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The Chow ring of the moduli space
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K2R 2 TRVWREMAE L 32,0M(1,50(n, X)) ’.«i’CPU:ﬁ:laﬁ'E
SO(n,K) DX/ K/ T1 KPontryagin index?S 1. o C CP” iz
BIRRLIZE &2, HARBLODRTEY = 7/(?2?52:'5’6 &, [18]
DITFIR T2 ERATHZ L T,

Propositionl. 1
OM(1,50(n, K)) = A? X Xy.

X, = 80(n, K)/(80(n — 4, K) x SL(2,K)) - Fu

%5, Zhdb, GrothendiekDAR[B]ZBEAHT S Z & T, Chow
BRI LT,

CH'(OM(1,50(n, K))) = CH'(Xa).
F, HEEHEY, =50(n, K)/(SO(n - 4, K) x GL(2,K)) - P. ¥ £ X %
E. ENRXVENL Gp ot Xn D Ya B 5, FIZ TRV ML
2EZZT, Y, #X, D0 —sectioné @—ET5Z & T, BU
 X. = X, x¢, A! Grothendieck A [3], [10]%@A L T,

Lemma 1.2
25 |
| CH(Y,) 3 CH(Y.) & CH'(Xa) = 0.

2% 5,
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Y WZBI LTI, CH (Y W' (Y,,Z) &72 0, AIfBEEMDFENEZ B,
—fRIZGE RERE, PEBREDEE L LTz & G/PDChowiidSchubert
calculusé LTI ENT& /~[1], X. fERYFETIX, Borel,
FH, BRIVFEINTE R, PIIROMHEESE, Y ITHLT
X151, [161IC L VRFE SN TV T, YoungFE# AWT, BRMBR
RENTWD, ZRMBCH (Y,) DREREZBR~B28, Schubert
calculus® FDIEIZH IS L TWAPRKROBBETHA EE D,

§2

Y, DChowBR DT —~ LB L LTOMEE R, Ab¥T §30KER,
EOICLERILEEL, ETT—~NVEL LTOMET B BN
(725 TV B = & AShubert & /MZSETE B2 & 5 HE BT
Do

Theorem 2.1
(1) For n=2m,
CH (Y,) ® Z/2 = Z[2|c1, &3}/ (b1, C2bm-2) ® A('_”""“’vz"‘")'

(2) Forn=2m+1, |
CH (Y,)® Z/2 >~ Z/2[C1,02]/(bm_1,02bm_2) ® A(Ugm_z,vzm),

ZIZT. cn cp by VORBIZENERN, 1. 2. i, i/2Th B,
Zhdb, CH (Y,)Dring generatorid, c,. ¢, by, v, THBZ &A%
DB,

Lemma 2.2

on (o= (B A/ T) @ BOF,

n=2m

n=2m+1.

Az(vzm—h ‘Uzm—ﬁ)
Bn = Az (‘UZm—ﬁs U2m)
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Z DLemman>&H, CH (Ynz))ﬂ)bﬂﬁk LTOHEE LMD, KRICEIEE
AUTOFETRL TN, FIHIZ

CH*(Y,) DZ-BEmMEL LTOEEEZRDD, ThifEo TCH (Y, )®
L2DRBEN BCH™ (Y,) DBEEZRD TV, BRIICH (¥,,), &
LTRSS TV BBEEZICERT S (Remark 3.5)IZ X WCH (Y,) 12
BEMXDZENTE S,
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&2 TABLES OF THE RING STRUCTURE OF CH'(Y,)
.1. Notations. (i) For k € NU {0}, we define b, and dj € Z[cy, c;] as follows:
[4]
by = (-1)* Z(—l)" (k ; /J) ik

u=0

R

and

&= (-1 3°(1) (”‘ ““) )

p=0
(ii) For g € N and u € NU {0, -1}, we define a,, € Z by

(-0 w21
Ggu =4 —1 p=0

0 u=-1
Then the integers a,, are characterized by

[4]
(1+2)f =142+ aguzt(l+ z)fr 2.
p=1l

2 .2. An integral basis of CH'(Y;). In the following (I) and (II), we give an integral

basis of CH'(Y,). The notations are explained as follows: Let S, be the set of the
monomial basis of A, in (2,2). Let T be a subset of S,. Then for an element £ € T,
(€) (resp. (£)') is defined to be the right-hand side of an equation (1)-(8) below. We
consider a set

