)(0g — i03) — 36 €€ R.

N~

=—€01
When ¢ = 0, the ground state of H(0) is two fold degenerate for arbitrary values of
coupling constants. Nevertheless we will show that the ground state of H(e) for € # 0

is unique for arbitrary values of coupling constants.
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Corollary 4.1 Let § = e “™/AN_ Then §2e¥(9 is positivity improving for € > 0

and, in particular, the ground state of H(e), € # 0 is unique whenever it exists.

Proof: Note that H(e) and H(—e) are isomorphic. Let ¢ > 0. By a direct computation,

we have?

(.07 H90G) = [ dokpg e fo VB

x Y |(F(x,0), :G(B:,0)) cosh et + (F(z, o), ;G (B, —0)) sinh et],
o€Z3

where A = e¥3_, ¢ A1,(4sA(- — Bs))dB,,, and T, := J§6~'e~*46J;. Then for 0 <
F,G € L>(R® x Zy x Q) but F # 0 and G # 0, (F,67'e"*#©)G) > 0, since T; is
positivity improving which is proven in [Hir00a]. Then e~*#() is positivity improving.
The uniqueness of the ground state follows from the infinite dimensional version of

Perron Frobenius theorem. , qed

4.2 Energy inequality

We can also derive some energy inequality from the functional integral representation
which is an extension of the so-called the diamgnetic inequality. Although A, and By
are connected with rotA; = By, A; and B, are regarded as independent operators.

The bottom of the spectrum of Hpr is denoted by
inf U(HPF) = E(A¢,B¢1,B¢2,B¢3). .

Then E(0,0,0,0) < E(A,0,0,0), is called diamagnetic inequality. We extend this
inequality. We define Hap by

€ Bog Bo? + Bog
Hi = H,+ Hppg — = .
PF P ad ~ 5 [ /—__—Boi T Bo§ ' _ 3031

2Assume that € # 0. Then

(FeHOG) =3 / doE™[eMe™ o VPN (I F(go), e 4R G(6))]
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Since the interaction term is infinitesimally small with respect to the decoupled Hamil-
tonian H, + Hyaq, Hpy is self-adjoint on D(—A) N D(H;aq) and bounded from below.

By Theorem 3.6 the functional integral representation of e~*#7r is as follows:
(FeG) = Y [dowmele s VB [ ToF(E)e* O 16 (),
o Q
where
te )
X, (t) = /0 20.B1a(joX(- - B.))ds
14 e - -
+/(; log [5\/311(.78)‘(' - Bs))2 + 312(.78’\(' - Ba))z] ch-

Corollary 4.2 It follows that |(F,e *H?*G)| < (|F|,e"##¢|G|) and

E(0, \/Bo} + Bo3, 0, Bos)

max { E(0, \/lBog + By2,0,B,,) ¢ < E(As, Boy, Boz, Bos)- (4.1)
E(0,/Bo} + B.Z,0, Byy)

Proof: Since Hgy is unitarily equivalent to Hgy with e replaced by —e, we may assume
that e > 0 without loss of generality. By the functional integral representation of

e tHPF  we have

(B e G)| < 5 [doreeleh VE [ au(lFE)D(HGENDO)

where we used that |J;G| < |G|, since J; is positivity preserving. Then the de-
sired inequality follows. From this, E(0, 1/Bo? + Bo3,0, Bos) < E(Ag, Bo, Boz, Bos) is
obtained. (4.1) follows from the symmetry. Then the corollary is complete. qed

4.3 Translation invariance

Let V = 0. Then Hpp is translation invariant and decomposed as Hpr = [p3 Hpr(P)dP
with respect to the spectrum of the total momentum. In the spinless case the functional
integral representation of e~*#PF(P) ig constructed for each P € R® and some energy
inequality is shown in [Hir06]. When Hpp(P) includes spin, we can also construct it.
See [HLO7] for detail.
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