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Abstract

It is $w\epsilon U$ lmown that if the function $f(z)=z+ \sum_{n=\}^{\infty}a_{n}z$“ is andytic in $|z|<1$ and
$\epsilon ati4\infty$ me $d$ the $h$]]$owing$ mditims

$1+{\rm Re}( \frac{zf^{li}(z)}{f(z)})>-\frac{1}{2}$ $in|z|<1$

or
$1+ R\iota(\frac{zf’’(z)}{f(z)})<\frac{\}{2}$ $in|z|<1$ ,

then $f(z)$ is univalent in $|z|<1$ . In this paper, we improve the. above conditions for the
function $f(z)$ whose coeffcients are all real.

1. Introduction
Let $A$ be the set of analytic functions defined in the unit disk $E=\{z||z|<1\}$ normalized
吋

$f(z)=z+ \sum_{n=2}^{\infty}a_{n^{Z^{\hslash}}}$

and let
$S=$ {$f(z)|f(z)\in A$ and $f(z)$ is univalent in $E$}.

The late professor Ozaki $|1$] proved the following theorem.

Theorem A. Let $f(z)\in A$ and if $f(z)$ sattsfies one of the follorving conditiOns

(i) $1+{\rm Re}( \frac{zf^{n}(z)}{f(z)})>-\frac{1}{2}$ in $|z|<1$

$or$

$(\ddot{n})$ $1+{\rm Re}( \frac{zf^{n}(z)}{f^{l}(z)})<\frac{3}{2}$ in $|z|<1$ ,

then we have $f(z)\in S$ .

2. Theorems
First our theorem is contained in
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$Th\infty rem1$ . Let $f(z)\in A$, all the coefficients $a_{n},$ $2\leqq n\in N=\{1,2,3, \cdots\}$ are real and
suyose that

(1) $1+{\rm Re}( \frac{zf’’(z)}{f(z)})>-1$ $(z\in E)$ .

Then we have $f(z)\in S$ .

Theorem 2. Let. $f(z)\in A$, all the coefficients $a_{n},$ $2\leqq n\in N=\{1,2,3, \cdots\}$ are real and
suppose that

(2) $1+ R\epsilon(\frac{zf’’(z)}{f(z)})<2$ $(z\in E)$ .

IRen we have $f(z)\in S$ .

Proof. Applying the same method as the proof of $Th\infty rem1$ , if there exists a poeitive real
number $r,0<r<1$ for which $f(z)$ is univalent in $|z|<r$ but $f(z)$ is not univalent in $|z|\leqq r$ ,
then there are four points such as the proof of Theorem 1, $z_{1}=re^{1\theta_{1}},$ $z_{2}=re^{u},$ $z_{l}=re^{j(2l-0)}$

and $z_{4}=re^{:t\-\partial_{1})},0<\theta_{1}<\theta_{2}<\pi$ for which we have $f(z_{1})=f(z_{l})$ and $f(z_{s})=f(z_{4})$ . From
the hypothesis, the tangent line at the point $f(z_{1})$ and $f(z_{2})$ is the common tangent and it is
the same for the points $f(z_{S})$ and $f(z_{4})$ .
Therefore, we have

$\int_{\theta_{1}}(1+\ ( \frac{zf’’(z)}{f(z)}))d\theta=-\pi$

99



and
$\int_{2\pi-\theta}^{2r-\theta_{1}}(1+{\rm Re}(\frac{zf^{\prime/}(z)}{f(z)}))d\theta=-\pi$,

where $z=re^{:\ell}$ .
From the hypothesis (2) and the same reason as the proof of Theorem 1, we have $f’(z)\neq 0$ in
E.
litom the hypothesis (2), we have

$\int_{|*|=r}(1+{\rm Re}(\frac{zf’’(z)}{f’(z)}))d\theta=2\pi$

$= \int_{l_{1}}^{b}$ ($1+$恥 $( \frac{zf’’(z)}{f(z)})$ ) $d \theta+\int_{\theta}^{2\pi-\theta}(1+{\rm Re}(\frac{zf’’(z)}{f’(z)}))d\theta$

$+ \int_{l-l}^{*-l_{1}}(1+{\rm Re}(\frac{zf’’(z)}{f^{l}(z)}))d\theta+\int_{2l-\theta_{1}}^{2+l_{1}}(1+{\rm Re}(\frac{zf’’(z)}{f(z)}))d\theta$

$<- \pi+\int_{\theta}^{2\pi-\theta}2d\theta-\pi+\int_{2-l_{1}}^{2\cdot+\theta_{1}}2d\theta$

$=\{4\pi-2(\theta_{2}-\theta_{1})\}-2\pi$

$<4\pi-2\pi=2\pi$ .
This is a contradiction and so, it completes the proof.

Remark. A function $f(z)\in A$ is typically real in $E$ if $({\rm Im} f(z))({\rm Im} z)>0$ for $E/R=$
$\{z|z\in E\cap z\not\in \mathbb{R}\}$ . In Theorem 1, if $f(z)$ is typically real and satisfies (1), then the conclusion
continues to hold true.
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