{%:&T}u{n:n'e Sa — T},
where l¢ € N. Following this procedure, we obtain an integral basis of CH'(Y,). We

abbreviate this basis as {<l€ ) Y NS T}
14

(I) The case n = 2m.
(i) For even m,

( 241 C2v2m—4'02m—2> ( m-2j= 3ng+1‘vzm-4‘02m-2) ... m . m
01 < =~ <j<—=2).
{ % + 3 ’ m—2j -1 0siso-21sj<s5-2
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(ii) For odd m,

(C§i+lczvzm—4vzm-2>' (1 2”2c§’vzm_4vzm_z) 0 < m—39 .. m-3
; ; . :0<e< 1SS —5—1.
2143 m — 2j 2 2

(II) The case n = 2m + 1.
(iii) For even m,

2% + 3 ’ m-2~1 2 2
(iv) For odd m,

2i+1 : m=2j=3 2j+1
(4] Vo~ -
{( Cavam-2Vam) (€173’ vam-3v5m) 0<,<.’1"‘__2,151<-"—1 2}.

(™! Uzm-2Uam) (CI" 2 vamaom) 0<i<P =3 1< ™3
2i+3 m —2j 2 2

Here ( ) and ( ) are defined as follows:

(1)
; i a3 (—1)8(2i+3)+ 1 o
(It Cavom—eVam—2) = S covom_gVom—s + (—1) = (=1)%( 3 ) 622'+4dm;g.i=ev2m—4
- Z G2i+3 pc?.-.-l-z“ 2 Vam—aVam—2.
p=1
(2) .2' 3 2j
(CT_ - c21+102m—4v2m-—2> = cm % -sc§J+lv2m—4'U2m-2
m—2j—-4
Z Om2j 1€ 2 I (Vom2.
u=1
(3) i
; . i1 (—1)*(2¢+3)+1 o;
(3 cpvom—qVom-2)’ = A cUom _sVam-2 + (—1) 23 (=1 5 ) oy +3dm.;i:l”2m—2
i
- Z airs s M3 v gVam—2.
ps=1
4) ~2j-2 2j -2j-2 :
(el S vam—svam—-2)’ = 2 vam 22
m=2i—-38

- ~2§-2-2p 2j+
E ‘ a'm-2_1,p 7= “CzJ # V2m-4V2m—2.

p=1
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(5)
(Cfi+1C2’U2m_2'Ugm> = 2 M._L ( 1) (2@ + 3) +1 2’+4dm

2y Upm—2Vom + (—1) 2 e =2i=6 Uzm

2+1-2u 1+p
- E :a'2t+3,ucl Vam-2V2m.

u=1

(6) 2 25-3 2j+1
m—2j=-3 2j+1 m—25=— i+
(€ 77" vamavom) = € 7 TG Vam-2Vom

m—2j—4

m 2j—~3-2u 2j+14u
- E : am-2j~-1,uC1 CQJ V2m-2V2m.

p=1

(7)

N , | e (=142 +3)+1 o,
<C?'+1‘Ugm_.2‘vgm> = c¥'+lv2m—2v2m + (_l)mi;‘ﬁ ( ) ( 2 ) é’-’-sdm:!-":‘vzm“z

1]
2§41-2
- 2 2i+3,.C1 "Cjz'vzm-zvzm-

s=1

(8)

(cm 2j-2 2 m—25-2 23

C vzm—zvzm) =0 Co Vom—2V2m

m=3j—-38

m 2j—2~2u 25+u
- E : Am—25,uC1 Cy " Vam—2V2m.

o’ .3. The ring structure of CH'(Y;)(3) for n =2m.

even m [ odd m

o (1)

a g (k21) ()

61 ‘Uzm_4 (3)

m-2t 10% Vom—4 ‘& Z 1) (4
i S N ON G
A (X) (1| (8)

cm-—2t 203‘-”'”2"3— (i« 2 Ol (9)

c?‘_zz-lcz‘UZm—4v2m-2 (i >0) (10)

