goooboooogn

0 15790 2008 O 110-118

A NOTE ON GAMMA FUNCTIONS

= EF B8 B [Takano Katsuo]
KIEKEF [Ibaraki  University]

1. Introduction

Let X be the Gamma distributed random variable,
Jid _
P{X<zl=| =—tile ﬁ*dt
x<a=[ g

for £ > 0, where 8 > 0, £ > 0. Let us denote ¥ = alog X for o # 0. We
obtain

et [T B eyt el
P{st}_[.w |'a|I"(€)e e dt, z € R, (1)

and then the characteristic function of distribution function of the random
variable Y is

: I'(§ +iaz)
Ee®?¥ = —2=>—2 2¢€R. 2
TE)5 @
The author will discuss about the Lévy representation,

[+ iaz)

I"( )ﬁ‘iaz
- '(5) s [0 =P es”

exp[zz{a P(E) —alogfB+a /oo 1T Pz (1= ex)dx}

tz:l: 12T e(E/a) z )

+/ - 1+w2)(1—-e”/°‘)|x| <), | ®

for a > 0 and also discuss on Thorin‘s representation. The Lévy represerita-
tion and. Thorin’s representation were found by B. Grigelionis in the paper
[1]. In this note, as an application of the Lévy representation it is shown
that Gauss’s multiplication formula or the duplication formula of Legendre
can be obtained from a property of Lévy measure.
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2. On an infinitely divisible characteristic func-
tion

We first show (1). Suppose that « is a positive constant. We see by change
of variable, u = e'/* that

P{Y <z} =P{logX < g}

= P{X < exp(2)}

_ oexp('ﬁ') %ug—l exp(—Bu)du
g e § tydt
=f(?)[xexp{at—ﬂ6°}g (4)

Next, suppose that « is a negative constant. Let us set o/ = —a. We see by
change of variable, u = e~%/¢ that |

P{Y <z} =P{logX 2 -2} = P{X 2 exp(- )}

=1—-P{X < exp(—%)}

(-&) G
=1- [T Dot exp(—pu)a

')
“1 g L) o)
| =1- % :oexp{ - ét— Be“f’}g
=1+% zmexp{-i-t—ﬂe%}%. (5)

Suppose that a is a positive constant. Next, we will get a characteristic
function of distribution fuction of Y. We see that

. © 3 d

izY _ izy /3 -i-y -ﬁeg _y
FEe L N e e a) e=Ye S
— 18€ *° e(iz-}--i—)y-——ﬁec”i d_y

['(¢) /- o
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_ D¢ +iaz)
- I‘(f)ﬁmz ) (6)

Next, suppose that a is a negative constant. Let us set o/ = —a. We see
that |

'LzY _ -—-ﬁry -—ﬂe al dy
./ F(f)e ¢ o
AR oo SR
I(§) J-eo o
_ P i) —pey g\ OE
— ﬁ$ *° (E—~ia2—1) j—v 1
= F(E) LO v e dvﬂf—ialz—lﬁ
I'(€—ia'z) T(&+iaz)
= (¢ —ia'z = T ez (7)
(£)8 ()8
Let z = —iu and u real in an interval of the real line which includes the origin

such that £ + au > 0 if £ is a positive constant. Let us take the principal
logarithm such that

I'(¢ +iaz)
oe{ Tigygme 1 =

for z = —iu = 0 and let us denote
¥(u) = logT'(¢ + au) — log I'(£) 5.

Theorem 1. The characteristic function of the distribution function (4) or
(5) is given in the following form.