O I e aVam—a (1 2 0) | (12)
Vet (1) | (15)
Yam-2 (16)
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Here

(=]
W=4 > (- 1)‘*“( “)c;""‘z"cg + (=1)™ 2upn .
u-—l
[%l
— 144 m-k—1- K m—k—1-2u k+p
@=1 3 ( TR epraing
+ {( 1)m+k262bk_1} Vom—4 + {(—1)”‘?"2@6,,_2} Vom-~2.
¢ - ] A
(3) =5 Z (-1 (m —: ) P) P17 Y vam—a + (—1)™ 209 gVam-2.
([m=gi=1]

(4) = ¢ Z (_1)1+p. (m 2i—-1- Il') c;n—2t—1—2u 2i4-u Vo4

\

i=-1

i—2-2u 1+

+ {( 1)™2 E agi—1uch 2 ”} Vom—4V2m-—2-
p=0

p=1

(8) = {( 1) i + 102'+2d_.g:_4 + Z Am—2i-14C1 2'_2-2”03'“-"" Vom—4
| <2 2t -1 -2u 2
+ { 2 Z (021-1,,4 + 1 Q2i+1 1+p) 02'_3 " C{“‘} Vom—4V2m-~2-

m-;,-;
( { Z ( 1 144 (m 22;2 N) m—2:—2-2;4c§:+1+u},v2m__4

p=1

-2
2i—-1 -3
{2 Z (02.— 1t % + 102;+1 l+p) C? 3 2"C§+"} V2m-—4V2m-—2-

=-—1

0 ={ (-0 2 dngs | v



p=1

m=2i=~2
megst :
m—21—1-— —2i-1-24 2i
I { Z (_1)1+p( ; ”)c;" 2i-1 2"c§’+“}vzm_z

i-2
21—-1 3
+ {2 Z (025—1 e i vary 1 Q2i+1 1+u) 23 2“02“} Vom—4V2m—2-

i-2 :
2i—-1 i—3—
- {2 Z (a'Zi—l,p + m@i+1,l+p) %

@ =< > (-1)*

=1

(m -2i-2- /‘) m=2i=2-2u
7

i
26—2u 14
{(__1)17:2 E Q2i+1,5C1 ch #} Vam-4V2m-~2.

p=0
L,,;;i___g
- (

m— 2i —

Qm—2i—1,u

+
(11) = { Gm-2ip c;n—2s—1—2p 2i4-u
1

m-—2:

+1
1 Om—2i—1,p + Am—2i+1,144

C } V2m-4V2m-~2-

G

m—2i—-1— 2u 2i+p,

a'm‘2'l"c1 c?

2+4

2i+1+u Vorn—2
m—-

m—21—3—~2u 214144
51 C2

m—2i—2—2u 2i+1+
G “Cz "} Vom—4V2m-2-

2@
2am—2i-2,p + am-2i,1+y> )

(14) = (—l)%dl‘fZUZm—b

(16) = — bm—2vam—s + (=

l)dem_-{-_wgm_g.

(16) = (=1)"# dmsvom—s.
(17) = (—l)ﬂ*‘qdai-_wzm_z-

m-2—4-2p 20+2+p

} Vom-4V2m-2-
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Voam-2

} Vom—4V2m—2-

Vom~4V2m-2.



'3.4. The ring structure of CH'(Y,)() for n =2m + 1.

even m | odd m
aq (i)
g (k>1) (ii)
P g (i 2 0) (i) | (iv)
4G a3 (12 0) (v)
- l‘Uzm (vi)
PPy, (1> 1) (vii)
A4 vom (i 2 0) (viii) [ (ix)
le 4= 15’1}2,,,_202,,, (z > O) (x) (XI)
ey cz"”vgm_g'vgm (12>0) ((xu)) %xm))
' e o xiv xv
Jv’&;,,z (xvi) | (xvii)
Here
([=51]
(i) =< > (- 1)”"( “) e b + (—1)™ 20 .
p=l1 »
r['"—3’*—-41
@ =4 3 (cupen (T TE ST E ) perninug
(=

+ {(=1)™"*2¢255-3} vam—z + {(=1)™*+2b;_; } vorm.