L€ +iaz)
F(g)ﬁiaxz
: (€ et |
= exp[zz{a I‘((f)) alogfB+ o /oo T+ oz (1= ez)dx}
gis izz \ e/
+/ B 1+:r2)(1 — e%/?)|z| ] (8)
Proof. By the result in [2] we see that
d\I;iu) = (log '€+ au) —log I‘(E)ﬁ""),

L€+ au) _
T(€ + o) a—alogf

=af { ~ - }dcc —alogp. 9)
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Consider the case that « is positive. Integrating from 0 to u, we have

¥(u) — ¥(0) = a/ou(/oo{e: - (Hat)z}dx)dt — aulogf  (10)

+0

and so we obtain

U(u) = a/oo ([:;{e: - e—(6+a_t)z }dt)d:v — aulog 8

+0 l—e=
oo e~ % e—fz e~ous _ 1
= — _
Ao ('u, - p———— )dm aulog B
o0 e_z e"fz
—au[m( z _l—e—")dm
o0 1 e=¢"
1—
+au/_;o( 1-i-cv25132)1—e“”d"z '
© v aur , e
-1 - .
+‘ o (e + 7 T a2x2)(1 — e")a:dm aulogB. (11)
and by the facts that .
L) _ et e
NG /;o ( z 1- e‘-"’)dx
and
o auz e~s
-[i-O ((e 1 +. a2x2) (1- e‘”’)mdm
oo ~(&/a)t
_ (e““t—1+ ut ) €
+0 1+¢2/(1- e‘t/a)t |
-0 uyY e(f/a) Yy
= w1 —
f_oo (6 1 1+ y2) (]_ — ey/a)lyi (12)
we obtain
I'(€) /°° 2 "
, —
(u) 1"({) + o’u o TT o221 e_xdm aulog B
—0 v 1 . e(f/a)y . 13
+ / e —
) T e (13)

Next, suppose that « is negative. In the same way as the case that « is
positive, we obtain

T’ 2 —~€z
W(u) —auﬂ-kau/ z ¢ ~dz — aulog 8

(¢ +0 1+a2221 —e"
(€/a)y .
w_p_ Y ) € 14
+/+o e 1 1+y2)(1—ey/°)y (14)

and hence the Lévy representation (8). q.e.d
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3. On Thorin’s representation of characteris-
tic function

We will show Thorin’s representation of the characteristic function (2).

Theorem 2. We obtain Thorin’s representation in the following form.
I'(§ +iaz)
IN(

= exp [iaz( :

r'(¢) .
T(e) 1°gﬁ+,§( T ETRIETH)
s iaz+E+k . (E+k)a
+,§{_10g#£+k +Zza2+(§+k)2}]

(15)

Proof. Suppose that a is positive. We see that

/--0 (eut 1 ut ) (E/a)t
~00 1+122/(1— et/a)|t|

_o ut -1 U e(ﬁ/a)t
- [EE )
—t 1+4+1¢2/(1- e*/")

—_— etVdy — (&/a)t kjat
/ / ay 1+t2)e k}%e dt

- Z{/ (/.. y+(£+k)/a)tdt)d

-0 1
_ (E+k)/at
U / T —e dt}

_ L (E+k)/a
- Z{L0y+(§+k)/a 1+(§+k)’-’/a2}

k=0

k ~0 1 »
- ?50{ 1 +(if++,l)c§2a/a2 / Siree dt}. (16)

From the above (13) we see that

e~ &Rz dy — aulog B

(€+k)/o
Z{Aoyﬂ-(é—}-k)/ady 1+(§+k)2/a2}

—u,g){l (+k)/c /"0 1 e(£+k)/atdt}

+(E+k)2/a2 J-wo 1412

T(u) = au I‘((g)) Ao m
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I'()

—Otu—(g —aulog
_ dy (E+k)/a
,;,{Loy-l—(ﬁ-i-k)/ady 1+(£+k')2/a2}
(€ +k)/a oy
Z{1+(§+k)2/a2 a/_we(‘f )dt}

= aur((g)) - aulog 8

2 ut(E+k)/a (€ +k)/a
+,§_0{ log (E+k)/a tu 1+ €+k)2/a2}

o Z{a2+(£+k)2 £+k}
e o2
Ty ~oulogf+ ““,§ CEI DI

u+ (§+k)/a (E+k)/a
+,§){_1°g E+Ba tUTT ET Rt

Therefore we obtain Thorin’s representation

(€ + iaz)
I‘(&),Biaz
T = o
= exp[zaz(l.,(g) —logB+ ,;, (@® + (€ +k)2)(¢E+ k))