T
(i) = { Z (—1)1+ (m 2zu— 1- ) (n-%i-1- 2yc§1+p} Va2

p=1

+ {(—l)w’}m—-—é'dm:;::_a} Vorm

- .
2i+1 _
- {2 E (22. — 10.2i-1,—1+p + a2¢+1,p) cf’ 1 2“6‘;} Vam-2V2m.

4u=0

o\ o ) (1) mt2its 4 2i+1 (212 2itp
(IV) = ( 1) 2 % + 162 dz'_:g'_"i + Qm—~2i,uCy Cy Vam-—2
, s

i-2
21—-1 —3—
+ {2 Z (a2i-—1,u %+ 10'21.+1 1+p) C? 3 2”0;-”‘} Vom—2V2m.

p=—1

117
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21
=3 m—21—2—pu 2i-2-2u 2i+1
W =9 > (1™ ( )0’1"_ TG ) vam_g
p=1 K
i I3
+ {(‘1)m+12 Z: a2i+1,uc§t_2“cg} V2am-2V2m.
u=0
( (=] m-1-u
(vi)=¢ > (-1 1+“( N )C;"_I—Z“é' Vom + (—1)™+ 209 202m.
p—l
7
[m=gi=1]
(i) =4 Do (-1 (’" S e S T
p=1
\
i-1
+ {("szzaﬁ-—lmc?—z 2 1+“} Vam-—2V2m.-
pu=0
. g . . 1
(viif) = { (=2) = — 1é’+2dm_—g.‘.—4 + D Gmezic1 WG S gy
p=1
+<2 § + 2"-_:la A3 2 R Yom—2Vam-
P Q2i-1,u 2+ 1 2i-+1,144 2m—-2V2m
4 2 .
) ={ (-0 2 dages f vans
m-g.‘-!
m—21—2— [\ m-2i-2-2p 2i+1+p
+ -1 1'”‘( ) "Cz Vzm
{ 5 (2
-1
2i+1 -1
+ {2";1 (02:+1,p — Q2i+1,14p % T 30243, 1.,.,‘) cf' 1 2“c§"'“} Vam—2V2m.
m_.g.v__i
2141 —2i—
={ E (: 2: lam—2i—1,p+am—2i+1,1+u) CT H-3- 2”0? Hitu Vom—2V2m.
p=0
m=2i-]
(XI { Z Qm—24,uC1 m—2i—1 2#C§’+“} Vom—2V2m.
p=1
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22
m=2i-2
2y m—2i—-2-2u 2i+14+p
(xii) = E Om—2i-1,Cy e V2m-2V2m.
=1
m=2i—
- m— 2 -2i-4-2u 2i+2+
3133 — m=—2{— i1 n
(xiii) = Z > Om-2i-2u + Gm-2i,14u | C ‘o V2m—2V2m-
= \m- 2i — 2

(xiv) = (—l)m#dmb-_wzm.
(xv) = (-1)"F crdnzavom 2.
(xvi) = (—1)¥ Gdm-1vym.
(evii) = (— 1)!“#—C2dm;11’2m—2 - '§'01v2m-2v2m

& .5. A remark on the ring structure of CH'(Y,). We have given the ring structure
of CH'(Y,)(2) in 3.3 and 3.4. But actually, it is easy to determine the ring structure of
CH(Y,) from 3.2, 3.3 and 3.4. For example, by the basis in 5.2, the formula 3.3 (5)
is rewritten as follows

(5) ¥ 2 gy = { (=1)™* ((~1)*(2i = 1) +1) 3+ dm=gi=s

m—;u—z
+ Z Am—2im1,p c;'n-2t—2—2y c§s+l+u } Vam—4

p=l

-2 .
4 -2, 5
, 2i-3-2p 2 -
+ {2“;1 azi-l,ucf -2 2"Cz+"}02m—4vzm-2 - %+ 1(¢§' lozvzm..wgm-z).

The other cases can be calculated similarly.
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