> taz+E+k . (§+ k)
+,§){“1°g_§+—k—+zza2 +(§+k)2}]'

(17)

(18)

For the case that & is negative, in the same way as the above we obtain the
same expression as the above formula. q.e.d

4. The duplication formula of Legendre and
Gauss’s multiplication formula

Let a =1, z=¢+ip and m = 2,3,.... The duplication formula of Legendre
is

D)D(z + 5) = 2T (22)

and Gauss’s multiplication formula is
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k
mil(z + —)= mY/27m (27) AN (myg). (19)

In what follows, we show that Gauss’ multiplication formula can be deduced
from a property of the Lévy measure in the Lévy representation (3). We see
that the left hand side of (19) can be written in the following form:

z:T@+m+—o—namT@+—mm T+ )6

. (T'(€ e
.exp[m{ I‘((E)) log,B—i—/co 1122 (1e_em)d:z:}

-'0 - inT et
inz __
+/_ € 1+x2)(1—e=)|x| z]
/(5_!_ /m /. 2 e(£+1/m)a:
i e im ~ 80t L Tra e )
—0 . znx e(€+1/m) z
me __ 1
+/ er -1 1+z2)(1—ez)|x|

(€ +(m — 1)/m)
Bl Tty o8
g2 ele+Hm—1/m)z

+/oo1+x2 (1-e%)
-0 ina znx e(€+(m 1)/"‘)”
+f (e 1= 17753) (1-ew Z] d|

= T(ET(E+ =) T(E + T 2)p™

()  T'(¢+1/m) L'(€ + (m —1)/m)
emWG@*r@uM)'“r@+m—wm}
2 efz

1+ 22 (1 — ex/m) }
£
: inz e
inc __
+/—°o(e 1+m2)(1—e“°/m)|m| ]
By change of variable we see that

-0, . inx et
ine _ 1 _ d
/ (e 1+x2)(1——e‘”/m)|azl g

_ /“‘0 zmnx _ Zmnm ) m€$
1422/ (- e”)lxl

d:z:}

—inmlog B + in /




N /—0 (imnm _imnz ) emé e
~o 1422 1+ m2z? (l—ea’)lx}

and

/...0 332 e{a: 4 -0 m3m2 em{z
~oo 1+ 22 (1 — e*/™) v= /—oo 1+ m2a:2) (1- ez)dx'
Therefore we obtain
-0 imnzx z’mmﬁ emé e
L JT=om®

1+ 22 1+m2932

mf
+z77/ mx2 5 € —zmn/ dz
oo 1+ m?z? (1 — e%) ool+332 (l—ez

and so we obtain

IS T(E + in + E) =) + }lﬁ)’ . T(€ + m,,,: Lygimn
[m{r(f) F’(§+ 1/m) R I'(€ + (m — 1)/m)

€ T(E+1/m) L€ + (m—1)/m) }
2 em{:z:
_mmlog6+zmn/°°1+$2(1_em) }
gimna imnz eme |
+/ - 1+w2)(1—em)|x| ] (20)
We obtain
ml'(mg) T'(€) | T'(€+1/m) I'(€ + (m —1)/m)

T(mé) 1)  TE+1i/m) T T+ (m—1)/m)

o =t _ g—md
=m —_—dt
+0 t

= mlogm (21)
and
LEOLE+1/m)--- T+ (m—1)/m)
I'(mf)

_ra /m)I‘(2/mn17~n-€-_£'((m —1)/m) _ (2m) D2 1/2=mE (99

From the above results we see that
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) k . .
Mo T(E +in+ —) = (ZW)(”“1)/27711’2"’”“*‘”)F(mé)ﬁ"’"’

( §) em&a:
x| ey 1o v T C ok
-0, imnz ems e
+/_oo<e nv_ 1+x2)(1-—ez)|a:| ]
= (2m)m= /a2 (im € i) (23)

for a positive number £. By analytic continuation we obtain Gauss’s formula

(19).
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